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A proposition based on the fluctuation theorem in thermodynamics is formulated to quantitatively describe molec-

ular evolution processes in biology. Although we cannot give full proof of its generality, we demonstrate via computer

simulation its applicability in an example of DNA in vitro evolution. According to this theorem, the evolution process

is a series of exponentially rare fluctuations fixed by the force of natural selection.
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1. Introduction

The second law of thermodynamics states that all

naturally occurring processes in closed systems evolve

irreversibly in one “time-forward” direction. How-

ever, how reversible microscopic equations of motion

can lead to irreversible macroscopic behaviour was not

quantitatively understood, until the discovery of fluc-

tuation theorem in the last decade.[1] This theorem

not only proves that in a large system observed for a

long period of time the second law is overwhelmingly

likely to be valid, but also quantifies the probability

of observing the deviation from the second law, es-

pecially in small systems. Since then, several related

fluctuation theorems were deduced;[2−4] they dramat-

ically expanded the applicability of the original theo-

rem. The generality of the theorem was summarized in

Ref. [5], and a number of experiments and a few mod-

ellings were conducted to test its validity in a variety of

disparate circumstances.[6−15] Interestingly, the theo-

rem was corroborated even in open systems, and to

local variables by experiments,[16,17] which is beyond

the prediction of the theorem. Also, the theorem was

expanded to chemical reactions,[18,19] further demon-

strating its generality. In this paper, we propose that

the fluctuation theorem may also be used to quanti-

tatively describe a more complex system—evolution.

According to Darwin’s theory of evolution, life

evolves forward by random mutation and subsequent

natural selection in a “survival of the fittest” scenario.

The mapping between the genotype where the muta-

tion takes place and the phenotype which the selection

acts upon is usually very complicated, so it is difficult

to know the probability that a generation will improve

its fitness (or adaptability) as a result of beneficial

mutations. However, under the assumption that life

evolves towards more complex states (so the genome is

evolving to more “ordered” structures), there seems to

be an analogy between “fluctuations” in physical sys-

tems and mutations in the evolutionary process. Here

we show in a specific example of in vitro DNA evolu-

tion that there exists a quantitative relationship be-

tween the amounts of increasing and decreasing fitness

as a result of random mutations that is very similar

to the fluctuation theorem.

2. Theoretical formulation

To formulate a theory of fluctuation in evolu-

tion, we define α as a measure of the adaptabil-

ity (or fitness) of an individual. It will be a func-

tion of a variety of variables in the real world, thus

α = α(x1, x2, x3, . . .). Yet, how to define such a pa-

rameter is somewhat arbitrary and ambiguous. As
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long as it can depict the fact that the larger the value

of α, the more adaptable the individual, it might be

regarded as a reasonable order parameter.

Next, we concentrate on the evolution of a cer-

tain species. As is pointed out in Darwin’s evolution

theory, the process of mutation is of vital importance

in evolution. Whenever an individual produces its off-

spring, the chance is high that the adaptability of its

offspring will decrease through mutation. Only a small

portion of all offspring will become more adaptable

to the environment, and nature selects these ones to

drive the species’ evolution forward. In other words,

under the driving of selection pressure, the value of α

increases. To further study the change of adaptabil-

ity in evolution, we define a function f(α) to repre-

sent the natural probability of an individual having

the value of α. Suppose the parameters x1, x2, x3, . . .

in α(x1, x2, x3, . . .) are randomly distributed, for the

reason that the state of larger α is a more ordered

state and is harder to obtain, f(α) should be a mono-

tonically decreasing function of α. From this point

of view, an evolution process is a trajectory on the

f(α) ∼ α curve, as shown in Fig. 1.

Fig. 1. Under the driving of selection pressure, α in-

creases gradually. Considering an individual at point A,

when it produces offspring with random mutations, most

of them would become less adaptable. Inset figure shows a

typical distribution of β = ∆α. A small portion of descen-

dants would have positive changes in α and would evolve

forward by natural selection.

