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This paper studies a new type of conserved quantity which is directly induced by Lie symmetry of the Lagrange

system. Firstly, the criterion of Lie symmetry for the Lagrange system is given. Secondly, the conditions of existence of

the new conserved quantity as well as its forms are proposed. Lastly, an example is given to illustrate the application

of the result.
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1. Introduction

The research on symmetries and conserved quan-
tities of a mechanical system has important theo-
retical and practical significance, and plays a very
important role in modern mathematics, mechanics
and physics. The modern methods of finding con-
served quantities by using symmetries are mainly

(12] Lie symmetry®3] and Mei

Noether symmetry,
symmetry.* =% Noether symmetry is an invariance of
a Hamilton action under the infinitesimal transforma-
tions of a group. Lie symmetry is an invariance of
differential equations under the infinitesimal transfor-
mations of a group. Mei symmetry means that the
dynamical functions (such as Lagrangians, Hamilto-
nians, and non-potential generalized forces, etc.) in
the equation of motion are replaced by transformed
dynamical functions, whereas the form of the equa-
tion of motion is invariant. The conserved quantities
induced from the three symmetries mentioned above
are mainly Noether conserved quantity, Hojman con-
served quantity and Mei conserved quantity.®7!

In recent years, the research on the three sym-
metries and corresponding conserved quantities has

achieved lots of important results. =22

Lie symmetry
can induce the Hojman conserved quantity directly.
Meanwhile, it can induce the Noether and Mei con-
served quantities indirectly.[?! In this paper, we study
a new type of conserved quantity which is directly in-
duced by Lie symmetry of the Lagrange system, and
obtain conditions of existence of the new conserved
quantity as well as its forms. Finally, an example is

given to illustrate the application of the result.
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2. Lie symmetry of the system

The differential equations of motion for the La-
grange system are

d oL 0L

——— —— =0 =1,2,... 1

dt aqg aqg 9 (S 9~y 7n)a ( )
where L = L(t, q, q) is the Lagrangian function of the
system, and ¢s are generalized coordinates. Equation

(1) can be written succinctly as

B.(L) =0, @
where 49 5
"= 304, da ®)

We introduce the infinitesimal transformations

t" =t+ebo(t,q.q), q;(t") =qs(t)+e&(t q,q), (4)

where € is an infinitesimal parameter, {, and & are
single-parameter infinitesimal generators.

Based on the Lie symmetry theory of the La-
grange system, we have the following criterion.?

Criterion For Lagrange system (2), if the in-
finitesimal generators &y and &, satisfy the determin-
ing equation

X@[E,(L)] =0, (5)

the corresponding transformations are called Lie sym-
metrical transformations, and the corresponding sym-

metry is called the Lie symmetry of the system, where

X(Z) = Xl) + [(55 - QsEO) - q$€0]£7 (6)
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+ (55 - QS£O)6q )

0
b ®

x = x(0)

(7)

x 0 _g

3. The new conserved quantity of

Lie symmetry

The Lie symmetry of the Lagrange system can
induce the Hojman conserved quantity directly. Can
it induce other new types of conserved quantities di-
rectly? The following theorem gives the conditions of
existence of a new conserved quantity as well as its
forms, which is induced directly by Lie symmetry of
the Lagrange system.

Theorem 1 For Lagrange system (2), if the in-
finitesimal generators &y, s of Lie symmetry and a
gauge function G = G(t, q, q) satisfy the condition

—x® (8L>+G—O (9)

- OL
n ot

l

ar - d (axW(r)
at a7 ag,

— i 650 87[/ +
1 ar \aq, ) ot

then the Lie symmetry of the system can lead to the
following new conserved quantity

I =4, xW (SL) — XO(L)+ G =const.  (10)
qs
Proof Taking the derivative of I with respect to
t, we have
dI d oL oL
2 x @ Gox ) (2=
at T [ <5qs)] + (8(}5)
d )
- =[x : 11
SIXO(D)+ ¢ (1)
Because of
i (OLY _ 9XWW) [0 9L | 06 oL
s dqs 0qs Ot dqs Oqx,
9(&r — o) OL
+ —  a. 4. 1> 12
8(]5 an ( )

substituting Eq. (12) into the first term of the right-
hand side of Eq. (11

% (OLY', d (96 0L 0 (OLY
aq.s ot aQS an aQS an

), we have

O(& — ko) | OL | 0(& — duéo) (OLY ) ((OL d .
— | A5k HRSOJ ) P, RSk HRSO) [ i XM — —1xOr ) 1
i l o, |ow ai \oa) JTEN \og )T @ WITG 19
Adding and subtracting the term ¢,0X ) (L)/dqs in the above equation at the same time, and noticing

