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Numerical simulation for space charge
dominated beam transport*®
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To simulate the intense bunched beam transport, a computer program LEADS-3D has been developed. The

particle trajectories are analysed with the Lie algebraic method. The third order approximation of the trajectory

solutions is made with space charge forces off, and the second order approximation is made with space charge forces on.

The particle distribution in the 3D ellipsoid is uniform or Gaussian. Most of the conventional beam optical elements

are incorporated in the code. The optimization procedures are provided to fit the beam lines to satisfy the given optical

conditions.
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1. General description of the code

LEADS-3D has evolved from an earlier code
LEADS,!! which was developed during the construc-
tion of the 4.5 MeV electrostatic accelerator at Peking
University.[?! The original code, LEADS, may be used
to calculate the beam optical systems consisting of
drift space, electrostatic and magnetic quadrupoles,
bending magnet, two-tube gap lens, three-tube Einzel
lens, three-aperture Einzel lens and dc accelerating
tube. The particle trajectories in these elements are
calculated in the linear approximation. The old code
can also be used to calculate quarter wave resonator
(QWR) and split loop resonator (SLR) rf structures.
The optimization procedures are provided to fit the
beam lines to satisfy the given optical conditions. The
old code offers graphical plotting of the phase space
diagrams and beam envelopes.

Since then, more optical elements have been in-
corporated in the code, such as solenoid, sextupole,
E x B cross field separator, cylindrical electrostatic
analyser, and spherical electrostatic analyser. The
third order terms of particle trajectories with space
charge off and second order terms with space charge
on have been added in the code for all of the opti-
cal elements. The new version of the code is named
LEADS-3D.

2. Analysis of nonlinear particle

trajectories with space charge
off

2.1. Hamiltonian
2.1.1. In Cartesian coordinate system

The Lie algebraic method[! is used to generate a
high-order symplectic map of the dynamical variables
about the design trajectory (in practice up to the third
order has been done). In the Cartesian system, when
the particle beam moves in the z-direction, the Hamil-

tonian with time ¢ as the independent variable is

Hy = [m3c* + A (pr — qAL)? + 2 (py — qAy)?
+ A (p- — qA)HY? + g, (1)

where my is the rest mass of the particle; ¢ the charge;
c the light velocity in vacuum; p;, p, and p, are the
canonical particle momenta in the transverse and the
longitudinal directions respectively; A,, A, and A,
the components of the applied magnetic vector po-
tential; v is the applied electrostatic potential. The
electrostatic potentials and magnetic vector potentials
for different optical elements are listed below.

1) Electrostatic quadrupole focusing in x-plane

w = (1.2 7y2) V/’I’(Q),
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where V' is the applied electric potential to the elec-

trodes, rg is the inner radius, and
A, =A,=A,=0.
2) Magnetic quadrupole focusing in z-plane

Y =0,

and G
A, = 5( 2 7$2)v

where G is the magnetic field gradient.

Ay = A, =0,

3) Cylindrically symmetric electrostatic
fieldsl*!

= ¢(z) — id’(z)r2 + 6i4¢(3) (2)rt — ...,

where ¢ (z) is the electric potential distribution along

the z-axis, and
A, =A,=A,=0.
4) E x B cross field separator
Y = —voxB,

where vg is the velocity of the reference particle, B is

the magnetic field, and
A, =0, A, =0, A, =—-2B.

5) Sextupole

and

B
Ay =0,A4,=0, and A, = a—;(xyz —23/3),
0

where ag is inner radius, By is the magnetic field.
6) Solenoid!’!

Y =0,
and
Ay =—1By+ LB+ Py
¢ 2 16 ’
_1 1 "/ .2 2
Ay—QBx 1GB (z? + x°)z,
A, =0,

where B is the magnetic field distribution along the z
axis.

Now, introduce a new canonical variable p;:

Pt = _Ht(l‘7yazva7pyapz)

and work out p, from p;, then one will obtain

K=—p.=—[(p +q¥)*/* —mic® — (p, — qA;)?
- (py - qu)2]1/2 - qu' (2)

The function K is a new Hamiltonian with (z,p,,y,
Py, t,p¢) as the canonical variables and z as the inde-
pendent variable.

Let

T =T—T0o, Pz =Pz Y=Y, Dy =Py,

T=t—2z/vw, pr=pi—Di,
where p? is the value of p; for the reference particle.

