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This paper studies the electronic transport property through a square potential barrier in armchair-edge graphene

nanoribbon (AGNR). Using the Dirac equation with the continuity condition for wave functions at the interfaces between

regions with and without a barrier, we calculate the mode-dependent transmission probability for both semiconducting

and metallic AGNRs, respectively. It is shown that, by some numerical examples, the transmission probability is

generally an oscillating function of the height and range of the barrier for both types of AGNRs. The main difference

between the two types of systems is that the magnitude of oscillation for the semiconducting AGNR is larger than that

for the metallic one. This fact implies that the electronic transport property for AGNRs depends sensitively on their

widths and edge details due to the Dirac nature of fermions in the system.
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Graphene has attracted considerable attention

these years due to the successful fabrication experi-

ment by Novoselov et al.[1] In graphene, the electronic

energy band within the low energy regime can be de-

scribed by a two-dimensional (2D) Dirac-like equa-

tion at Dirac points of the honeycomb lattice Bril-

louin zone.[2,3] The unique band structure of graphene

with a linear dispersion relation leads to many pe-

culiar properties such as the unconventional quan-

tum Hall effect,[4−6] finite minimal conductivity,[7]

Klein tunneling[8] and Veselago lensing.[9] Very re-

cently, Klein tunneling through a p–n junction or a po-

tential barrier has been widely studied[10−14] since the

experimental realization[10,15] of graphene junctions.

Huard et al.[10] have fabricated a gate-tunable barrier

device from a single-layer graphene sheet, and stud-

ied the transport properties across the potential bar-

rier. The transmission probabilities for a graphene p–

n junction within steplike and smooth potentials have

been calculated, respectively.[11] Katsnelson et al.[12]

have also elucidated the dramatic difference between

quantum transport of Dirac fermions in graphene and

conventional 2D electrons, and have manifested that

the barrier always remains perfectly transparent for

particles close to the normal incidence in an infinite

plane of graphene. However, the electronic transmis-

sion for graphene nanoribbons (GNRs) with potential

barrier has seldom been studied. The GNRs [16−21]

and dots[22] are of importance because of their elec-

tronic and transport properties heavily depending on

geometry and edge details.

In this paper, we study the electronic trans-

port property through a square potential barrier in

armchair-edge GNRs (AGNRs). By using the Dirac

equation[3,23] with the continuity condition for wave

functions at the interfaces between regions with and

without a barrier, we calculate the mode-dependent

transmission probability for both semiconducting and

metallic AGNRs, respectively. It is shown that, by

some numerical examples, the transmission probabil-

ity is an oscillating function of the height and range

of barrier for both types of AGNRs, while the magni-

tude of the oscillations for the semiconducting case is

stronger than that for metallic ones. Some new trans-

port characteristics are obtained and compared with

previous related works.[8,12]

Assuming that the edges of an AGNR are parallel

to the x-axis, we begin with the Dirac equation[3,23]
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− i h̄vF

 σx∂x + σy∂y 0

0 σx∂x − σy∂y

ψ
+ V (x)ψ = Eψ (1)

for the system, where vF ≈ 106 m/s is the Fermi veloc-

ity and σ = (σx, σy) the Pauli matrices. The potential

barrier V (x, y) = V0 for 0< x < L and 0< y < W and

V (x, y) = 0 elsewhere, where W is the width of the

GNR and L the range of the potential barrier. The

four-component electronic wavefunction in Eq. (1) is

ψ = (ψA, ψB , ψ
′
A, ψ

′
B)

T, where ψµ (µ=A, B is the sub-

lattice index) and ψ′
µ are the components for the two

valleys, respectively. According to the translational

invariance in the x-direction, the four-component

wavefunction can be rewritten[23] as ψ = ei kxxϕ(y)

with ϕ(y) = an(1, zn,kx , 0, 0)
T + a′n(0, 0, zn,kx , 1)

T +

bn(zn,kx , 1, 0, 0)
T+b′n(0, 0, 1, zn,kx)

T, where an, a
′
n, bn

and b′n determined by the continuous condition at the

interface are the coefficients of the n-th mode, and

the complex quantity zn,kx=±(kx+i kn)/
√
k2x + k2n in

which the plus sign is applied to the conduction band

and the minus sign is applied to the valence band, kx is

the longitudinal wavevector and the discrete transver-

sal wavevector kn = nπ/W and (n + 1/3)π/W with

integer n for metallic and semiconducting AGNRs, re-

spectively. Additionally, it is worthwhile to note that

in general equation (1) is also appropriate for zigzag

GNRs. For zigzag GNRs the boundary conditions lead

to surface waves (edge states) existing near the edge

of GNRs, which complicates the analytical solution.

