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Upper bound for the time derivative of entropy for a
stochastic dynamical system with double singularities
driven by non-Gaussian noise*
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A stochastic dynamical system with double singularities driven by non-Gaussian noise is investigated. The Fokker—
Plank equation of the system is obtained through the path-integral approach and the method of transformation. Based
on the definition of Shannon’s information entropy and the Schwartz inequality principle, the upper bound for the time
derivative of entropy is calculated both in the absence and in the presence of non-equilibrium constraint. The present
calculations can be used to interpret the effects of the system dissipative parameter, the system singularity strength
parameter, the noise correlation time and the noise deviation parameter on the upper bound.
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1. Introduction

In recent years, studying the information entropy
and related quantities has become important for un-
derstanding the noise driven dynamical systems.[!—8!
Daems and Nicolis,'? aiming at the dissipative dy-
namic system driven by random perturbation, es-
tablished the non-equilibrium thermodynamics theory
which was based on the balanced equation of informa-
tion entropy. Their research showed that the entropy
flux and the entropy production depended on the char-
acteristics of the dynamics in phase space, especially
on the rate of phase space volume contraction. Bag
et al.3~9 studied the entropy flux, the entropy pro-
duction and the upper bound for the time derivative
of entropy for a dissipative dynamic system driven by
Gaussian noises. They also analysed the effects of the
dissipative constant and the Gaussian noises on the
entropy flux, the entropy production and the upper
bound for the time derivative of entropy. Xie et al.l6:7]
investigated the upper bound for the time derivative
of entropy and the time dependence of entropy flux
and entropy production for a dynamic system driven
by colored cross-correlated white noises. Guo et al.l®!
researched the time dependence of entropy flux and
entropy production of a dissipative dynamical system

driven by non-Gaussian noise.

In most of the previous studies, the random per-
turbations were assumed to be Gaussian noises. How-
ever, Gaussian noises are not applicable in some prac-
tical cases. Many experimental evidences, particu-
larly in sensory and biological systems,®! indicate that
the study of non-Gaussian noise is necessary.[9~ 1 At
present, the research of the evolution for information
entropy in various systems driven by non-Gaussian
noise has seldom reported. In this paper, we inves-
tigate a stochastic dynamical system with double sin-
gularities driven by non-Gaussian noise on the basis
of the previous researches. Through the path-integral
approach and the method of transformation, we ob-
tain the Fokker—Plank equation corresponding to the
system in Section 2. According to the definition of
Shannon’s information entropy and the Schwartz in-
equality principle, we give the expression of the up-
per bound for the time derivative of entropy both in
the absence and in the presence of non-equilibrium
constraint. Furthermore, we discuss the effects of the
system dissipative parameter, the system singularity
strength parameter, the noise correlation time and the
noise deviation parameter on the upper bound in Sec-
tions 3 and 4. In Section 5 we give our conclusions to
complete this paper.
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2. Model and the corresponding
Fokker—Planck equation

We consider a stochastic dynamical system with
double singularities driven by non-Gaussian noise, the
relevant Langevin equation is as follows:

X ==X +1X"n(t), (v>0), (1)

where v is the system dissipative parameter, § is the
system singularity strength parameter, and 7(t) is the
non-Gaussian noise. It is called the stochastic dynam-
ical system with double singularities because X = 0 is
the singularity of both the deterministic force and the
stochastic force. The non-Gaussian noise 7(t) can be
generated from the solution of the following Langevin

equation:
and
v =2 pa-nt] @

where ¢ is the noise deviation parameter, and it de-
notes the departure from the Gaussian noise. In the
limit of ¢ — 1, n(t) reduces to the Gaussian colored
noise with the noise correlation time 7 and the noise
intensity D. For g # 1, it is a non-Gaussian noise pro-
cess. The variable £(t) in Eq. (2) is Gaussian white
noise, and the statistical property of £(t) is

{€(®) =0,
(€(E)) =2Do(t —t'). (4)
In Eq. (4), D is the intensity of the Gaussian white
noise £(t). According to Ref. [11], the property of
non-Gaussian noise 7(t) is
{n(t)) =0,
2D c ( 5)
I a0 q — 00,35 )
7(5— 3¢ 3
oy =9 70T

o0, ge (§3> (5)