In the new phase space { = (z,ps,V, Py, T,Pr), the
Hamiltonian is

H=—[-(p: — ¢Az)* — (py — qA,)*
+ (e + P + q)?/c? — micP)H?
0
_gA, PP (3)
vo

2.1.2. In curvilinear coordinate system

In the optical elements with curvilinear reference
orbits (see Fig. 1), such as magnetic dipole, cylindrical
electrostatic analyser and spherical electrostatic anal-
yser, we use the curvilinear coordinate system (z, y,
1), where x is the particle displacement from the ref-
erence orbit in the radial direction, y is the particle
vertical position relative to the reference orbit, 7 is
the pass length of the designed orbit, r( is the radius
of the designed orbit. The Hamiltonian of the particle

motion is

Hy = c[(pr — qA'r')2 + (py — qu)Q
+ (po/7 — @A) + MV + qip,  (4)

where p,, p, and ps are the momentum components

in the r, y and 7 directions respectively.

e

Fig. 1. The curvilinear.
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The applied scalar potential and the vector potential
for these elements are presented as follows.
1) Magnetic dipole

b =0

and

1
Ay =4, =0, A, = —orB.

2) Cylindrical electrostatic potential

2
i = 200U 1 (/g + 1)

and

Ay =A, =0, A, =0,

where vy and rg are the velocity and the orbit ra-
dius of the reference particle respectively, and ~y =

1/4/1 —v3 /2.

3) Spherical electrostatic potentiall®

b = moYov3 (1 _ 7’0>
q

and
Let

and solve for pg from p;, then one will have

K = —py=—r[(p: + q¥)?*/* = (pr — qA,)?

—(py — qA,)* — m%cQ]I/2 —qri,.

The Hamiltonian K is defined in the phase space (r,
Dr, Y, Dy, t, pr) with curvilinear pass length 7 as an
independent variable. Now, introduce a new set of

canonical variables:

r=Tr—"To, Y=Y,
T:t_¢/w7

Pz = Pr, Dy = Py,
pr = (pe — 1Y),

where ¢ is the bending angle, w the angle velocity of
the reference particle, pg the momentum of the ref-
erence particle, p? the value of p; for the reference
particle. In this case, the Hamiltonian is

H=—rg <1 + f) [(pr + P2+ qp)? /)
0

- (pa: - qu)2 - (py - qu)2 - m(2)02]1/2
—qray — (pr —13)/w. (5)

The canonical phase space for the function H is ¢ =
(x, Pz, Y, Dy, T, 7). In the both cases of Cartesian coor-
dinate system and curvilinear coordinate system, the
Hamiltonian in Egs. (3) and (5) can all be expanded
into Taylor series about the reference orbit as follows:

H=Hy+H, +Hy+Hs+Hs+.... (6)

2.2. Particle nonlinear trajectories

According to the principle of classical
mechanics,|”) when the particle moves from the initial
position s; to the new position s¢ along the refer-
ence orbit s (s can be straight reference obit z or
curvilinear reference obit 7)), its canonical coordinate
S = (2, P, Y, Py, T, pr) will change from ¢; to ¢;. This

is a canonical transformation and can be expressed as

follows:
s = Mg, (7)
where
M =exp[: f]
and

f= —/: H (s, q)dg.

M is defined as Lie transformation associated with H.
In general, a Lie transformation 9t associated with an
arbitrary function f can be expressed as an exponen-
tial series

M = i:f:" /nl.
n=0

(8]

Using the Dragt—Finn factorization theorem,!® we
have
M= - My - Mo, (8)
where
Mo = exp(: fo:), M3z =exp(: f3:),
My =exp(: fa:)... (9)
and
qf
fo=- [t
qi
qr
f3 = - hé’)nt(gi7q)dq7

qi

qar
fi= - / B, 9)dg

qi
1 qr q1 int int
+ 5/ dfh/ dgz[—h3" (s, g2), —h3z" (s, q1)],
qi qo0
» (10)

and here
hiM(¢) = MyH,,. (11)
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In Eq. (8), Mo, M3 and My are the first order,
second order and third order Lie maps.

Let ¢; denote the initial particle coordinate in the
phase space, cfj (j =1,2,3,...) represent the first, sec-
ond and third orders of the final particle coordinate
in the phase space, then the solutions of the equations
of particle motion will be expressed as follows:

st =exp(:fai)si, first order,

Gf =: f3:6}, second order,

3. Calculation of nonlinear par-
ticle trajectories with space
charge on

The electric potential generated by the space
charge beam is calculated according to the two as-
sumptions: 1) the particles distribute uniformly in
the 3D ellipsoid; 2) the particles distribute in the 3D
ellipsoid in Gaussian manner. In the first case, the