In Fig. 1, we assume that an individual is at point

A, and consider the adaptability of its offspring. For

brevity, we define β = ∆α to measure the change of

the adaptability between the two generations. The

probability that β > 0 will be quite small compared

to the probability that β < 0. This probability distri-

bution might be different in different circumstances.

However, we show in the following that if β is small,

the equality will hold

P (β)

P (−β)
= e−kβ , (1)

where P (β) is the probability that α will increase β,

P (−β) is the probability that α will decrease β, and k

is a constant which is different in different situations.

We use a biased random walk to prove the above

equation. First we discretize the axis of α with in-

crement δ, which is infinitesimally small compared to

β. The states of offspring can be determined from a

random walk along the α axis. The probability that

a point jumps a step forward (PF) compared to the

probability that the point jumps backward (PB) can

be determined from the function of f (α):

PF

PB
≈ f (α+ δ)

f (α)
≈ f (α)

f (α− δ)
≈ 1 +

f ′(α)

f (α)
δ, (2)

where f ′(α) < 0. Since β is quite a small number,

the ratio of f ′(α)/f(α) is almost constant in the first

approximation. Assuming that point A walks N steps

in total, the probability that it walks n steps forward

is

P (+n) =

(
n+

N

)(
PF

PF + PB

)n+
(

PB

PF + PB

)n−

,

where n+ = (N + n)/2, n− = (N − n)/2. Likewise,

the probability that it walks n steps backward is

P (−n) =

(
n−

N

)(
PB

PF + PB

)n+
(

PF

PF + PB

)n−

.

Consequently, the ratio is

P (+n)

P (−n)
=

(
PF

PB

)n

= exp

(
− n ln

(
PB

PF

))
.

Defining k ≡ ln(PB/PF)/δ ≈ −f ′(α)/f(α) > 0, and

noting that nδ = ∆α = β, we come to Eq. (1). Using

f ′(α) < 0, it can also be deduced that the average

change of α is negative, that is, β = Nδ(PF − PB) =

NδPBf
′(α)/f (α) < 0. A typical distribution of β is

shown in the inset of Fig. 1.

If we hope Eq. (1) is valid even if β is not small,

the right-hand side of Eq. (2) should be a constant and

independent of α. In this case, one can easily deduce

that f(α) = f0e
−k′α.

A generalised version of the fluctuation theorem is

the entropy production theorem, which is valid for sys-

tems driven arbitrarily far from thermodynamic equi-

librium. Although the types of systems, range of ap-

plicability, and exact interpretation differ, this theo-

rem has the following general form[5]

P [Ω(t)−Ω(0) = A]

P [Ω(t)−Ω(0) = −A]
= exp (A), (3)
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where Ω(t) is the amount of dissipation in the system.

Without losing generality, by considering a physical

Hamiltonian system composed of N particles in a box,

and applying an external Hamiltonian H ′(x), it will

come to equilibrium with a Boltzmann distribution

πd(x) = A′e−[H0+H′(x)]/kBT = AeH
′(x)/kBT , (4)

where kB is the Boltzmann constant and T the tem-

perature. If we turn off the external field H ′(x), we

can expect that the system will go back to its original

equilibrium state, and the average entropy production

will be positive. However, it can be proved[5] that if

we define Ω(t) ≡
∑N

i=1 H
′(xi(t))/kBT , the distribu-

tion of Ω(t) satisfies Eq. (3) at any time.

Now supposing that the adaptability change of a

species during one generation of evolution can be con-

sidered as the negative entropy production (β ∼ −A),

equation (3) is equivalent to the fluctuation theorem

of Eq. (3) by scaling β with a factor k. Thus, the

evolution process can be viewed as some kind of fluc-

tuation process that satisfies the fluctuation theorem.

The natural selection is then analogous to an external

field that favours a certain direction of the fluctua-

tion. In the following, we demonstrate that the mu-

tation process in DNA in vitro evolution obeys this

equation.

