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Bifurcation and chaos analysis for aeroelastic airfoil
with freeplay structural nonlinearity in pitch*
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The dynamics character of a two degree-of-freedom aeroelastic airfoil with combined freeplay and cubic stiffness

nonlinearities in pitch submitted to supersonic and hypersonic flow has been gaining significant attention. The Poincaré

mapping method and Floquet theory are adopted to analyse the limit cycle oscillation flutter and chaotic motion of this

system. The result shows that the limit cycle oscillation flutter can be accurately predicted by the Floquet multiplier.

The phase trajectories of both the pitch and plunge motion are obtained and the results show that the plunge motion

is much more complex than the pitch motion. It is also proved that initial conditions have important influences on

the dynamics character of the airfoil system. In a certain range of airspeed and with the same system parameters, the
stable limit cycle oscillation, chaotic and multi-periodic motions can be detected under different initial conditions. The

figure of the Poincaré section also approves the previous conclusion.
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1. Introduction

Recently the aeroelastic analysis of aircraft struc-
tures is often assumed that both the aeroedynamic
and structural forces are nonlinear when airspeed in-
creases to subsonic or transonic Mach numbers, be-
cause many experiments, whether performed in a wind
tunnel or in flight, have shown that many phenom-
ena are capable of being predicted from the non-
linear dynamics. In an airfoil system, three types
of concentrated structural nonlinearities, namely cu-
bic, freeplay and hysteresis stiffnesses have signifi-
cant effects on the aeroelastic responses of the airfoil
surfaces.[!]

Up to now, theoretical and numerical studies!?—6]
have been widely performed using the centre man-
ifold theory and the normal form method or har-
monic balance method on the cubic structural non-
linearities airfoil systems. Some other investigations
were conducted for the aircraft aeroelastic system
with freeplay nonlinearities. Reference [7] investi-
gated a two-dimensional aeroelastic system model
with freeplay using a point transformation technique.
In Refs. [8] and [9], the bifurcation of a two-degree-of-

freedom (2-DOF) aeroelastic system with freeplay and

hysteresis structural nonlinearity was investigated by
a perturbation-incremental method. In Refs. [10]-[13]
a two-dimensional airfoil with control surface freeplay
nonlinearity was investigated completely and the flut-
ter suppression technique was proposed successfully
employing the ultrasonic motor. The flutter margin
estimation was studied using a modern robust flutter
method in Refs. [14]. Reference [15] numerically stud-
ied the flutter and post flutter of a two-dimensional
double-wedge lifting surface with combined freeplay
and cubic stiffness nonlinearities in both plunge and
pitch DOF.

It is well known that the mathematic model
of the system with freeplay and cubic stiffness
combined nonlinearities exhibits a piecewise-smooth
nonlinear dynamical system. This system has
complexity!'®! and can be investigated comprehen-
sively based on the Poincaré map method.'7—20 Al-
though, Refs. [7]-]9] introduced the point transforma-
tion and perturbation-incremental methods to study
the aircraft system with freeplay stiffness, these meth-
ods are used successfully in piecewise-smooth linear
aeroelastic airfoil systems rather than in nonlinear

ones. To overcome these drawbacks, the Poincaré
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map method is used to study the aircraft system with
piecewise-nonlinearity which combined freeplay and
cubic nonlinearities. Briefly, the aim of this paper is
to demonstrate more profoundly the limit cycle flutter
and chaos of a 2-DOF airfoil with combined freeplay
and cubic stiffness nonlinearities submitted supersonic
and hypersonic flow.

2. Aeroelastic mathematical

model

Considered a 2-DOF wedge aerofoil oscillating in
pitch and plunge as shown in Fig. 1.

mean position

. ba
mid-chord bxa

elastic axis centre of mass

Fig. 1. The sketch of a 2-DOF airfoil motion.

