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The extended symmetry approach is used to study the general Korteweg-de Vries-type (KdV-type) equation.

Several variable-coefficient equations are obtained. The solutions of these resulting equations can be constructed by the

solutions of original models if their solutions are well known, such as the standard constant coefficient KdV equation

and the standard compound KdV-Burgers equation, and so on. Then any one of these variable-coefficient equations can

be considered as an original model to obtain new variable-coefficient equations whose solutions can also be known by

means of transformation relations between solutions of the resulting new variable-coefficient equations and the original

equation.
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1. Introduction

Nonlinear phenomena exist in various scientific
fields, such as optical fibres,'=3! biology,[*5! fluid

7l chemical physics,®!

mechanics,[% plasma physics,|
and so on. How to find exact solutions of nonlinear
partial differential equations (PDEs) plays an impor-
tant role in the research of nonlinear physical phenom-
ena. So it is always an interesting topic to search for
meaningful solutions for PDEs. Many effective meth-
ods have been found to solve a nonlinear PDE, such
as the inverse scattering transformation approach,®!
Biécklund and Darboux transformations,'?! the bilin-
ear method,'! the variable separation approach!'?
and symmetry reductions.'3! However, most of the
activities are only restricted to constant coefficient
PDEs. Because many nonlinear PDE in physics have
coefficients which also depend on independent time
and space variables, it is important to develop effective
approaches to solve this kind of variable-coefficient
PDE. Recently, this has been attracting more and
more attention.'*=171 Tn Ref. [17], the author pro-
posed a new symmetry approach to solve the space-
time-dependent KdV system

Up + Ugze + W (z, t, u)u, =0, (1)

where W is a function of z, ¢, and u. The difference be-

tween the extended symmetry approach and the stan-
dard technique in Lie group analysis of PDEs is that
the latter is restricted to the condition that W is a
function of z, ¢, and u, while the former assumes that
W (z,t,u) is a new variable dependent on equal condi-
tions to u. With the help of this method, some special
types of space-time-dependent equations have been
obtained from the original model. These variable-
coefficient equations could then be solved from cor-
responding space-time-independent equations such as
the KdV equation and modified KdV equation by
choosing appropriate W (z, ¢, u).

In this paper , we use the extended symmetry ap-
proach to study the more general KdV-type equation

Ut = F(xat7u7uzauzm)ummfc + G(lE,t,U, Uy umr)a (2)

where F and G are functions of =z,t,u,u;, and
Uz and their actual forms depend on the physics
of the problems. Starting from Eq. (2) by us-
ing the extended symmetry approach, several new
variable-coefficient equations are obtained. Consid-
ering the original model as constant coefficient equa-
tions by choosing appropriate F(z,t,u, Uy, tuyy) and
G(z,t,u, Uy, Uy, ) whose solutions are well known, the
resulting variable-coefficient equations can be solved
easily. Then we can also consider each of these re-
sulting variable-coefficient models as an original model
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to gain new variable-coefficient equations whose solu-
tions can also be obtained by means of the original
variable-coefficient model.

The organization of the paper is as follows.
In Section 2, the extended symmetry is applied to
Eq. (2).
coefficient equations are derived from the original

The solutions of the resulting variable-

model in Section 3. A conclusion is given in the last

section.

2. Extended symmetries of the

general KdV-type equation

According to the extended symmetry approach,
we consider F'(z,t,u, Uy, Ugy) and G(z,t,u, Uy, Uspy)
as two dependent variables which are parallel to the
variable u in Eq. (2) and introduce the following first-
order differential operator and corresponding transfor-
mation group

K =¢(z,t,u)0p + 7(,t,u)0 + n(z, t,u)0,

+ f(z,t,u, F)Op + g(z,t,u, G)Ig, (3)
1 =x+ ez, t,u), t1=t+er(x,t u),
up =u+en(z,t,u), Fy=F+ef(x,t,u,F),

