Chin. Phys. B Vol. 19, No. 3 (2010) 030512

Asymptotical p-moment stability of stochastic impulsive
differential system and its application to chaos
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In this paper, the asymptotical p-moment stability of stochastic impulsive differential equations is studied and a

comparison theory to ensure the asymptotical p-moment stability of the trivial solution is established, which is important

for studying the impulsive control and synchronization in stochastic systems. As an application of this theory, we study

the problem of chaos synchronization in the Chen system excited by parameter white-noise excitation, by using the

impulsive method. Numerical simulations verify the feasibility of this method.
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1. Introduction

The stability of systems with impulsive effects has
been of ongoing interest!! =8 over the past decades
due to the fact that impulses may have significant ef-
fects on system dynamics. Baniov et al.l!! presented
some basic methods of studying impulsive differen-
tial equations. Yang et all?~5 applied the stability
theory of impulsive differential equations first to de-
signing impulsive control and synchronization meth-
ods, and they used the comparison method of impul-
sive differential equations to judge whether the system
under consideration was stable, thereby determining
whether the system under consideration could be con-
trolled by using the impulsive method. But in the
studies such as Refs. [1]-[8], most of them were de-
voted to the systems without stochastic factor. To
the best of our knowledge, there exists the stochastic
factor almost everywhere during the development of
our world, so it is necessary to study the impulsive
system with stochastic noise excitation. Yang et al.l"!
studied the p-moment stability of stochastic impulsive
differential equations with delays. What is a pity is
that the condition for the theory was not easy to vali-
date for its application to a real nonlinear chaotic sys-
tem. Wu et al.'%') investigated the p-moment stabil-
ity of stochastic differential equations with jumps, and
a theory of this problem was constructed. Li et al.l'?!
tried to give a comparison theory in stochastic impul-

sive differential equations and apply it to chaos control
and synchronization. In the present paper, we aim
at gaining an insight into the asymptotical p-moment
stability of trivial solutions in stochastic impulsive dif-
ferential equations and attempting to study its appli-
cation to chaos synchronization. We use the theory
constructed in our paper to judge whether the error
system of the stochastic Chen system is asymptotical
p-moment stable, from which we can judge whether
this system can be synchronized with the impulsive
method in the sense of p-moment.

2. Basic definitions and lemma

To make the present work self-contained, we ad-
dress some basic definitions and results in this sec-
tion. These results can be found in Refs.[1], [2],
and [13].
dimensional Euclidean space, ||X|| be the norm of
element X € R", R" "™ be n x m matrix. R, =
{r:2€R,x>0}, Ryy = {t:t€ Ry, t>ty}, S, =
{X:|X|<p,X € R"}. Let CY2(Ryy x R, R}) de-
note the family of all nonnegative functions from

In the present paper, let R™ be the n-

R, x R™ to R, which are once continuously differ-
entiable with respect to the first variable and twice
continuously differentiable with respect to the second
variable. Recall the following stochastic impulsive dif-
ferential system:
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AX(t) = F(t, ()t + g(t, X () duw(d),
AX|i—y, = Ui, X) = X () = X (7).

X(tg) = Xo,

where f(-,-) € C[Ry,, x R",R"], g(-,-) €
C[Ry, x R™, R™™™] w(t) is a normal m-dimensional
Denote I' = {r; : i = 1,2,...,

<7 < Tig1 < ...}, and as-

Wiener process.
to=T0 <71 <72 < ...

sume that lim 7; = +o00, where 7; means the moment
11— 00

when impulsive happens. Assume that f(¢,0) = 0,
g(t,0) = 0, and U(t,0) = 0, which guarantee the
In the
present paper, we always assume that there is only

existence of trivial solution in system (1).

one stochastic process X (t) = X (¢, to, Xo) satisfying
system (1), of which the left side is continuous, i.e.
X(r7) = tiLIgOX(t) = X(7;), and the right side is
limitable, i.e. X(7;7) = lim X(¢).

t—7;+0
Definition 1

Let p > 0, the trivial solution of system (1) is said
to be

(i) p-moment stable(stable in the pth mean) if for
any € > 0, there exists § > 0 such that E(|| X (¢)||”) <
e, when ¢ > tg and || Xo||P < §;

(ii) asymptotical p-moment stable (asymptotical
stable in the pth mean) if the trivial solution of system
(1) is p-moment stable and tlggo E(||X(¢)||?) = 0 holds
for any initial condition Xy in the neighbourhood of
X =0.