The basic structural dynamics model is obtained
in Refs. [1] and [15]. The 2-DOF dynamic aeroelas-
tic equations for the pitch and plunge motion with
combined freeplay and cubic stiffness nonlinearities in
pitch can be expressed as follows:

Soh + Iné + cqde + G(a) = Mga(t),  (la)
mh + Saé + cph + Kph = —L(t), (1b)

where the plunge displacement is denoted by h and the
pitch angle is «; the dots denote differentiation with
respect to time; where the symbols m, Sy, ¢p, , I, and
co are the airfoil mass, airfoil static moment about
the elastic axis, damping coefficient in plunge, wing
mass moment of inertia about elastic axis, and tor-
sion damping constant, respectively; G(«) is utilized

to describe the structural nonlinearity represented by
coupled freeplay and cubic stiffness nonlinearities in
pitch; the function curve of the moment G(«a) versus
displacement « is shown in Fig. 2, which can also be

described as follows:17]

G(a) = Gu(a) + Gp(a) + G.(a), (2)
where

Koo, a> ag;
Ga(Oé) = Oa

Koo, a < —ag;

—as < a<as

—Kyo,, o> ag;
Gy(a) =< 0,
Kyas,

—as < a < ag;

a < —Qg;

Ko(a—ay)?, a> ag;
GC(Q) = 07
Ko(o+ a,)?, a < —ag.

—0O SO&SO&S;

In Eq.(1), L(t) and Mga (t) are the nonlinear aero-
dynamic loads named the lift force and aerodynamic
moment respectively, which are derived from a third-

order expansion form of the piston theory aerodynam-
ics (PTA).I%]

i o(7)

Fig. 2. General sketch of combined freeplay and cubic
stiffness nonlinearities model in pitch.

Equations (1) can be rewritten as equation (3)[*®! by introduce non-dimensional transformation as shown

in Appendix A.

Xa

1 2 a’(7) C11 C12
«

Xa 1 | [€'(7) €21 €22

/()

¢'(7)

k11 k « 0
11 k12 N Ji1 _ . 3)
ko1 koo § f2 0
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Select the state variable X as X = {a o € ¢’} = {z 23 x3 4}T. The Eq. (3) can be transformed into
the following first-order ordinary differential equations (ODEs):

0 1 0 O

G21 Q22 A23 G24
0O 0 0 1

X' =

Q41 Q42 A43 Q44

0 Fi(X)

X 4 fi _ Fy(X) ’ (4)
0 F3(X)
fa Fy(X)

where ci1, ci2, €21, €22, k11, k12, ko1, ka2, @21, G22, G23, G24, Ga1, Ga2, G43, G44, f17 fz, f1, f2 are related
to the system parameters and their expressions are given in Appendix B.

Considering the three branches of the freeplay and cubic nonlinear model, the phase space X € R* can be

divided into three regions Ry, Ry, R3 as shown in Fig. 3, where the corresponding expressions of the differential

equations are given by

X'=A3X +Bs in R3={X eR*|z; < —a,},
X'=A;X +By; in Ry={X c¢R*|-a, <2 <a,},
X' =AX+B;, in Rl ={X eR*|z; >a,}. (5)

Here A; is a 4 x 4 constant matrix, and B; is a 4 x 1 constant vector.

3. The Poincaré map method

Consider the freeplay nonlinear model shown in
Fig. 2.
dimensional phase space, where Z = {a} = {y1}
and Y = {,&, &Y = {y2,ys, 4} . The Z =Y
phase space is now divided into three region Ry, Ro,
We de-
fine two hyperplanes ITy = {«, o/, £,&') | = a5 } and

Let the Z — Y plane represent a four-

R3 respectively by 21 = ag and 1 = —ag.

II, ={a,d,£,&) |a = —as } as the Poincaré sections
with 7y and 7y, expressed by w9 = 7 = (1,0,0,0),
being the direction of ITy and II; respectively . The
system response then can be predicted by following a
general phase path shown in Fig. 3. Suppose that
a motion initially starts from IT, at X, it passes
through R; and Il into R,, then crosses the section
IT, into R3. Next, it leaves R3 and II; into Ry again.
Finally, the trajectory returns back to IIy. The point
X is called switching point, which can be denoted as
follows:

Z; = {Oéi} = {yli}a
Y, = {4, &, 63" = {20, y3i, yai} s

Xi = {ZMK} = {y1i>y2i7y3i7y4i}T7 (Z = Oa 1727374)'

Note that the following form have used for sake
of the explicit expression:

O ;i »the first subscript j denotes the j dimension
of the vector{y; y2 y3 y4}*, and the second subscript
i denotes 7 switch point.