G1 =G +eg(z, t,u,G), (4)
where ¢ is the group parameter. Because of the invari-

ance condition of Eq. (2) under the operator (3) with
its prolongation, we can obtain the following equation:

where [n:] and [1)z4.] are the infinite similarities of u;

tl = t, T = retes + 04(6863 - 1)/03,

and ug.,, respectively, which can be expressed as fol-

lows:

[m] = Dt(77 — &y — Tut) + &gy + TUy,

[nCEII] = Dg (77 - gua: - Tut) + guzzrx + TUgzzt,
(6)

where the operator D; (i = z,t) means total dif-
ferentiation for corresponding variables and D3 =
D, - D, - D,.
of determining equations for &, 7,7, f and g

From Eq. (5), we may obtain a set

gu:TJ,’:Tu:Oa nuuzoa

Nzuu = 07 gzz — Nzuw = 07
_TIF_f+3F§x:O7 _§t_3Fnza:u+F£a:x:c:07
e +Gny — 7' G — Fnpgw — g = 0. (7)

By solving the above determining equations, we can
gain the following particular result

§= %1132+C3SC+C4, T =17(t),

n=A+ Bu+ (c1z + ¢2)u,
f=(—7"+4+3c1z + 3c3)F,
g=A; +Biu—FAy e + (c1z+c2+B—-7)G.  (8)

Here A = A(x,t), B and 7 are arbitrary smooth func-
tions of independent variable t, c¢1,co,c3 and c4 are
arbitrary real constants.

Because it is too complicated to obtain the gen-
eral finite transformation of system (8) directly, here
we consider some special cases of Eq. (8). Assuming
that A = A(x),¢; = 7 = 0, we can have the general
finite transformation as follows:

ur(wy, 1) = (1) POTEVE[R (g 1) — Rz, 1) + u(e, 1)E(a) POl

F(I, T, U, Uy, Umx)g(xl)g

Fl(x17t1’u17ulx17u1$1$1) =

§(z)?

)

G (21, t1, U1, Uigy s Uty zy ) = E(y) BEIFE/ LB (1) [go (21, 81) + go(x, ) In(czxy + c4)/e3] — B'(t)
X [QO(z7t) + QQ(xvt) ID(C3.’L‘ + 04)/63] - F(l‘,t, u;”xyuxx)/g(z)s
x [q1(z1,t1) — q1 (2, 0)] + G2, 1, U, Ug, Uy )E () T (BB Fe2) /3 9)

where

R(961,t1)=/ A(a)f(g)—(c3+B(t1)+cz)/c3dU’ QO(xhtl):/

x1

[R(,t1)/¢(0)]do,

q1(z1,t1) :/ E(o)Pesm Bl A (g)do,  go(w,t) = u(w, t)E(x) BT/ — Rz, 1).
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In the case of A(z,t) = A(t) and ¢; = 0, the general finite transformation of system (8) is

o

1

1) =¢+ folt), x1=xe"® +cq(e® —1)/cs,
w1, t) = fi(t)[fs(t) — f3(8) +ulz, t)/ [ (1)),

Fl (xla tla Uy, ul.L] ) ulLl.Ll) = F(Z‘, t? Uy Ug uLI)T(t)/T(tl)e

M u(x,t) — — T, t, U, Ug, g )T
O ) = A0 AONEE) - BO) + Gt )7 ()

+f1(t)( A flo)io— [ X))o

n / " B(o) fa(o)do / "Blo) fg(o)da>}, (10)

e

(t
(
303(f0(t1)*f0(t))’

Gi(z1,t1, ut, Uig, , Uig oy ) =

where

folty) = / Cdo/r(o),  filty) = ef TBE@ /@10 p / [A(0)) f1(0) /7(0))do

Taking A(z,t) = A(t), ¢ = 0 and 7 = 0, we can obtain the following general finite transformation

tl = t, T = zet + 64(6663 — ].)/Cg,

A A
uy(wy,t1) = _B(tl()ticQ + E(ay) Bl o) eag () (Blt)Fe2)/es (u(x,t) + B(t)(i)cz>’

Fl(xlatla ulaulx17ulx1$1) = F(I’7tau7 ux,uxm)ﬁ(zl)g/ﬁ(z):s,

Gr(@1, b, Uty Uty s Ungyzy ) = E(g) Bl Fe2) e [f4(t1) /m (o)~ BltTerte)/eadqs — f(t)
/ £(o)"BOrertes)/es e | (u(a, ) + AE)/(B(E) + ¢2))
< e P00l (5 [ aojelo) - 80 [ ao/elo))
Gt 1) () PO (11)

where
fa(ty) = A'(t1) — A(t1) B'(t1)/(B(t1) + c2).

