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Exact results on cavity cooling in a system of a
two-level atom and a cavity field∗

Zhang Yu-Qing(张玉青), Tan Lei(谭 磊)†,

Zhu Zhong-Hua(朱中华), and Liu Li-Wei(刘利伟)

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China

(Received 15 January 2009; revised manuscript received 19 May 2009)

Using the algebraic dynamical method, this paper investigates the laser cooling of a moving two-level atom coupled

to a cavity field. Analytical solutions of optical forces and the cooling temperatures are obtained. Considering Rb atoms

as an example, it finds that the numerical results are relevant to the recent experimental laser cooling investigations.
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1. Introduction

Cavity cooling has attracted significant attention

recently.[1] Since dissipation takes place via cavity loss

rather than by spontaneous emission, cavity cooling

can avoid or reduce several problems of the conven-

tional laser cooling schemes, such as photon reabsorp-

tion and recoil heating, which make it become a more

efficient means to cool atoms and a more attractive

approach for creating ultra-cold molecules than con-

ventional methods.[2−6] Recently, further cavity cool-

ing improvements by introducing a linear feedback,[7]

by exploiting interference effects[8] and by keeping

the Rabi frequency invariant but reducing the mode

volume were also suggested.[9] Furthermore, applica-

tion of such cooling mechanism would improve the

performance of atom–cavity systems for quantum in-

formation processing[10−13] and cavity Bose–Einstein

condensation.[14] The interaction of a two-level sys-

tem with a quantized single mode laser field, named

the Jaynes–Cummings model(JCM), is the simplest

possible model focusing on the cavity cooling. We

enjoy a vast number of theoretical developments,

these include the density matrix method,[1,15−17] the

dressed-state method,[18] the Monte Carlo wavefunc-

tion method[19,20] and the classical and quantum

Langevin approach.[7,21,22] Unfortunately, a great part

of them are not easy to handle and most of the in-

teresting physics have to be extracted from heavy nu-

merical solutions and calculations, especially when the

atomic centre-of-mass motion is taken into account.

The objective of the present paper is to give an ex-

act quantummechanical solution for the cavity cooling

of the improved two-level JCM with the atomic centre-

of-mass motion included and quantized as indicated

by its kinetic energy operator by using the algebraic

dynamical method in an ideal cavity (The general an-

alytical solution to cavity cooling including the cavity

decay is extremely complicated and not very instruc-

tive by using the algebraic dynamical method. In this

paper, we only discuss the simplest cavity system with

a rather small loss or the cavity decay lifetime as infi-

nite, hence the exact solution of cavity cooling can be

obtained).[23] The important idea in this paper is to

introduce a canonical transformation for the Hamilto-

nian and linearize it in terms of a set of Lie algebraic

generators. Using the algebraic dynamical approach,

we find that the linear algebraic dynamical systems

are integrable and thus solvable, then the evolution

matrices, as well as the eigenvalues and eigenstates

of the Hamiltonian can be obtained easily. As a re-

sult, the analytical expressions for optical forces and

cooling temperatures can be obtained.

In Section 2, we present the basic model of the

atom–cavity system and introduce the reduced density

operator of the considered system by using algebraic

dynamical method. In Section 3, we derive the ana-

lytical solutions of the optical forces and the cooling

temperatures. The numerical results that confirm the
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experimental investigations are also shown. A sum-

mary is included in Section 4.

2. The physical model and the

density operator

We only consider a moving two-level atom inter-

acting with a one-mode field in an ideal optical cavity.

Of course, the cavity loss is neglected for simplicity,

the model is thus ideal and only applicable to a cav-

ity system with rather small loss. Inclusion of cavity

loss will result in increased complexity of the model,

and the dissipation due to the cavity loss is usually

described by the non-Hermitian Hamiltonian which is

difficult to deal with by using the algebraic dynam-

ical method. We restrict the motion of the atom to

one dimension, i.e., along the cavity axis. The Hamil-

tonian which describes the unitary dynamics of the

whole system is

Ĥ =
p̂2x
2m

+ h̄ω0Sz + h̄ωa+a

+ h̄Ω(a+S−e
− i kx + aS+e

i kx), (1)

where we take the propagating direction of the cav-

ity field as the x-axis. The term p̂2x/2m is the ki-

netic energy of atomic centre-of-mass motion. The

physical quantities ω0 and ω are the atomic transi-

tion frequency and the cavity field frequency, respec-

tively. The last term is the interaction Hamiltonian.