Based on the above definition, let Xy and X3
be the points through which the trajectory enters R,
and Ry respectively. Let X5 and X3 be the points
through which the trajectory leaves Ry and Rg re-
spectively. Denote X, as the final point of the tra-
jectory which travels one period and then back to I
as shown in Fig. 3. In all the figures of the whole pa-
per, the hollow circle and diamond signs represent the
switch point X and X respectively, and the square
and pentagram signs represent the X5 and X3 respec-
tively.

Fig. 3.
freeplay and cubic nonlinearities.

General trajectory of system with a coupled
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Each switching point X; (i =0,1,2,3,4) is a solution function of the previous point such as

Yi(i+1) = d)lz(ylz;meySuyéLuTz)y
Y2(3i+1) = ¢2i (Y1, Y21, Y3is Yai»> Ti),
Y3(i+1) = P36 (Y1, Y2i, Y3is Yai, Ti)

( )

Xip1 = ®i( Xy, 1) & (i=0,1,2,3). (6)
Ya(i+1) = ¢4z Y1is Y24, Y3is Y4i, Ti )y
The Poincaré map of every step is expressed as,2!]
T‘i 2X¢*—>X¢+1:¢i(X¢,Ti)7 i:0,1,273. (7)

We now perform a local analysis on each partial orbit delimited by those Poincaré sections. Thus the Poincaré
map of the whole state space is defined as a differentiable map

T=T30T50T;0Ty: Xg— X4

Y20 — Y214 = $2(Y20, Y30, Y40, T),

Y30 F> Ysa = 93(Y20: Y30, Y40, T)s

Y40 — Yaa = 94(Y20, Y30, Y40, T)- (8)

For the fixed point of the Poincaré map corresponding to the periodic solution of the system, we require to
solve

T(Xo) = X4 = Xo. (9)
The Jacobian matrix of the Poincaré map is expressed as follows:

Y, 0Y,0Y30Y; Y,
= S22 1
DT = 610 813812811 810 ( O)

For each state i, we carry out following computations:

[ 092 I5(Z:,Y:) O0¢n  0¢a  Fu(Z;Y:) 0dui 92 F3(Z:,Y;) 091 ]
Oyaii-1y  F1(Zi,Y:) 0yaim1y Oysii—1y  F1(Zi,Y:) Oysii—1) OYaii—1)  F1(Zi,Y5) Oyai-1)
oY, | 0¢si  F5(Z.)Y;) 0dni  0¢si  F3(Z,Yi) O O¢si  F3(Zi,Y:) 0
Y1 a1112(2'71) F(Z;,Y;) 5922 1) 3?/3(2'71) F\(Z;,Y;) ay:%(z;l) 394(2'71) F(Z;,Ys;) 894(1 1) ’
O¢si  Fu(Z,Y;) 09  0¢ai  F3(Z;Yi) 0¢1i  Odsi Fs(Zz,YE) I1i
L Oyaii—1y  F1(Z:,Y5) Oyagim1) Oysi-1) (Zi,Y:) 0y3i—1) OYaii—1) F1(Zi,Ys) Oyai-1y »
i a(blz ] ror, OF, OFy O0Fh 7 T a¢1z ] ( )
OYj(i-1) Oy O0ya Oyz Oy IYji-1)
8(1521' 8F2 3F2 8F2 6F2 a¢22
d | 9y Oyr Oya Oyz Oy OYji-1 ‘
dt 5;31-) " | 0Fy OF; OFy OF, 8];632-) » U=23,4). (12)
IYj(i-1) Oy1 Oyz2 Oys Oys 9Yj(i-1)
0p4i OF, OFy OF, OF, ol
L9yl Loy Oyz Oys Oya 1 L Oyji-1) J