Now we show some determined expressions of the finite transformations (9)-(11) by taking some arbitrary
functions as concrete forms.

Choosing B=1, A=z, 7 = ¢y = ¢4 = 0, equation (9) can be expressed as follows:
T =e%x, ti=t, u=x1/(cs—1)+e(u—x/(cz—1)), F =e**°F, G =¢eG. (12)
Taking B =1t, A=¢', 71 =1, co = ¢4 = 0 in transformation (10), we can obtain
Ty =e%x, t =et, u=cet +elr Ty, [ =e3TIE Gy =e"H(ut (G —u)/ef) +eelt. (13)
Under the condition B =0, A =1/t, 7 =1/t, ca = ¢4 = 0, the transformation (10) can be written as
1 = ey, t; = \/m, uy=u-+t; —t, F= 63636t1/tF, G1=1+4+t1/t(G-1). (14)
For B=1, A=sint, 7 =0, ¢cg = ¢4 = 0, the transformation (11) can be written as

x1 =e%%x, t;=t, wu; =—sint; +e°(u+sint), F; = 3R Gy = —costy + e®(G + cost). (15)
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3. Some variable-coefficient KdV-type equations and their solutions

By using the extended symmetry operator and the corresponding finite transformations (9)—(15), we can

obtain several variable-coefficient KdV-type equations. Their solutions can be obtained with the help of the

original equation which is a constant coefficient equation or variable-coefficient equation whose solutions are

known.
Using the finite transformation (9), we can gain the variable-coefficient equation as follows:

F'rvtau7uw7uxx xB co /e
- T e pesss SO ) P05 B (o ) + s )

X 111(63931 + 04)/63] — B,(tQ)[QO(fEQ, tg) + QQ(J}Q, t2) 111(03172 + 04)/63]

— F (2, ta, 2, Ungy s Ungyay ) /E(2) (g1 (21, 11) — qu (22, t2))]

+ G(an t23 UQ, U’sz I’ u2$2$2 )f(xQ)i(B(t2)+C2)/C3} = 0’

where

to =t =t, zy=x16"% —cy(1l —e7°%)/cs,

u(wz, tz) = €(w2) PTG [R g, t5) — R(wy, 1) + ua (@, )€ () P Fel/ea],
The solution of Eq. (16) can be expressed as follows:
ui (@, 1) =€) PEFE DRy ) - R(a, ) + ule, )8 (0) PO |y, o,

where u(z,t) is the solution of the original equation (2).
According to the finite transformation (10), the variable-coefficient equation can be written as

Ui, — F(CC27 to, Uz, U2g,, u2x2xz)T(tQ)/T(tl)egcg(fo(tl)ifo(h))ulmlxlxl

- flj(";)(?()tl) {(U(l‘z’tz) — f1(t2) f3(t2))(B(t1) — B(t2)) + G (w2, ta, ug, Ugey, Uzya, ) T(t2) + fi(t2)

([ wenions - ["aonenos [ B s [

ta

B'(0) fg(o)doﬂ —0

with t9 = f(;l(fo(tl) —€), xg = w1e % —cy(l —e7°%)/c,
u(w2,t2) = fi(te)[fs(t2) — f3(t1) + ui(z, t1)/ fr(ta)].
The solution of Eq. (18) can be written as

U1($1,t1) = f1(t1)[f3(t1) — f3(t) + u(x,t)/fl(t)] ‘t:tz,w:wz

with u(z,t) being the solution of original equation (2).