When |¢—1] < 1, by applying the path-integral
approach,!®~19] one has
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Here
22—-q)
= —"T 7
v @)
The associated noise intensity is
2(2-¢)]”
D, = D 8
= 0

It is clear that Eq. (2) can be reduced to a renor-
malised Ornstein—Uhlenbeck process with the noise
correlation time 7; and the noise intensity D;. So
Eq. (2) can be written as

dn(t) 1 1

- —7177 + Efl(t), 9)

where & (t) in Eq. (9) satisfies

(E1()6u(t)) = 2D15(t - t'). (10)
Let Y1 = X and Y2 = 7, then Egs. (1) and (9) can be
rewritten as
Vi = Y+ Yi|° s, (11)
. 1 1
Yy = —?13/2 + Eﬁl(t)' (12)
In this paper we study mainly the nontrivial situation

with double singularities, i.e. S < 1. Through the
following transformation:

X, = |Y1|17ﬂ7 (Yl > O)a (13)
- |Y1|17ﬂ ’ (Yl < 0)7

X2 = 5/2a (14)

we can transform Eqgs. (11) and (12) into

Xy =—y(1-B)X1 + (1 - )Xo, (15)
X, = —%XQ + Tilgl (t). (16)

Applying the functional analysis, the corresponding
Fokker—Planck equation of Egs. (15) and (16) can be

written as

OP(Xy, Xa,t) dX, P aP
1 0X,P Dy 0%P
L0% *21872 (17)
71 0Xs T 0X;

Where P(X;, X, t)is the extended phase space prob-
ability distribution function based on the transforma-
tion of Egs. (13) and (14).
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3. Upper bound for the time

derivative of entropy

Now we use the Fokker-Plank equation (17) to
give the expression of the upper bound for the time
derivative of entropy for the system (1). Making use

of the transformation[!®

T:aX1+X2, (18)

we can rewrite the Fokker—Plank equation (17) as

OP(T,t)  OFP &P

ot~ ar " DPoare (19)
where
F =T, (20)
D,

D, = 2L, 21
=5 (21)

1
AT =ay(1—-pB)X1 —a(l — )Xo+ ?Xz, (22)

1

where a and )\ are constants to be determined. Sub-
stituting Eq. (18) into Eq. (22) and comparing the
coefficient of X; and X5, one has

O TR %)

A=v(1-5). (24)

The Fokker—Plank equation (19) can be rearranged
into a general form of continuity equation

OP(T,t)
—F—=—-Vr-J 25
ot T ) ( )
where Vp denotes the phase space divergence and J
is
oP
=FP— Dy—. 2
J ek (26)

UB(t) =

[20%02(t)o(t) + \202(t) — 4AADso(t) + 4D2]"/

The definition of Shannon’s information entropy with

continuous probability distribution is!*?)

Sp=— / P(T,#)InP(T, t)dT. (27)

Combining Egs. (25), (26) and (27), the time evolu-
tion equation for entropy can then be written as

asi _

= - J1n PdT. 2
4 /VTJn (28)

Integrating Eq. (28) by parts and using the following
boundary conditions:®!

J|b0undary = 0,

Jln P‘boundary =0, (29)
we can have
dSy 1
— == =J- In PAT.
at / PJ Vrln (30)
Applying the Schwartz inequality to Eq. (30), one ob-
tains
dSt
— < Up(?), 31
S < Un() (31)
where

Ug(t) = (/ ‘jde)é (/ (vap)sz>;. (32)

In the way similar to the derivation of Ref. [4], through

Egs. (19)—(32) we can finally obtain the upper bound
for the time derivative of entropy for the system (1)
as

where

a(t) = a(0) exp(—At), (34)

a(t) = 2TDS [1 —exp (—2At)] + 0(0) exp(—2At), (35)
where Dy and A are given by Egs. (21) and (24), and
the initial conditions «(0) and ¢(0) are constants. At
steady state (t — o0), Egs. (34) and (35) reduce to
a(oco) = 0, and o(c0) = 2Dg/A. The numerator on
the right-hand side of Eq. (33) vanishes. Therefore we

o(t) ’

obtain dS;/dt = 0. That is to say, the upper bound
for the time derivative of entropy for the system (1)
is zero at the steady state. Now we will use Eq. (33)
to analyse the effects of the system dissipative param-
eter v, the system singularity strength parameter 3,
the noise correlation time 7 and the noise deviation
parameter ¢ on the upper bound Ug ().