Appling Eq. (12) for j = 2, 3,4, three matrix equations obtained are labeled as (12a), (12b) and (12c) respec-
tively. We solve simultaneously Egs. (5), (12a), (12b) and (12c), which yields I as the initial condition. Then

. Substituting Eq. (11) into Eq. (10), we obtain Jacobian DT

we can obtain oY
Y1
By using the Newton—Raphson algorithm to compute the fix point, the Newton—Raphson iterations can be
expressed as
C\((Sm+1) a(gm)
YO(mH) = Yo(m) - Y4(m) _ Yo(m) , (13)
DT(m) — I

where I is a three-order identity matrix.
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4. Numerical simulation and dis-

cussions

The system parameters selected can refer to
Ref. [15]. Throughout the paper, the value of the pa-
rameters are chosen as: xo, = 0.25, ro, = 0.5, &, = 0,
o =0, =1 v =14, a; = 0.5°, H = 10000m,
Poo = 0.414 kg / m®, oo = 299.53 m/s, 7 = 0.095,
b=0.5m, a =—0.15, we = 86 rad/s, w, = 270 rad/s,
w = 0.32, 9o, = 10, u = 507.125. The linear flutter
speed is U} = 32.648 and the Mach number, corre-
sponding to linear flutter speed, is M; = 14.73. We
consider V;. = U*/U; to be the velocity ratio.

The motion of the pitch was emphasized and
the effect of the system parameters on the dynam-
ics behaviour had been discussed comprehensively in
Ref. [15]. So our study gives some result of both the
pitch and plunge motion using the Poincaré map and
Floquet theory. Moreover, we detect the effect of the
initial conditions on the chaos of the system.

4.1. The of the

Poincaré map

Floquet multiplier

In this Subsection 4.1, the initial condition is al-
ways given to be (a, &, &, €) =0 = (5°,0,0,0) and
the initial switch points are selected in the domain of
convergence. By the Runge—Kutta numerical scheme,
we obtained that if the flight speed in the domain
0 <V, <0.1677, the trajectory converges to its equi-
librium point (0,0,0,0). So we use the Poincaré map
for the higher flight speed range 0.1677 < V,. < 1.

The eigenvalue of the Jacobian matrix DT is

taken to mean the Floquet multiplier. Based on the
Floquet theory,['®19 the cycle solution of the non-
smooth dynamical system is stable if all the modules
of the Floquet multipliers are less than 1. In contrast,
the cycle solution is half-stable and the chaos will oc-
cur if one or more than one modulus is greater than
or equal to 1 at the same time the other modules are
all less than 1. The multiple cycle bifurcation occurs
if one of the module bigger than or equal to 1 through
—1.

We calculate Floquet multipliers and their mod-
ules for different V, and some results are shown in
Table 1.
1 suggest the following facts: For the speed range
0.1677 < V, < 0.2834, the stable period-1 motion
in pitch exists because the modules of the Floquet
multipliers are all less than 1. At V,. &~ 0.2834, mul-
tiple cycle bifurcation occurs due to one of the Flo-
quet multipliers is A\; & —1. While at 0.2834 < V. <
0.4254, the system may exist complex dynamics be-

The Floquet multipliers given in Table

haviours, such as periodic, quasi-preiodic and chaotic
behaviours. For example, one of the modulus of the
Floquet multipliers is more than 1, so the chaos oc-
cur at V, = 0.2950.22) When the flight airspeed en-
hances to region 0.4254 < V, < 1, the pitch motion
return to period-1 LCO again, but the amplitude of
the LCO enhances contrast to that at the speed range
0.1677 <V, < 0.2834.

The above results are all highly consistent with
the phase-plane diagrams in Fig. 4. Furthermore,
at V. = 0.2950, the largest or the top Lyapunov
exponent?3=2% as shown in Fig. 5 is more than zero.
This confirms the efficiency of the Floquet multipliers.

Table 1. The Floquet multiplier.