0X (L) OL\ | |06 0L  9& 0L  9(& — duo) OL

= Y x@ bt Z7 4 ZASk ARSO) P 14

4. (o) * |oacer * oo g (14
we obtain
dI

- (L)) — oL _ oL
G =i { B0 - B - Be gy

E4 (&

£)8L 9 (OL\"  0& (OLY
— )50 " aq, \or )~ oq, \oa

(0 9\ (OLN| L. (OLY . vy (9L (1><5L> XO(L)) 4 ¢
(aq.s qkaq.s><aq.k>}+soqs(8qs)+qu (5) +ax (52) - xO@) + 6. 19

Considering the following deductions

92
(50) +§0 <8L> foaL

EJXD(1)] = S

/3 ... 0L . oL N
+ 4. (8%) + Es(& — Qkﬁo)@ + (& — o) Es ((9%> + (& — 41éo) 90004,

& (OL\ oL oL :
% <8t> +Es(£k)a—qk + & B (aq ) +fk8qk8q6

0?L

82

O . 0\ (0L . [(OLY
+ <qu —Qkaqs> ((’9qk> ) (8(15) , (16)
oL oL : : oL : 0L
XP[B(L)] = &FE,s ( at) + &1 s ( aqk> + (6 — drbo) s (aqk> o+ (G = dnbo) 5o 5
e 0L
+ [(& — gréo) — Qkfo]m7 (17)
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we have
OL OL : . OL  0& [(OLY\
(2) — (1) _ 7= It _ = it
XO[ED)] = BXO@)] - B(6) 57 - B g - B~ o) — 520 (57)
_0& (0L ey, . 9o oL\ (18)
9is \ dax g, "4, ) \oa)
Substituting Eq. (18) into Eq. (15), we obtain
drl . oL\~ oL oL .
5. x®@ T Wt s x () (22 s ox W) (22} (x(0) .
g =X [Es(L)] + &ogs (&js) +¢s X <8qs) +Gs X (8%) (XOL) +G. (19)
After further collation, we obtain
dI . oL . 9L .
2 s x @) _xM) [ ZZ) g2
T s XV [E (L)) + &E(L) — X (8t) £o o +G. (20)

Substituting Egs. (5) and (9) into Eq. (20), and using
Eq. (2), we have

dr

-

The conserved quantity Eq. (10) is a new type

0. (21)

of conserved quantity, which is directly induced by
Lie symmetry of the Lagrange system and is different
from the Hojman conserved quantity, Noether con-
served quantity and Mei conserved quantity.

Because Nother symmetry of the Lagrange sys-

(2] according to Theorem

tem must be Lie-symmetric,
1, we have the following theorem.

Theorem 2 For Lagrange system (2), if the in-
finitesimal generators &y, £ of Noether symmetry and
a gauge function G = G(t, q, q) satisfy the condition
(9), Noether symmetry of the system can lead to the

new conserved quantity (10).

4. Example
The Lagrangian of a mechanical system is
1. .
L= (a0 +d3)+ai, (22)

we try to study the new type of conserved quantity,
which is directly induced by Lie symmetry of the sys-
tem.

The equations of motion (2) give

G1 =201 =0, ¢2=0. (23)
According to determining equation (5), we have

(&1 — d1€o) — G160 — 261 =0, & —gobo=0. (24)

Equations (24) have the following solutions:
So=1 & =q, &=q —qt+t, (25)

i.e. the infinitesimal generators (25) are Lie symmet-
rical, the corresponding symmetry is Lie symmetry.
For generators (25), the condition equation (9)

gives

G =0, (26)

from Eq. (10), we can obtain the following new con-

served quantity

I =¢? —2q¢? + g = const. (27)

5. Conclusion

A new type of conserved quantity induced directly
by Lie symmetry of the Lagrange system is given in
this paper, which is different from the Noether con-
served quantity, the Hojman conserved quantity and
the Mei conserved quantity. The Lie symmetry of the
Lagrange system can induce the Hojman conserved
quantity directly and can induce the Noether and Mei
conserved quantities indirectly. The research in this
paper has shown that Lie symmetry of the Lagrange
system can also induce the new conserved quantity
Eq. (10) directly. The result of this paper can be
generalized to non-conservative holonomic mechanical

systems and non-holonomic mechanical systems.
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