3. Simulation of DNA in vitro

evolution

In vitro evolution has been used as a testing

ground for evolution theory because of its ease of

quantisation. It also has practical applications in

molecular biology. Recently much attention has been

paid to both experiment and theory.[20−23] Here we fo-

cus our attention on the process of evolving a pool of

DNA sequences towards better binding to a protein.

We use a model similar to that of Yang et al.[20]

to study the DNA in vitro evolution process. The

goal of the process is to evolve a sequence of DNA

that specifically binds to a target protein, the Mnt-

repressor. In the model, a population of N random

DNA sequences, each consisting of L nucleotides is

prepared at the beginning. The sequences are sub-

ject to several cycles of duplication, with an error rate

ν per nucleotide per duplication. After M cycles of

duplication, the population size becomes N · 2M . In

the subsequent selection process, N pieces of DNA

are selected according to the binding probability to

the protein. The duplication process followed by the

selection process is called one generation of the evolu-

tion. The evolution of the DNA sequences is carried

out through many generations. To understand the se-

lection process, we consider the equilibrium reaction

of binding-unbinding between a DNA sequence and a

protein: S + MR ⇀↽ S − MR, where S = b1b2 . . . bL

is a DNA sequence of nucleotides bi, which can be

A, C, G, and T , MR represents the Mnt-repressor,

and S–MR is the DNA-protein complex. According

to this model, the binding probability of sequence S

by Mnt-repressor molecules has the following form:

P (S, µ) =
1

1 + exp

(
−ES − µ

kBT

) , (5)

where µ is the chemical potential that can be con-

trolled by the number of available proteins and the

choice of binding buffer. ES is the binding energy of S

to Mnt-repressor, which consists of two parts: specific

binding energy ϵs and nonspecific binding energy ϵ0

that does not depend on specific sequences. Under the

assumption[24] that each nucleotide in the sequence

independently contributes to the specific binding en-

ergy ϵs, one has ϵs =
∑L

i=1 ϵbi , where ϵbi is the energy

contribution of the nucleotide bi in the sequence S.

In our simulation, ϵbi are taken from the experimen-

tally measured values in Ref. [24]. Therefore, for any

given DNA sequence S, P (S, µ) can be determined

from Eq. (5).

If N is much larger than the number of all possi-

ble DNA sequences of length L (4L) and the effect of

mutation can be neglected, the state of the DNA pool

at time t (in units of generations) can be described

with the sequence distribution function:[20]

πd(S, t) =
πd(S, 0)∑

S P t(S, µ)πd(S, 0)
[P (S, µ)]t, (6)

where πd(S, 0) = 1/4L. Defining α′ ≡ lnP (S, µ), we

write Eq. (6) as follows:

πd(α
′, t) = Aetα

′
. (7)

We define an order parameter α to measure the adapt-

ability of the DNA pool: α ≡
∑N

i=1 α
′(Si), where each

pool is regarded as an individual with an adaptability

α′. Equation (7) governs the selection of the evolution

process. The adaptability α will increase with time,

and the distribution will move forward, as shown in

Fig. 2.
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Fig. 2. The distribution of α′ in the first (a) and the

fourth (b) round of evolution. The distribution moves for-

ward as time increases. Black boxes show the simulation

results, grey boxes present the fitting of Eq. (7) with an

effective time τ . (a), t = 1, τ = 0.45; (b), t = 4, τ = 2.0.

The other parameters in simulation are: N = 500000,

M = 3, L = 9, ν = 0.01, µ = 0.5kBT .

However, because equations (6) and (7) do not in-

clude mutations, they do not hold for large mutation

rates. Nevertheless, we find that if we substitute time

t with an effective time τ and regard the latter as a

free parameter, we can always find a suitable value

to fit the distribution. The grey bars in Fig. 2 show

some examples of the fitting. Therefore, rather than

discarding Eq. (7) totally, we replace t in Eqs. (6) and

(7) with a corresponding parameter τ to approximate

the distribution of DNA pool with mutations. This

approach gives an analytical description of the distri-

bution of the DNA pool in each round of the in vitro

evolution. Table 1 lists the estimated effective time τ

in each generation.