Ve Floquet multiplier \; modulus of Floquet multiplier |\;|
0.1702 —0.70166 + 0.54744 0.88997
—0.70166 — 0.54744 0.88996
0.96589 0.96589
0.2829 0.27797 + 0.93472i 0.97518
0.27797 — 0.93472i 0.97518
0.97708 0.97708
0.2832 0.60621 + 0.617841 0.86557
0.60621 — 0.61784i 0.86557
—0.98497 0.98497
0.2834 0.60634 + 0.613351 0.86247
0.606348 — 0.613351 0.86247
—0.99034 0.99034
0.2950 —0.21424 + 0.92526i1 0.94974
—0.21424 — 0.92526i1 0.94974
1.00776 1.00776
0.8622 —0.63520 4 0.67912i 0.92989
—0.63520 — 0.679124i 0.92989
0.86326 0.86326
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Fig. 4. The phase-plane figure of the pitch motion.

Vr = 0.2950
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= 0.02
()
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A
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& —0.02
=

—0.04 .
0 5000 10000
Time

Fig. 5. The top Lyapunov exponent in the initial condition («, &, &, f)T’ 0= (5°,0,0,0).
=

The plunge motion at different flight airspeed is given in Fig. 6. For 0.1677 < V,. < 0.2834, the plunge
motion which changes from periodic-1 to multi-periodic and then to periodic-1 motion again is more complex
than the pitch motion. When 0.2834 < V,. < 0.4254, the plunge behaviour is similar to that in pitch. Both the
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multi-periodic and chaotic motion occur as shown in Figs. 6(f) and 6(g), and period-1 motion also exists in this
region. While 0.4254 < V,. < 1, the periodic-1 motion appears again as shown in Fig. 6(h).

Vr = 0.1677 Ve, =0.1724 Ve = 0.1747 T Vi, =0.1792

T 1.0 - T 1.0 r 1 10 r s 8 z

S S =2 ~
= 05 = 05 = 05 T 4

o < z o
= T ~ up

Y Y v !

o 0 ° 0 © o0 e 0

) ) 8 w

5 5 B =

—~ — = [

o —0.5 o —0.5 %—0.5 £y —4

g g g =

3 3

= —1. = —1. =~ —1. A -8
x 3 0 2R g} 0 127105 0 5~ =1 0 1

Plunge £/10-3 Plunge £/10~3 Plunge £/10~4 Plunge ¢/1073
() (b) (c) (d)

< Vy =0.2723 I V;r =0.2834 ¥ V- = 0.2950 - Vi = 0.8622
L4 L4 = s 8

— — —

~ 9 ~ 9 = >~

o~ S hd = 4

3 < = 2

uy u & ur

o o © o

0 0 o) 0

fﬁ 8 45 3

S g = S

o —2 o —2 g:n o —4

=] g = =]

= _ £ = 2

& -4 -2 0 2 4 & —0.01 0 0.01 — —001 O 0.01 & —0.02 0 0.02

Plunge £/10—3 Plunge £ Plunge £ Plunge £
(e) (f) (2) (h)

Fig. 6. The phase trajectory of the plunge motion.

4.2. The effect of the initial conditions

The dynamics behaviour of the system is sensitive to initial condition, especially in the airspeed region
0.2834 <V, < 0.4254. The chaos occurs in the system under some initial conditions, while periodic-1 or multi-
periodic motion happens under other initial conditions. For example, at V,. = 0.2950 and (a,d,f,f)T|T:0 =
(5°,0,0,0), the chaotic motion happens both in pitch and plunge as shown in Fig. 4(c) and Fig. 6(g). However,
if the initial condition is (a,d,g,é)T|T=0 = (0.5°,0.03°,0,0) and the other condition is same, the Floquet
multiplies obtained are —0.6527540.64112 i, —0.65275 — 0.64112i and 0.92639 and the stable periodic-1 motion
exists as shown in Fig. 7.