By combining the results of Egs. (7), (8) and (21),
we can obtain Dy = Di/78 = D/7?. So Eq. (33)
shows that the upper bound Ugp(t) does not depend
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on the noise deviation parameter g. Thus, we need to
discuss only the effects of the system dissipative pa-
rameter 7, the system singularity strength parameter
£ and the noise correlation time 7 on the upper bound
Up(t). In Figs. 1-3, we choose D = 0.5, 0(0) = 0.2
and «(0) = 0.5(all units are arbitrary).
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Fig. 1. Upper bound for the time derivative of entropy,
In Ug(t), versus time ¢ at 8 = 0.1 and 7 = 1.0 for Eq. (33).
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Fig. 2. Upper bound for the time derivative of entropy,
In Ug(t), versus time ¢ at v = 1.0 and 7 = 1.0 for Eq. (33).

Figures 1, 2 and 3 show the changes of the upper
bound for the time derivative of entropy Ug(t) with
the time ¢ for different values of the system dissipative
parameter -, the system singularity strength parame-
ter 8 and the noise correlation timer, respectively. As

[2X202(t)0 () — ANFLa(t)o(t) + 2F20(t) + \202(t) — 4ADyo () + 4D2]/*

shown in Figs. 1, 2 and 3, Ug(t) decreases monotoni-
cally with the increase of time ¢. It is clearly seen that
the system finally reaches the steady state when time
t keeps on increasing. By now Ug(t) = 0(t — o0),
that is, dSy/dt = 0. For larger -y, smaller 8 or smaller
7, the relaxation time is shorter. For a given time ¢,
when it is larger, the upper bound Ug(t) correspond-
ing to the larger v is smaller, but that corresponding
to the larger 8 or the larger 7 is larger.
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Fig. 3. Upper bound for the time derivative of entropy,
In Ug(t), versus time ¢t at v = 1.0 and 8 = 0.1 for Eq. (33).

4. Upper bound in the presence

of non-equilibrium constraint

We now consider the upper bound for the time
derivative of entropy for the system (1) in the pres-
ence of non-equilibrium constraint. To this end, we
add a constant force f, to Eq. (1), owing to external
force, so that the total drift in Eq. (19) now becomes

F=Fy+ F, (36)

where Fy = —AT and F} = af..
similar to the derivation of Ref. [4], we can obtain

Also in the way

the upper bound for the time derivative of entropy
for the system (1) in the presence of non-equilibrium
constraint as

AUg(t) = e ; (37)
where
)
at) = 5% [1 —exp (—At)] + a(0) exp(—At), (38)
o(t) = QTDS [1 = exp (—2)0)] + 0/(0) exp(—=2M), (39)
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and the meanings of Fy, Dy and A here are the same
as the above. The initial conditions «(0) and ¢(0)
are constants. At steady state ({ — o00), Egs. (38)
and (39) reduce to a(oco) = Fi/A, and o(o0) =
2D/ Arespectively. The numerator on the right-hand
side of Eq. (37) also vanishes. Therefore we also ob-
tain dS;/dt = 0. That is to say, the upper bound
for the time derivative of entropy for the system (1)
in the presence of non-equilibrium constraint is also
Now we use Eq. (37) to
analyse the effects of the system dissipative param-

zero in the steady state.

eter 7, the system singularity strength parameter (3,
the noise correlation time 7 and the noise deviation
parameter g on the upper bound AUg(¢) in the pres-
ence of non-equilibrium constraint. In Figs. 4-10, we
choose the non-equilibrium constraint force fo = 1.0
and D = 0.5, 0(0) = 0.2, «(0) = 0.5 (all units are
arbitrary).