Definition 2

For each V (¢, X) € CY2(R;, x R", R.), define an

operator L from R;, x R" to R as

LV(t,X) = W(th)+VX(t7X)f(th)

+ 1tlrace(gT(t, X)Vxxg(t, X))

2
where
v x) = 00 v x) = (W) |
i nxn
and
Vx(t,X) = (ava(i,l)() : ng’f) e ava(i; X) )

Definition 3
Function V : R, x R" — R, is said to belong to
class V) if

t# i,
i t =T, (1)
i=0,1,2,..

)

(i) V is continuous in sets (7x—1,7%] X R™ for all
t>0and k,V(t,0) =0, and

lim  V(ty) =V(r,z),
(ty)= (1)

(ii) V is locally Lipschitzian in z € R".
Definition 4

Continuous function ¢ : [0,7] — R4 is said to be-
long to class K, if ¢(0) = 0 and ¢ is strictly increasing
on [0, r].
Definition 5

The following stochastic differential equations is
referred to as an adjoint model system of system (1)

{ dY (t) = f(t,Y)dt + g(t,Y)dw(t),

t>to, (2)
Y(to) = YO?

where f and g are the same as those in system (1).
Definition 6
Let V(¢,X) € Vy and assume that

LV(t,X) < H(t,V(t, X)), t#s,

V(t7X+U(kaX)) ka(V(t,X)), t =T,

where H Ry, x R — R4 is continuous in
(Tk—1,7%] x R*. And for each X € R", k =
1,2,..., lim Vit,y) = V(T,j,:c) exists. Y :

(ty) = (7 @)
R:, x R® — R, is nondecreasing and concave. Then

the following system is called the comparison system
of (1)

(';}:H(t7w)7 t#ﬂca
w(T,j):wk(w(Tk)), k=1,2,..., (3)
w(rgh) = wo > 0.

Lemma 103 If there exists V(t,Y) €

CY2(Ry, x R", R,) for adjoint system (2) such that
(Hy)LV(t,Y) < H(t,V(t,Y)),

(H2)Ymax(t) = Yimax(t, to, Yp) is the maximal solution
of Eq. (2)

(H3)Vo = V(to, Yo) < Yo

Then E(V(t,Y)) < Yiax(t) holds.
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3. Asymptotical p-moment stabil-
ity of stochastic impulsive dif-

ferential system

We consider the asymptotical p-moment stability
of the stochastic impulsive differential system in the
following. In Ref. [12], Li et al. gave a theory about
the asymptotical p-moment stability of the stochas-
tic impulsive differential equation, but the solution in
their work was assumed to be continuous on the right
side and limitable on the left side, which is contrary
to the traditional assumption about the solution of
impulsive differential equations. In the present paper,
we give a theory similarly under the traditional as-
sumption about the solution of impulsive differential
equations.

Theory 1

Let wmax(t) be the maximal solution of Eq. (3)
on [tg,00), for any solution X (t) = X(t,tg, Xo) of
Eq. (1) with t € [tg,00), V(to,Xo) < wp implies
E(V(t,X(t))) < wmax(t), t > to.

Proof

It is easy to find that E(V (¢, X(t))) < wmax(t)
holds for t € [to,71] from Lemma 1. Since
E(V(r,X(11))) < Wmax(m1) and ¥(-) is nondecreas-
ing and concave, from Jensen’s inequality, we have

BE(V(r", X (")) < B(1(V (1, X(11))))
S ’(/}1 (E<V(TlaX(Tl>>)) S 1P1 (wmax(Tl)) S Wmax(t)

for t € (m1,72], E(V(t,X(t))) < wmax(t) holds from
Lemma 1. Since ¥(-) is concave and nondecreasing,
E(V(r2,X(12))) < Wmax(m2), from Jensen’s inequal-
ity, we have

E(V(r, X(r3))) < E(W2(V(r2, X(72))))
S ¢2(E(V(7'27X(7'2)))) S ¢2(wmax(7-2)) S wmax(t)-