Vr = 0.2950 Vr = 0.2950
0.03

0.2} 2
w <
~ |
o S
< 0.01r = 1
= &,
D =
E) 5
RS ot ° 0
0 s
3
g o
o —0.01¢ @ —1
Q
£ =
& &

—0.02f . -2

(a) (b)
—0.03
—1.0 —0.5 0 0.5 1.0 -5 0 5
Pitch angle o/(°) Plunge £/10—3

Fig. 7. The phase plane of the pitch and plunge motion when (a,&,¢&, §)T| (0.5°,0.03°,0,0). (a) pitch

=0 =
motion (b) plunge motion.
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For the airspeed at V. = 0.2950, we can demonstrate the phenomenon as followings: If the initial condition,

such as (a, @, & €)T

If the initial condition, (e, d,¢&,&)T
converges to the LCO.

= (5°,0,0,0), locates nearby the saddle focus orbit, the horseshoes chaos appears.

= (0.5°,0.03°,0,0), locates nearby the periodic orbit, the trajectory

The Poincaré section?”) figures of the pitch rate, which crosses Iy in the positive direction as V;. increasing

from 0.1677 to 1 under different initial condition, are shown in Fig. 8. They confirm some results in Subsection

4.1, especially the complex motion happened in the flight region 0.2834 < V,. < 0.4254. It is also observed that

the period-1 motion happens in the whole airspeed region at («, &, &, f)

= (0.5°,0.03°,0,0) from Fig. 8(b).

Contrasting Fig. 8(a) to Fig. 8(b), we obtain that the initial conditions hgve significant influence on the flight
speed region 0.2834 < V,. < 0.4254, and have little effect in the flight speeds regions 0.1677 < V,. < 0.2834 and

0.4254 < V, < 1.

0.25

0.20}

0.15}

0.10}

(Pitch rate de/dt)/((°)/s)

0.05}

0.2 0.4 0.6 0.8 1.0
Vi

Fig. 8. The Poincaré section of the pitch rate in the initial condition (a) (a,d,{,é)T{ 0

(o, 6,6, 6)T | = (0.5°,0.03°,0,0).

5. Conclusion

The paper studied the nonlinear aeroelastic air-
foil with freeplay and cubic stiffness combined nonlin-
earities in pitch in the supersonic or hypersonic flight
speed region. Using the Poincaré map method and
Floquet theory, the dynamics behaviours including
LCO, bifurcation and chaos are analysed and the pri-
mary results of the investigation can be summarized
as follows.

Motion discipline of the pitch and plunge mo-
tion in increasing airspeed is derived. It reveals that
under a certain initial condition, as the airspeed in-
creases, the plunge motion turns out to be more com-
plex than the pitch motion. It changes from a simple

0.25

0.20

0.10

(Pitch rate da/dt)/((°)/s)

0.05

) |
0.2 0.4 0.6 0.8 1.0
Vi

= (5°,0,0,0) (b)

periodic-1 LCO to a multi-periodic motion and then
to a periodic-1LCO again and then to chaos before
finally changing back to periodic-1LCO.
Furthermore, the important effect of the initial
condition on the system dynamics character is dis-
cussed in the paper. The trajectory with an initial
condition located nearby the cycle orbit converges
to the LCO, while with an initial condition located
nearby the half-stabled saddle focus orbit leads to the
chaos. The conclusion is also proved by the Floquet
multiplier and the Poincaré section. Our achievement
in this paper can provide important information for
the control surface design of the airfoil. This method
is capable of applying to study the piecewise-nonlinear

dynamical system.
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Appendix A

T = Usot/b, € = h/b, Xa = Sa/(mb), 12 = I,/ (mb?), we = \/Kn/m, wa = \/Ka/Ia, Cn = cn/2(Kpm)*/?,
Co = Ca/2(KoI) V2, U = U/(bwy), @ = /wm = m/(4poo 2), 7 =t /b.