Figures 4-7 show the changes of the upper bound
for the time derivative of entropy AUg(t) with the
time t for different values of the system dissipative
parameter -, the system singularity strength parame-
ter 3, the noise correlation time 7 and the noise devia-
tion parameter ¢, respectively. As seen from Figs. 4-7,
AUg(t) also decreases monotonically with the increase
of time t. It is also clearly seen that the system finally
reaches a steady state when time ¢ keeps on increasing.
By now AUg(t) = 0(t — 0), that is, dS1/dt = 0. For
larger ~y, smaller 8 or smaller ¢, the relaxation time
is shorter. But for 7, the relaxation time decreases
and then increases with the increase of 7. For a given
time ¢, when it is larger, the upper bound AUg(t)
corresponding to the larger v is smaller, that corre-
sponding to the larger 8 or the larger ¢ is larger, and
that corresponding to the increase of 7 is decreasing

and then increasing.
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Fig. 4. Upper bound for the time derivative of entropy,
In AUg(t), versus time ¢t at 8 = 0.1, 7 = 1.0 and ¢ = 0.5
for Eq. (37).
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Fig. 5. Upper bound for the time derivative of entropy,
In AUg(t), versus time ¢ at v = 1.0, 7 = 1.0 and ¢ = 0.5
for Eq. (37).

Fig. 6. Upper bound for the time derivative of entropy,
In AUg(t), versus time ¢t at v = 1.0, 8 = 0.1 and ¢ = 0.5
for Eq. (37).
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Fig. 7. Upper bound for the time derivative of entropy,
In AUg(t), versus time t at vy = 1.0, 8 = 0.1 and 7 = 1.0
for Eq. (37).

Figures 8-10 show the changes of the upper bound
for the time derivative of entropy AUg(t) with the sys-
tem dissipative parameter -y, the system singularity
strength parameter S and the noise correlation time
7 for different values of the noise deviation parameter
q, respectively. In Fig. 8, as the system dissipative
parameter 7 increases, AUgp(t) decreases down to a
minimum and then increases up to a maximum, and
finally decreases monotonically. For larger ¢, the cor-

responding minimum or maximum is also larger, the
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position of the extreme point is closer to the left. In
Fig. 9, as the system singularity strength parameter
B increases, AUgp(t) increases up to a maximum, then
decreases down to a minimum, and finally increases
monotonically. For larger ¢, the corresponding max-
imum or minimum is also larger, but the position of
the extreme point is closer to the right. In Fig. 10,
as the noise correlation time 7 increases, AUg(t) de-
creases down to a minimum and then increases mono-
tonically. For larger ¢, the corresponding minimum is
also larger, the position of the extreme point is closer
to the left.
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Fig. 8. AUp versus system dissipative parameter v at
B8=0.1,7=1.0 and t = 1.0 for Eq. (37).
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Fig. 9. AUgp versus system singularity strength parame-
ter B at v = 1.0, 7 = 1.0 and t = 1.0 for Eq. (37).
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Fig. 10. AUp versus noise correlation time 7 at v = 1.0,
B =0.1 and t = 1.0 for Eq. (37).

5. Conclusions

In this paper, we study a stochastic dynami-
cal system with double singularities driven by non-
Gaussian noise through the path-integral approach
and the method of transformation. According to the
definition of Shannon’s information entropy and the
Schwartz inequality principle, we obtain the upper
bound for the time derivative of entropy both in the
absence and in the presence of non-equilibrium con-
straint. Moreover, we analyse the effects of the system
dissipative parameter, the system singularity strength
parameter, the noise correlation time and the noise
deviation parameter on the upper bound. In par-
ticular, the upper bound for the time derivative of
entropy in the presence of non-equilibrium constraint
shows extreme properties with the system dissipative
parameter, the system singularity strength parame-
ter or the noise correlation time. Since non-Gaussian
noise occurs in many circumstances in biological sys-
tems which are dissipative and irreversible, we expect
that the observations made in this paper can bring
new ways of understanding some issues relevant to the
dissipative and irreversible systems.
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