Table 1. The estimated effective time τ and the slope

k of the lines (Fig. 3) for each round of evolution t.

t 1 2 3 4 5 6 7 8

τ 0.45 1.0 1.4 2.0 2.6 3.0 3.2 3.5

k 0.65 1.21 1.37 1.43 1.55 1.78 1.84 1.90

The rest of the problem is to show that the change

in α during the mutation process follows Eq. (1). We

use computer simulation to test the proposed theory.

At a stage in the middle of the evolution process, we

duplicate the evolved pool many times, introduce a

mutation rate ν in each pool, and measure the distri-

bution of the changes of α. We define β = ∆α, and our

simulation results (Fig. 3(a)) show that the probabil-

ity density function P (β) decays exponentially when

|β| is large and that both of the most probable values

β and β are negative, so without the selection process,

the DNA pool will eventually evolve back to a random

distribution. To test Eq. (1), we calculate the ratio

of P (β)/P (−β). Figure 3(b) shows that the value of

−ln [P (β)/P (−β)] is a linear function of β, in excel-

lent agreement with the theory. Notice that because

of Eq. (7), equation (1) holds even for large values of

β in the mutation process in in vitro evolution.

Fig. 3. Computer simulations to calculate P (β) in the

middle of DNA in vitro evolution. (a) Probability density

of β at time t = 2. Note that there is only a very small

possibility for α > 0. (b) The function − ln[P (β)/P (−β)]

versus β for different time t = 1, 2, 4, 8. The parameters

in simulation are: N = 100, M = 3, L = 9, ν = 0.01,

µ = 0.5kBT .

It is instructive to calculate the value of k theoret-

ically, and compare it with the slope of the line drawn

in Fig. 3(b). In fact, for a given distribution of N se-

quences of DNA according to Eq. (7), it is apparent

that it will go back to the random distribution through

mutation. This is quite similar to the relaxation pro-

cess in the above-mentioned Hamiltonian system. If

we regard the driving of natural selection as the exter-

nal Hamiltonian H ′(x), i.e., τα′ ∼ H ′(x)/kBT , equa-
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tions (7) and (4) become identical. Therefore, we can

deduce Eq. (1) from Eq. (3), with the scaling factor τ :

Ω ≡
∑

H ′(xi)/kBT ∼ τ
∑

α′ ≡ τα. In other words,

we expect that the slope of the line in Fig. 3(b) is

k = τ .

In Table 1 we compare the value of τ determined

from the distribution of α′ with the value of k mea-

sured from the slope of Fig. 3(b). It shows that τ

is much closer to the slope of the line than time t.

However, k is still smaller than the effective time τ .

The reason is that for the sake of saving simulation

time, in the simulation we choose N to be a relatively

small number compared with 4L.1) The small number

N contributes to the inaccuracy of Eq. (6), which in-

duces a deviation between theoretical and simulation

results. Yet the perfect lines in Fig. 3 demonstrate the

generality of the fluctuation theorem to some extent.

4. Discussion

The central idea of this paper is to draw an anal-

ogy between thermodynamic fluctuation in equilib-

rium systems and mutation in Darwinian evolution

and to propose that the same form of the fluctuation

theorem (FT) applies. In equilibrium systems the FT

quantifies the probability of fluctuations that deviate

from the second law; in the evolution process the FT

quantifies the probability of mutations that benefit

life. The fundamental difference is that while in equi-

librium systems these rare fluctuations are transient,

in the evolution process they can be fixed by selection

so that the system is poised for further evolution. We

note that the real evolution process is much more com-

plicated than described here. For example, besides

random point mutations, nature invents other ways

to increase the chances of beneficial “fluctuations” and

to buffer the bad ones, including gene duplication, re-

combination, genome reorganisation, etc. Also, the

environment is constantly changing and there is no

such thing as a fixed fitness landscape and thus a fixed

“ideal” genome to evolve towards. However, we expect

that our work will shed light on a more quantitative

understanding of the evolution process at least in some

special cases and we hope that it will stimulate further

research in this direction.
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