Appendix B

A 2 2
- 1 2 S 1 —Ta Xa (k21Xa — k1173)
M = al|l, M = , A1 = ——— 5 5
X2 _ 7.2 2 2 X2 _ T2
Xa 1 a a | XaTsq —Tq4 a a
2 2 2
_ (eaixa —cniry) _ (kaaXa — k1277) _ (caaXa — c1277)
o2 =—"—"">%5 5 » OGw="" 5 5 - =" 5 5
Xa —Ta Xa —Ta Xa —Ta
2 2 2 2 2 2
_ (kuixarg = kary) _ (erXary —cary) _ (k12xars — k2ary)
aq1 = — 3 B y Qa2 = — 5 3 ;43 = — B D) )
Xa —Ta Xa —Ta Xa —Ta
2 2 3 2 F 27 27
N (012Xa7“a - 0227",1) o Xaf2 — 1311 o XaTaf1 — 73 f2
(a4 = — 2 2 ) fl__ﬁ’ fQ__ﬁ
Xa —Ta Xa —Ta Xa —Ta

1) - A~ 2 n 2
ki1 = <U*> (Ga + 3Gea3) — W[ma—ki’)(r + 1)# Mo + 3MZ (r + 1)72an?]

ki =0, ko= 121\Z M[—12a —3(r + )Mo — 3M2 (r + D)n?#2a),  koy = (w/U*)2,

where M, is the flight Mach number.

2% - 712]\47:0#7"2 [—12(% +a?) — 6a(r + )My — 3M2 (r + 1)n*7an? — M2 (r + 1)n*#2],
C1p = _7121\477 [12a + 3(r + 1)77 Mo + BM2Z7%(r + 1)i%al,
o1 = 12M@ou [—12a — 3(r + 1)7nMy — 3MZ (7 + 1)1*#2a),
Cog = 2&1% + 121\Zoou[12 +3M2 (r + )57,

~ (3 n 2 n 3 Ui
c —1)"az0? + (-1)"0?) — ———

(o
X {Mﬁo(rJrl)nz{l

50/3 —a(¢ —ad +a)®+ (€ —ad +a)? — ad*(¢ — ad + a)H ,

fa= 12M M2 o+ )P —ad + a)[(€' —ad’ + a)® + %],
Mga(T) = ﬁ [12 [afl - <:15 + 02> o +aal +3(y+ 1)TnMuo (€ — 2a0’ + )
=02+ U )P — ale o’ +0) (€ — e’ +a)? + 37
+[(€ —ad +a)* + 7% —ad/ (¢ — ad + )] }] ,
L(T) = [12(¢' — ad’ + a) — 3(y + 1)TnMyo’

12Moo,u
+ ML (y + Dr*{(§' — aad’ + a)[(§' — aa + a)? + 377 + ()]},
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1, a(r) > as; —as, aT) > ag;

éa(a) = 0, —a,< a(T) < ag; Gb(a> = 0, —ag < O‘(T) < ag;
1, a(r) < as. as, o) < as.
Ha(a(T) — as)?, a(T) > ag;

Ga(a) =< 0, —as < a(r) < ag

Na(a(T) + )2, a(r) < as.

Nomenclature

ap non-dimensional distance between elastic axis and mid-chord. b semi-chord. ¢ non-dimensional plunging
displacement at the elastic axis location (= h/b). m airfoil mass per unit length. r, non-dimensional radius of
gyration (= \/W) p density of air. x, non-dimensional static unbalance about elastic axis. (4, pitch
and heavy damping coefficients. ag pitching freeplay magnitude. 7, normalized nonlinear stiffness coefficient
in pitching. z, non-dimensional distance between elastic axis and centre of mass. K,, K¢ pitch and plunge
stiffness coefficients. «, ¢ airfoil motion in pitch and plunge (heavy ) direction. U,U* velocity and its non-
dimension counterpart(reduced velocity), (= Uso /bws ), respectively. wq, wp, w uncoupled frequency in plunging
and pitching, and non-dimension frequency ratio, respectively. p reduced mass ratio, (= m/4pob?). coo speed
of sound. M., Mach number (= Uy /c¢s). t, 7 physical time variable and non-dimensional time (= Upt/b),

respectively. (), () First and second time derivatives. ( )’

, ()" first- and second-derivative with respect to
non-dimensional time. L(t), Mga lift force and aerodynamic moment about the elastic axis. M(6) freeplay

nonlinear storing force model. My, My,0¢,6 are freeplay nonlinearity parameters.
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