12
= fa:¢t+ % . f3 2}, third order. (12) potential is expressed as
...... |
31T 2 2 2
S = TS . v xr 1 z~r ) 13
0 SmWOXYZ(“ T+ pyy” + p2z) (13)

o0

 XYZy

dg

T / X2+ /(X + O+ (72 +6)

d¢

X2+ Y2+ (222 +¢§)

d¢g

. :XYZ'y]o

R SRRVl
CXYZy |

T / (2272 + O

X2+ Y2+ 6(22+¢)

(14)

where [ is the average beam current of the pulsed beams; T}¢ is the beam repetition period; X, Y and Z are the
beam dimensions; z, is the longitudinal position of the arbitrary particle relative to the position of the reference

particle; p., py and p, are the beam shape factors of the bunches, ¢ is the dielectric constant in the vacuum.

In the second case, the potential is

o (3

202 +¢

LV 2273
205 +& 20293 +4¢

ITrf T
’1/13 B 8%3/260 /

where 0., 0, and o, are the root mean square (RMS)
pulsed beam dimensions.

To calculate the particle motion with the space
charge effects, the electric potentials in Egs. (3) and
(5) each should have two parts: the applied potential
and the beam self potential as shown in Eq. (13) or
(15). Applying the Hamiltonian formalism and sym-
plectic map described above to the space charge domi-
nated beam calculations, the equations of particle mo-
tion can be solved and the second order solutions are
obtained.

It is important to know that in the calculation of
space charge dominated beam transport each optical

element has to be divided into some small segments

)22+ + ) (202E +¢)

dg, (15)

along the design orbit. Using the Lie map, the particle
advances are calculated step by step along the design
orbit.

4. Code performance

The steps of the code running are described as
follows:

1) Generate the initial particle distribution ran-
domly in the 3D ellipsoid.

2) Calculate the linear transport in an optical sys-
tem defined by the user with the space charge off. If

the system or a part of the system needs to be op-
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timized, the code will perform the fitting procedures
first, then calculate the linear transport based on the
optimized system parameters again.

3) Calculate the nonlinear transport through the
third order with the space charge off.

4) If the input beam current is zero, stop the
code running. Otherwise, calculate the beam trans-
port with the space charge forces on up to the second
order.

In the steps (2) to (4) the beam diagrams in the
phase space (z, 2'), (y, ¥'), (V¢, VE) are displayed
At the end of the code

running, the beam envelopes are displayed.

after each optical element.

5. Simulation examples

Using the code we calculate the low energy beam
transport (LEBT) and the high energy beam trans-
port (HEBT) systems of the 200 MHz RFQ accelera-
tor built at Peking University (see Figs. 2 and 3). The
LEBT consists of an Einzel lens and a Solenoid, de-
livering a 50 keV 30 mA deuteron beam to the RFQ

cavity.

140,104, 600 500 /500 mm|

Fig. 2. LEBT system. 1. ion source, 2. Einzel lens,
3. solenoil, 4. RFQ cavity.

Fig. 3. HEBT system. 1. RFQ cavity, 2. vacuum pipe,
3. quadrupole triplet, 4. target chamber.

The HEBT consists of an quadrupole triplet, de-
livering a 2 MeV 25 mA deuteron beam from the RFQ
cavity to the target. Because of the loss of the beam in
the RFQ cavity, the beam transmission is ~83%. The

calculated results for the Gaussian distributed beam

are shown in Figs.4 and 5.

5

3_
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Fig. 4. Beam envelopes in LEBT. (a) 0 mA beam; (b)
30 mA beam.
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Fig. 5. Beam envelopes in HEBT. (a) 0 mA beam; (b)
25 mA beam.
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To verify the correctness of the code, we also cal-
culate the beam transport in the HEBT system with
TRACE-3D. The results are shown in Fig.6. We can
see that the beam envelopes both by LEADS-3D and
TRAC-3D are very close.

olTallaq

length =1950.00 mm

NP1=1 5000 mm(horizontal) 60.0 Deg.(longitudinsl) ..NP2="

50.00 mm(vertical)

Fig. 6. Beam envelopes in HEBT (25 mA) (by TRACE-3D).

6. Conclusions

LEADS-3D is developed for intense bunched
beam transport simulations in beam transport lines,
high voltage electrostatic accelerators to the second
order approximation. If the space charge effects are
not included, it also calculates the QWR and SLR rf
structures, and all of the optical elements mentioned
are calculated to the third order approximation. The
particle distribution in the 3D beam ellipsoid is of
Gaussian or uniform type. The theoretical analysis
that the code is based on is performed with the Lie
algebraic method. The optical system can be opti-

mized to achieve good configure parameters.
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