The operators a and a+ are the cavity annihilation

and creation operators. The operators Sz, S− and S+

are atomic pseudo-spin operators, x is the coordinate

of atomic centre-of-mass motion, Ω is the atom–field

coupling coefficient, k denotes wave number.

To linearize the Hamiltonian by the canonical

transformation, an operator is introduced as

Ug = exp

[
θ

N1/2
(aS+e

i kx − a+S−e
− i kx)

]
, (2)

where

θ = − arctan[(

√
∆2/4 + h̄2Ω2N −∆/2)/h̄ΩN1/2],

∆ = h̄kPg/m+ h̄2k2/2m+ h̄∆′.

∆′ is defined as ω0−ω, describing the detuning of the

atomic resonance frequency ω0 from cavity field fre-

quency ω. N = a+a+Sz+1/2 and Pg = p̂x− h̄k(Sz+

1/2) are two invariants of the system, which represent

the excitation number operator and the momentum of

atomic ground state, respectively.

Considering SU(2) algebra generators {Sz,

N−1/2aS+ei
kx, N−1/2a+S−e

− i kx} and letting Sz =

J0, N
−1/2aS+ei

kx = J+ and N−1/2a+S−e
− i kx = J−,

we find that J0, J+ and J− satisfy the following com-

mutation relations

[J0, J+] = J+, [J0, J−] = −J−, [J+, J−] = 2J0.

(3)

Then, Ug can be reduced to the following form

Ug = exp[θJ+ − θJ−]. (4)

After the canonical transformation, the dressed

Hamiltonian can be written as

Ĥ ′ = U−1
g ĤUg = E(N,Pg) + λSz, (5)

where λ =
√
∆2 + 4h̄2Ω2N , E(N,Pg) = (P 2

g +h̄kPg+

h̄2k2/2)/2m+ h̄ω(N − 1/2).

To obtain the time evolution expressions of the

optical forces and final temperatures of the cooled

atom, the time evolution operator should be intro-

duced. From Eqs. (4) and (5), the time evolution op-

erator of the system is expressed by

U(t) = e− i Ĥt/h̄ = Uge
− i Ĥ

′t/h̄U−1
g , (6)

where e− i Ĥ
′t/h̄ = e− iEt/h̄(cos(λt/2h̄) −

i 2Sz sin(λt/2h̄)), then,

U(t) = e− iEt/h̄

[
cos

(
λt

2h̄

)
− i 2J0 sin

(
λt

2h̄

)
cos(2θ)

+ i(J+ + J−) sin

(
λt

2h̄

)
sin(2θ)

]
. (7)

The density operator for the atom–field is ρ(t), which

evolves according to the formula

ρ(t) = U(t)ρ(0)U+(t). (8)

Assume that the internal state of the atom is in the

ground state |1⟩, and the initial density operator for

the system is composed of three parts,

ρ(0) = |ψF (0)⟩⟨ψF (0)|⊗|ψp′
x
(0)⟩⟨ψp′

x
(0)|⊗|1⟩⟨1|, (9)

where cavity field, |ψF (0)⟩ =
∑
n′
Fn′ |n′⟩, is the su-

perposition of Fock states, the external state of the

atom, |ψp′
x
(0)⟩ =

∫
dp′xC(p

′
x)|p′x⟩, is the superposition

of plane waves. In order to explore the dynamics of

the atom, the reduced density operator for atomic in-

ternal state, ρA(t), is introduced.

ρA(t) =

∫
dpx

∑
n

⟨n, px|ρ(t)|px, n⟩. (10)

Substituting Eqs. (6), (7), (8) and (9) into Eq.(10),

we can write the expression of ρA(t) as
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ρA(t) =

∫
dpx

∑
n

|C(px)|2|Fn|2
[(

cos

(
λt

2h̄

)
+ i sin

(
λt

2h̄

)
cos(2θ)

)
|1⟩+ i sin

(
λt

2h̄

)
sin(2θ)|2⟩

]
×
[
⟨1|

(
cos

(
λt

2h̄

)
− i sin

(
λt

2h̄

)
cos(2θ)

)
− ⟨2| i sin

(
λt

2h̄

)
sin(2θ)

]
. (11)

In the following, Eq. (11) will be used to obtain the exact solutions of cavity cooling.