(16)

(18)

(19)

With the help of the finite transformation (11), we can obtain the following variable-coefficient equation:

z1
Ure, — F(ma, ta, Uz, Uney, Uaayes )E(21)2 /€(22) Utgy 2y 0y — () Pl Fe2)/es {fzt(tl)/ E(o)~Blt)tertes)/eqy

— fa(t2) /m E(o) " BOFetal/do + (u(wz, ta) + Alts) /(B(tz) + c2))&(x2) PUD+2/ e (B (1) /I1 do/€(o)

T2
~ B'(ts) / Ao /€(0)) + Gl@a, ta, Us, Unay , Upya, ) /€ (2) BUEI )/ } =0,
where

tg = tl = t, To = .’lﬁle_scs — 04(1 — 6_603)/03,

A(ts) +g(ml)—(B(t1)+02)/03€($2)—(B(t2)+02)/C3<u1(x1’t1)+ Alty) )

to) = — =2
’U,(x27 2) B(t2)+62
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The solution of equation (20) can be constructed by the solution of original equation (2):

A(th)

s 21
B(ty) + ¢ t=ta, o= (21)

(s h) = - ) B g ) P05l (o) 4 )

B(f) + C2

According to the transformations (12)—(15), the variable-coefficient equations can be written as follows, respec-
tively:

Uy, — € F(x =217, t=t;, u=x1/(cz —1)(e” = —e ) +e uy,

Uy = (ulml - 1/(03 - 1))6(6371)8 + 1/(03 - 1)7 Ugy = 6(20371)6u1$1$1)u1r1r111 - eEG(ac = xleiecsv t= tla

w=e"(ug —x1/(cs — 1)) +2/(cs — 1), up = (u1z, —1/(cs —1))el™ 4+ 1/(c5 — 1),

Ugg = €27y ) =0, (22)
Ulg, — 6(36371)5F(x _ 6763511, t = eiEtl, U= (Ul _ celt )e(e_sfl)n’ Uy = e(efa—l)h-%—caEulml’

Upy = e(FE_l)tlwcasulmlml)ulmlzlzl — e(l_fe)t1 [(u; — ‘setl)e(e_sfl)t1 (1—e %)+ Glx=e %2, t=¢ °t,
u=(uy — setl)e(eﬂ_l)tl, Uy = e(ftl)tﬁcssulml, Upy = e(C7571)t1+2C35u11111)/eE] —eett =0, (23)

Uty — egc3at1/\/t%—725F(x =e g, t=/13 -2, u=u; —t;+ /13— 2, uy =€ u,,,
Upgy = 62C38u11111)ulm1m1x1 -1+ tl/ t% — 2e — tl/ t% - 2€G($ = e_c3€x1, t= \/t% — 25,
u=u; —t1 + \/15%—725, Uy = € U1y, Upy = e203’5u1m1x1) =0, (24)

and

C

3cs3e —c3€e 2 —€ 3 _ (es—1)e _ 2c3—1)e
Uy, — P F(x =e %z, t=1t1, u=(u; +sint;)e ° —sinty, uy = el )ulxl, um—ulxlxle( 3 ))

Uiz gz, T COSTT — e [COS t1 + G(.’E — g~ ¢3¢

Uy = e(c:’_l)sulwl, Upy = uulwle@%_l)s)] =0. (25)

x1, t=11, u=(u;+sint1)e ° —sinty,

The solutions of equations (22)—(25) read respectively

up(z1,t1) = x1/(cs — 1) + e (u(z = x1e” P, t =t1) — z16” % /(c5 — 1)), (26)
uy (w1, t1) = eelt + 17 Dy (z = e 7%y t = e7ty), (27)
uy(z1,t1) = u(x =e By, t=,/t2 — 25) +t1 —\/t? — 2, (28)
and
up(z1,t1) = —sinty + e (u(x = ™ xq,t = t1) + sinty), (29)

where u(z,t) is the solution of original equation (2).