In order to solve the transport problem for the

system, we assume that kn is unchanged both outside

and inside the potential barrier, and the mode match-

ing at the interface does not mix the modes.[23−25]

Therefore, for a unit amplitude n-th mode normally

emitting from the left side, the electronic wavefunc-

tions scattered by the potential barrier in different re-

gions can be written as

ψL = (ei kxx + rne
− i kxx)ϕ(y), (x < 0),

ψM = (cne
i qxx + dne

− i qxx)ϕ(y), (0 < x < L),

ψR =

√
2

2
tne

i kx(x−L)ϕ(y), (x > L). (2)

In these wave functions kx =
√
E2/(h̄vF)2 − k2n and

qx =
√
(E − V0)2/(h̄vF )2 − k2n are the longitudinal

wavevectors outside and inside the potential barrier,

respectively. The real qx corresponds to propagable

modes and the imaginary qx corresponds to evanes-

cent modes. Moreover, the complex quantities outside

and inside the barrier should satisfy the relationship

of zn,kxzn,−kx=zn,qxzn,−qx = −1.

In Eq. (2), the coefficients of reflection rn and

transmission tn as well as the other two cn and dn

can be determined by continuous condition at inter-

faces x=0 and x=L. Unlike the Schödinger equation

we only need to match the wavefunction but not its

derivative. Therefore, we obtain the following four in-

dependent equations:

 1

zn,kx

+ rn

 1

zn,−kx

 = cn

 1

zn,qx

+ dn

 1

zn,−qx

,
tn

 1

zn,kx

 = cn

 1

zn,qx

ei qxL + dn

 1

zn,−qx

e− i qxL. (3)

Solving Eq. (3) we can obtain the transmission coefficient

tn =
(1 + z2n,kx

)(1 + z2n,qx)

ei qxL(zn,kx − zn,qx)
2 + e− i qxL(1 + zn,kxzn,qx)

2
, (4)

which yields the n-th mode transmission probability Tn = |tn|2 for the system.

In what follows we present some numerical examples of the calculated transmission probability for the

system according to Eqs. (3) and (4). The following parameters are used in the calculation. The width of the

ribbon satisfies[3,21] the condition W=(3N + 1)a0 for metallic AGNR and otherwise for a semiconducting one

with integer N and graphene lattice constant a0 = 2.46 Å. The incident energy is taken[12] as E = 0.175 eV.
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In Fig. 1, we plot the mode-dependent transmis-

sion probability versus barrier height V0 (in units of

eV) for normal incidence with energy E = 0.175 eV

and potential barrier range L = 10 nm. The solid

curves correspond to a metallic AGNR of width

W = 28.04 nm and the dashed curves correspond to a

semiconducting AGNR of widthW = 27.92 nm, where

thick lines are for the first (n = 1) mode and thin lines

are for the second (n = 2) mode, respectively. First

of all, we notice that the transmission probability for

AGNRs is very different from that for an infinitive

graphene[8,12] which supports perfect transmission

regardless of the barrier height (Klein tunneling).

However, it is generally an oscillating function of the

barrier height due to the quantum interference and

quantum size effect of the system, but still shows some

points of maximum transmission of T=1 with certain

barrier height. Moreover, the bottom of each valley

(minimum transmission) decreases with the increase

of barrier height, and remains constant as the barrier

height reaches 1.3 eV. This phenomenon can be un-

derstood via Eq. (4): the transmission probability is

an oscillating function of wavevector qx with resonant

condition qxL = Nπ (N = 0, ±1, ±2, . . .), but qx

is determined by V0, so that T is also an oscillat-

ing function of V0 with the periodicity of oscillation

determined by resonance conditions. The same be-

haviour has been observed in Ref.[8] (see, e.g., Fig. 6

in Ref. [8]) for the double barrier and single well struc-

tures. Furthermore, from Fig. 1 we can see that the

transmission probability of the system is mainly de-

termined by the first mode because the average value

of transmission for the first mode is obviously much

Fig. 1. Transmission probability T versus barrier height

V0 (in units of eV) for normally incident electrons with en-

ergy E = 0.175 eV and potential barrier range L = 10 nm.

The solid curves correspond to a metallic AGNR of width

W = 28.04 nm and the dashed curves correspond to a

semiconducting one of width W = 27.92 nm, with thick

lines for the first mode and thin lines for the second mode,

respectively.

larger than that for the second mode. Meanwhile, the

transmission probability, as expected, for the metal-

lic AGNR is larger than that for the semiconducting

one with the same mode due to the zero energy gap

between conduction and valence bands for the metal-

lic AGNR. In addition, we note that the behaviour of

transmission probability is analogous to that shown in

Fig. 1 in the case of V0 < 0 (not shown here).

Figure 2 displays the transmission probability for

main mode T1 (n = 1) versus L (in units of nm),

where the solid line is for a metallic AGNR and the

dashed line is for a semiconducting one, respectively.