3. Analytical solutions of cavity cooling

In this section we will present the analytical solutions of cavity cooling, the optical forces and the final

cooling temperatures are both investigated. The expectation value for the force on the atom can be obtained

straightforwardly by the following relation:

f = ⟨F (t)⟩ = −⟨∇Ĥint⟩ = −Tr(ρA(t)∇Ĥint). (12)

From the expressions of ∇Ĥint and ρ
A(t) and by using Eq. (12), we find that the force has the following form:

f = −
∫

dpx
∑
n

|C(px)|2|Fn|2
[(

cos

(
λt

2h̄

)
+ i sin

(
λt

2h̄

)
cos(2θ)

)
aei kx

+

(
cos

(
λt

2h̄

)
− i sin

(
λt

2h̄

)
cos(2θ)

)
a+e− i kx

]
h̄kΩ sin

(
λt

2h̄

)
sin(2θ). (13)

Using the Einstein relation, we can obtain the cavity cooling temperature

T =
Dp

βkB
, (14)

where Dp is the momentum diffusion coefficient, β is friction coefficient, kB is Boltzmann constant. Dp and β

are determined by

Dp =
1

2

d

dt
(∆p̂x)

2, (15)

β = − d

dυ
f(υ). (16)

To obtain the temperatures, the mean values of p̂x and p̂2x should be considered, which can be obtained

from the following relation

⟨p̂x⟩ =
⟨
Pg + h̄k

(
Sz +

1

2

)⟩
. (17)

After calculation, the expectation value of Sz is

⟨Sz⟩ = −1

2

∫
dpx

∑
n

|C(px)|2|Fn|2
(
sin2

(
λt

2h̄

)
cos(4θ) + cos2

(
λt

2h̄

))
. (18)

Thus,

⟨p̂x⟩ = − h̄k
2

∫
dpx

∑
n

|C(px)|2|Fn|2
(
sin2

(
λt

2h̄

)
cos(4θ) + cos2

(
λt

2h̄

))
+ Pg +

1

2
h̄k. (19)

Similarly,

⟨p̂2x⟩ = −1

2
(h̄2k2 + 2Pgh̄k)

∫
dpx

∑
n

|C(px)|2|Fn|2
(
sin2

(
λt

2h̄

)
cos(4θ) + cos2

(
λt

2h̄

))
+ P 2

g +
1

2
h̄2k2 + h̄kPg.

(20)

Using Eqs. (13), (15), (16), (19) and (20), we get the momentum diffusion coefficient and the friction coefficient

Dp =
k

8
(2Pg + h̄k)

∫
dpx

∑
n

|C(px)|2|Fn|2λ sin
(
λt

h̄

)
(1− cos(4θ)), (21)
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β =

2mh̄kΩ
∫
dpx

∑
n
|C(px)|2|Fn|2f(θ, λ, t) sin

(
λt

2h̄

)
sin(2θ)

h̄k
∫
dpx

∑
n
|C(px)|2|Fn|2

(
− sin2

(
λt

2h̄

)
cos(4θ)− cos2

(
λt

2h̄

))
+ 2Pg + h̄k

, (22)

where

f(θ, λ, t) ≡
[(

cos

(
λt

2h̄

)
+ i sin

(
λt

2h̄

)
cos(2θ)

)
aei kx +

(
cos

(
λt

2h̄

)
− i sin

(
λt

2h̄

)
cos(2θ)

)
a+e− i kx

]
.

Substituting Eqs. (21) and (22) into Eq. (14) leads to the cavity cooling temperature

T =

[
h̄k

∫
dpx

∑
n

|C(px)|2|Fn|2
(
− sin2

(
λt

2h̄

)
cos(4θ)− cos2

(
λt

2h̄

))
+ 2Pg + h̄k

]

×
(2Pg + h̄k)

[ ∫
dpx

∑
n
|C(px)|2|Fn|2λ sin

(
λt

h̄

)
(1− cos(4θ))

]
16h̄kBmΩ

∫
dpx

∑
n
|C(px)|2|Fn|2f(θ, λ, t) sin

(
λt

2h̄

)
sin(2θ)

. (23)

In order to analyse the results, we consider the general solutions by using a numerical method. To discuss

them, we treat the laser field classically[24]

a→ αe− iωt, a+ → α∗eiωt. (24)

Assuming α∗ = α, we find that the external state of the atom is in the momentum eigenstate |p⟩ and the cavity

field is still in the superposition of the number states, the force can be written as

f = −2
∑
n

|Fn|2
[
cos

(
λt

2h̄

)
cos(kx− ωt)− sin

(
λt

2h̄

)
cos(2θ) sin(kx− ωt)