According to the above discussion, three kinds of space-time-dependent KdV equations (16), (18), and
(20), which contain arbitrary functions, are obtained. By choosing concrete forms of the arbitrary functions,
we then obtain determined expressions of the variable-coefficient equations (22)—(25). Their solutions can be
constructed by the original equation

Ut = F(l‘,t, u7uT7uT’I‘)uT’I"t + G(x,t,u,um,um). (30)

If considering that the original equation (30) is a constant coefficient equation, for example, taking F = —1,
and G = 6uu,, then the variable-coefficient equations (22)—(25) have the following forms respectively:

Ure, + €U 010, — 6lur — @1 /(3 — 1) + ey /(5 — 1)][(ura, — 1/(c5 — 1))el® ™D +1/(c5 — 1)] =0,
(31)

uie, + e<3c371)‘51111,11,1,;1 — (uy; —ee)(1 —e ™+ Ge(cftl)tﬁ(crl)gulwl) —eelt =0, (32)
Uie, + €95t /312 — 2eurgpin, — 1+t /1 /12 — 26 {1 66 (uy — ty + (/12 — 2£)u1x1} —0, (33)
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and

U1, + €% U142, + (1 — ) cost; — 66(0371)6(1141 +sint; — e sinty)ug,, =0, (34)
which are some special forms of the following variable coefficient KdV equation with nonuniformity terms!*®l
ug, + a(ty)urtg, + d(t1) Ui, o0, + (1, t1)ur + (21, t)ure, +e(x1,t1) =0, (35)

when taking a(t1),d(t1), c(z1,t1),b(z1,t1) and e(xy,t1) as special cases. In Ref. [18], the author used the WTC
method™! to study Eq. (35) and discussed some explicit solutions in specific cases. For variable-coefficient
equations (31)—(34) as special forms of Eq. (35), one can easily gain their solutions which are constructed by
the solutions of the standard constant coefficient KdV equation[2’!

Ut + Uppe — 6UUL = 0. (36)

For a simple example, we know that equation (36) has the following two-soliton solution[?!]

3 + 4 cosh(2z — 8t) + cosh(4x — 64t)
[3 cosh(x — 28t) + cosh(3z — 36t)]2

u(z,t) = —12 (37)

According to transformations (26)—(29), we can obtain the following solutions for Eqs. (31)—(34), respectively:
_ 3+ 4cosh(2e™%°x — 8t1) + cosh(de™ 3¢z — 64t1)
th) = —1)(1 —ellmea)e) 1267
ui(rnt) =21/(ca =1L —e ) ¢ [3cosh(e=¢sezy — 28t1) + cosh(3e~3¢xy — 36¢1)]2
o=y 3 + 4 cosh(2e”xy — 8e”°11) 4 cosh(de™“*“xy — 64e™“ty)
[3 cosh(e—¢sexy — 28e~¢tq) + cosh(3e—%scx; — 36e~¢ty)]?
s (21, 81) = —12 3+ 4 cosh(2e™ %z — 8/t2 — 2¢,) + cosh(de™“x1 — 64./tF — 2¢) L /t2 o (40)
nen cosh(e™®¢xy — t7 — 5 + cosh(3e™ ¢3¢z — t7 s
’ 3 cosh(e 28./12 — 2¢) + cosh(3 36/17 — 2¢) b

3 + 4 cosh(2e“3°x1 — 8t1) + cosh(4de™cx1 — 64t1)

(38)

uy (1, t1) = ee’t — 126101~

(39)

t1) = (e — 1)sinty — 12¢° 41
wEn b)) = (e = ) st b = L2e T~ 9811 + cosh(3e—< 21 — 366, (41)
Taking F = s and G = —ouu, — Bu?u, — ptiy,, where o, 3, p1, and s are real constants, the original equation
is a standard compound KdV-Burgers (cKdVB) equation

Uy — SUgge + QUL + Buuy + g, =0, (Bs > 0), (42)

which has some applications in quantum field theory, plasma physics, and solid-state physics.[22~27 The solutions
of Eq. (42) has been studied by many authors.?®=32 For example, according to Ref. [28], the solitary-wave
solution to the cKdVB equation can be written as

u(z,t) = £4/6s/B(ktanh k(z — vt — zg) + pu/6s) — /28, (43)

where v = p?/6s + 2sk? — % /43, k and z are real constants.
Then equations (22)—(25) can be expressed as follows respectively:

(1—-es)e _q 1 — ples—1)e
Trile (&
Uy, — SechEulxlmlml + (Ul 4 1()> (e(CSI)Eulibl + >

C3 — 1 C3 — 1
T 67636 _ e*E
g <a i 51(0—1) * Besul) + pe U0, =0, (44)
5 —
urg, — seB ey, L — et — {(ug —ee)[1 — e —ele VO Dey (o 4 Blug — eelt)el D]

o ue(2C3—1)eu1I1m1} =0, (45)

Urs, — S€3 N U gy, [A) 1T — 26 — L+t /ot — 28 + 11/ / 13 — 2E{ec3s(u1 —t1+ 4/t — 25)
X Uiz, [a + ,B(ul —t1 4/t — 25)} + MGQC‘"’EUulxl} =0, (46)

and

U1, — 5€° U 4 10, + (1 — %) costy + e uy,, [ure ™ + (e7° — 1) sint4]

X [+ B(uy +sinty)e™® — fsinty] + ue2635u111$1 =0. (47)
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Their solutions can be written as

w(zy,ty) = (1 — e<1*cs>€)il + e {++/65/B(ktanh k(e ®cx) — vt; — x0) + p/6s) — a/26},  (48)

C3 —

w(wy, ty) = ee't + eV 4 [65/B(k tanh k(e %21 — e vty — 20) + p/65) — a/23}, (49)

u(zy,t1) = £4/6s/6(ktanh k(e ™%z — vy /13 — 26 — xg) + p/6s) — /2B +t1 — \/13 — 2¢, (50)

and

w(z1,t1) = sinty(e® — 1) + e*{£+/6s/6(k tanh k(e~***xy — vty — xg) + p/6s) — a/28}. (51)
Because the solutions of Eqs. (31)—(34) and (44)—(47) are known, we can consider each of them as an original

model. For example, taking F' = —e33¢t/\/t2 — 2 and G = 1 — t/V/12 — 2¢[1 — 6e°%(u — t + /12 — 2¢)u,] in

the variable-coefficient equation (25), it can be expressed as

uyy, + €555t /1 /13 — 26U1g 0y0, + (1 — ) cOSE) — eg{l—tl/ 2 — 25[1 — 6e(2c3_1)5((u1 +sinty)e®

7Sint1 7151 + \/t% — 2€)U1$1:|} =0.

(52)

The solution of the new resulting variable-coefficient equation can be constructed by the solution of the following

original model,

e+ 9 N1 2eugy — 14+ t/V/12 — 2¢ [1 - 6e635(u e 25)%} —0, (53)

which is the same as Eq. (33) whose solution has been known.
With the help of the transformation (29), the solution of Eq. (52) reads

uy(z1,t1) = —sinty +e° {u(x =e 2%y, t=/t7 — 25) +t —\/t? — 2 +sint1], (54)

where u(z,t) is the solution of Eq. (36).

4. Conclusion

In this paper, we used the extended symme-
try method to study the general KdV-type equa-
With the help of this method, several new

variable-coefficient KdV-type equations which con-

tion.

tain arbitrary functions are obtained and their so-
lutions can be constructed by solutions of the origi-
nal model. In order to better illustrate this problem,
we choose some determined forms for arbitrary func-
tions and obtain some concrete space-time-dependent
equations (22)—(25).

model as constant coefficient equations such as the

Then considering the original

standard constant coefficient KdV equation and stan-
dard compound KdV equation by taking appropri-
ate forms of F(x,t,u, Uy, Uyzy) and G(x, t,u, Uy, Ugy)
whose solutions are well known, we can easily obtain
the solutions of these new variable-coefficient equa-
tions with the help of the finite transformations (26)—
(29). Because the solutions of resulting models are
known, we can consider any one of them as an original
model by choosing appropriate F(x,t, u, ty, tyz,) and
G(x,t,u,uy, ug) to obtain new variable-coefficient
KdV-type equations whose solutions can also be ob-
tained with the help of the previous resulting variable-
coefficient equations.
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