The barrier height is taken as V0 = 0.285 eV and the

other parameters are the same as those for Fig. 1. As

expected, T1 is a standard oscillating function of the

barrier range for both types of AGNRs. Physically,

this phenomenon can be understood as: when a trav-

eling particle satisfies the conventional resonance con-

dition qxL = nπ, it can pass through the barrier region

via resonant tunneling because of the phase accumu-

lation. A similar result has been obtained in Ref. [26]

where the incident angle is taken as 30◦. Additionally,

the metallic AGNR has an averagely larger transmis-

sion probability with smaller oscillating periodicity in

comparison with the semiconducting one because of

the different kn for the two cases, which is consistent

with the result in the previous work.[12]

Fig. 2. Transmission probability for the main mode T1

versus barrier range L (in units of nm) with barrier height

V0 = 0.285 eV, where the solid curve corresponds to a

metallic AGNR while the dashed curve corresponds to a

semiconducting one. Other parameters are the same as

those for Fig. 1.

In Fig.3 we presents T versus V0 (in units of

eV) for a wider metallic AGNR of W = 34.48 nm

(solid curves) and a wider semiconducting one of

W = 34.56 nm (dashed curves), with thick lines for

the first mode and thin lines for the second mode, re-

spectively, other parameters are the same as those for

Fig.1. Firstly, we can find that the transmission be-

haviour is analogous to Fig.1 for the narrow AGNRs.

037204-3



Chin. Phys. B Vol. 19, No. 3 (2010) 037204

However, the transmission probability has been much

enhanced in comparison with Fig. 1. This result is

as expected since the edge details become insignificant

Fig. 3. Transmission probability T versus barrier height

V0 (in units of eV), where the solid curves correspond

to a metallic AGNR of width W=34.48 nm and the

dashed curves correspond to a semiconducting one of

width W=34.56 nm, thick lines for the first mode and thin

lines for the second mode, respectively. Other parameters

are the same as those for Fig.1.

with the increase of AGNR width. If we continue to in-

crease the width of the AGNR, the transmission prob-

ability for both types of AGNRs will tend to unity

which corresponds to graphene.[8,12,26]

In conclusion, by using the Dirac equation with

continuity of the wavefunctions at the interfaces,

we have theoretically calculated the mode-dependent

transmission probability through a square potential

barrier in both metallic and semiconducting AGNRs.

It has been found that the transmission probability is

an oscillating function of the barrier height and range,

and the magnitude of the oscillations for semiconduct-

ing AGNRs is stronger than that for metallic ones. In

other words, the transmission probability of AGNRs

depends sensitively on their widths and edge details,

which is different from those for an infinite plane of

graphene system. These size and edge effects may be

helpful in the design of graphene-based nanoelectronic

devices.

References

[1] Novoselov K S, Geim A K, Morozov S V, Jiang D, Zhang

Y, Dubonos S V, Grigorieva I V and Firsov A A 2004

Science 306 666

[2] Wallace P R 1947 Phys. Rev. 71 622

[3] Brey L and Fertig H A 2006 Phys. Rev. B 73 235411

[4] Zheng Y and Ando T 2002 Phys. Rev. B 65 245420

[5] Apalkov V M and Chakraborty T 2006 Phys. Rev. Lett.

97 126801

[6] Sheng D N, Sheng L and Weng Z Y 2006 Phys. Rev. B 77

233406

[7] Novoselov K S, Geim A K, Morozov S V, Jiang D, Kat-

snelson M I, Grigorieva I V, Dubonos S V and Firsov A

A 2005 Nature 438 197

[8] Bai C X and Zhang X D 2007 Phys. Rev. B 76 075430

[9] Cheianov V V, Fal’ko V and Altshuler B L 2007 Science

315 1252

[10] Huard B, Sulpizio J A, Stander N, Todd K, Yang B and

Goldhaber-Gordon D 2007 Phys. Rev. Lett. 98 236803

[11] Cheianov V V and Fal’ko V I 2006 Phys. Rev. B 74 041403

[12] Katsnelson M I, Novoselov K S and Geim A K 2006 Nature

Phys. 2 620

[13] Fistul M V and Efetov K B 2007 Phys. Rev. Lett. 98

256803

[14] Long W, Sun Q F and Wang J 2008 Phys. Rev. Lett. 101

166806

[15] Williams J R, Dicarlo L and Marcus C M 2007 Science

317 638

[16] Zhou J and Dong J M 2007 Appl. Phys. Lett. 91 173108

[17] Wang Z F, Shi Q W, Li Q X, Wang X P, Hou J G, Zheng

H X, Yao Y and Chen J 2007Appl. Phys. Lett. 91 053109

[18] Huang B, Liu F, Wu J, Gu B L and Duan W H 2008 Phys.

Rev. B 77 153411

[19] Lin Y M, Perebeinos V, Chen Z H and Avouris P 2008

Phys. Rev. B 78 161409
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