]
h̄kΩα sin

(
λt

2h̄

)
sin(2θ), (25)

where |Fn|2 = e−n/(nnn!). From Eq. (25), it can

be found that the radiation force depends on the

coupling strength, the detuning, atomic coordinate

and the trapping time, etc. To obtain the numeri-

cal results, we adopt the values of the parameters in

Ref. [3]. The quantity k = 2π/λc is the wave vec-

tor of the cavity mode, where λc is the length of the

micro-cavity, in general, the value of λc ranges from

tens of microns to hundreds of micrometers. The

initial velocity of the atomic centre-of-mass motion

is of the order of 1 cm/s. The mass of Rb atom is

m = 1.41922 × 10−25 kg, ω is about 1 × 1015 Hz,

the transition is 52S1/2F = 3 ↔ 52P3/2F = 4 and

the average photon number is n = 5. In Fig. 1, the

force is shown as the function of time and position of

the atom in three dimensions. In order to visualize

the influence of the coupling strength and the detun-

ing, we plot the force as the function of the coordinate

with different coupling strengths and detunings in two

dimensions in Fig. 2, one can see that as the value

of the coupling strength increases, the amplitude of

the force increases too. As the coupling strength is

proportional to the intensity of radiation field and in-

versely proportional to the volume of the micro-cavity

according to cavity cooling theory, we can get the

results that both increasing the intensity of the cavity

field and reducing the volume of the cavity will enlarge

the force, otherwise the force will be diminished.[3,22]

Considering the actual fact that an atom will be

Fig. 1. Radiation force as a function of t and x. The

parameters are ∆′ = 2π × 32 MHz, Ω = 2π × 16 MHz,

n̄ = 5 and ω = 1× 1015 Hz.

localized in a small region, from Fig. 2 we can also

show that, the force generated by the cavity field is
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stronger than the one in free-space. In this region,

the interaction between the atom and the intracav-

ity photon can dramatically influence their dynami-

cal states, which is consistent with the experimental

results.[3,15,25] Figure 3 shows the influence of the de-

tuning. As the detuning becomes large, the cavity

field will trap the atoms instead of cooling them, as a

consequent result, the cooling force will decrease.

Fig. 2. Radiation force as a function of x for differ-

ent coupling strengths Ω = 2π × 20 MHz (dotted line),

Ω = 2π× 32 MHz (solid line), ∆′ = 2π× 12 MHz, t = 1 s,

n̄ = 5 and ω = 1× 1015 Hz.

Fig. 3. Radiation force as a function of x with differ-

ent detunings, ∆′ = 2π × 40 MHz (dotted line), ∆′ =

2π×12 MHz (solid line), Ω = 2π×16 MHz, t = 1 s, n̄ = 5

and ω = 1× 1015 Hz.

In order to investigate the final temperature of

the cooling, the same conditions used in discussing

the force are taken into account. For simplicity, we

assume ∆ = 0, then λ = 2h̄Ω
√
α. In the region of

cooling, we get the following rather simple expression

for the final temperature

T =

(2Pg + h̄k)λ

[
h̄k cos

(
λt

h̄

)
− 2Pg − h̄k

]
8mh̄kBΩα cos(kx− ωt)

. (26)

From Eq. (26), it can be found that the final tem-

perature is dependent on the coupling strength, the

detuning, atomic coordinate, and trapping time, etc.

We note that λ is proportional to Ω, so we can obtain

the relation between T and Ω by using the relation

between T and λ. Figure 4 displays the fact that the

cooling temperature will be diminished as the coupling

strength becomes large and the final temperature is

about 100 nK, which agrees well with the theoretical

and experimental results.[3,25−27]

Fig. 4. The temperature of the atom as the function of

λ. The parameters are m = 1.41922 × 10−25 kg, n̄ = 5,

x = 80 µm and ω = 1× 1015 Hz.

4. Conclusion

We have described the dynamics of a cou-

pling atom–cavity system by considering the atomic

centre-of-mass motion. Using the algebraic dynamics

method, we linearize the Hamiltonian for the system

by introducing a canonical transformation, and then

derive the reduced density operator of the considered

system. Then analytical solutions and numerical re-

sults of cavity cooling are obtained. We find that the

results are consistent with the experimental investiga-

tions. The explicit analytical solution Eq. (11) forms

a good starting point for further seeking simpler so-

lutions such as entanglement and decoherence etc. so

that more physical insight can be sought. The related

theoretical researches are meaningful and they may

promote the development of the technology of laser

cooling.
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