By repeating the same process for each (731, 7] and
time instants 75, k = 3,4, ..., we can finish the proof.
Theory 2

Assume that there exists a function V (¢, X) €
CY2(Ry, x R", R, ) satisfying
(H) BUXWOI) < V(EX) < a(|X(®)]P), where
a(+), B(-) € K and B(-) is convex.
(He) LV(t,X) < H(t,V(t,X)) holds for ¢t # .
(Hs) There exists pg > 0, such that X € S,
implies X + U(k,X) € S,. What is more,
Vi, X +U(k, X)) < ¢ (V(¢, X)) holds for t = 7.
Then the stability properties of the trivial solution in

comparison system (3) imply the corresponding sta-
bility properties of the trivial solution in system (1)
in the pth mean.

Proof

Step (1), to start with, we prove that the stability
of trivial solution in system (3) implies the p-moment
stability of trivial solution in system (1). Suppose
that the trivial solution of system (1) is stable, then
for any ¢ > 0, there will exist § = §(tg,e) > 0, such
that when 0 < wg < §, w(t,t9,wp) < B(e) holds for
t > tg, where w(t, tp,wp) is an arbitrary solution of
system (3). Choose wg = a(|| Xo]||P), then we will have
the following claim.
Claim 1

For any trivial solution, X (t) = X(¢,to, Xo), of
system (1), || Xo||? < ¢ implies E(||X(t)||?) < e for
t>to.

In the following, we shall use a contradiction
If Claim 1 is
not true, then there exist one k, t; > tp and a so-
lution X;(t) = Xi(t,to, Xo) of Eq. (1), which sat-
isfies E(||X1(t1)||”) > e, where || Xo|P < 0, and
t1 € (7k—1,7k]. Since wy = a(||Xo||?) > Vb, it fol-
lows from theory 1 that

method to prove the above Claim.

E(V(tl)) < Wmax(tl) < wmax(t)-

From the condition in theory 2, Jensen’s inequal-
ity, and recalling that for any solution of Eq. (3),
w(t,to,wo) < B(e), what is more, wmax(t,to,wo) <
B(g), we have

Ble) < BE([ X1 (t)[I7) < EBIX1(t)]7))
< E(V(t1, X1(t1))) < Wmax(t, to, wo) < B(e),

which leads to a contradiction. Hence, Claim 1 is true
and the trivial solution of system (1) is stable in the
sense of p-moment.

Step (2), we prove that the asymptotical stabil-
ity of the trivial solution in system (3) implies the
asymptotical p-moment stability of the trivial solution
in system (1) now. Suppose that the trivial solution of
system (3) is asymptotical stable from which we know
that the trivial solution of system (3) is attractive and
stable. Following the proof of step (1), we know that
the trivial solution of system (1) is p-moment stable.

Then for any €1 > 0, there is §; > 0, such that

1Xo|l < 6, implies E(|X(®)|?) <&, t>ty. (4)

We then need to prove the attractive property.
The trivial solution of system (3) is attractive, then
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for any € > 0, there exist o > 0 and 7" > 0 such that
0 < wgy < 02, which implies

w(t) = w(t, to,wo) < Ble) for allt >t +T.  (5)
<

Choose 69 = min(d1,d2) and let || Xo| < do, O
wo = a([|Xol|P) < b0, t > to + T, inequalities (4)
and (5) hold at the same time. From theory 1 and
V(to, Xo) < a(||Xol||?), we have

E(V(t,X)) < wmax(tvtovo‘(”XO”p)) = wmax(t)' (6)

From inequalities (5) and (6), and Jensen’s in-
equality, we have

BE(IX@OIP) < E@IX@)7) < E(V(E, X))
< wmax(t) < B(e).
From the above inequality and the fact that 5(-) is
nondecreasing, we have

E(|X®)|?) < e for t > to+ T,

by which the trivial solution of system (1) is proven
to be attractive. The trivial solution of system (1) is
asymptotical p-moment stable then.
Theory 3

Let g(t,w) = A(Hw, A € CY(Ry, Ry), A(t) > 0,
and ¥y (w) = dyw, di > 0 for all k, then the origin of
system (3) will be asymptotical stable if

AMTg+1) + In(ydg) < A(7g) holds for all k, ~ > 1.

—2000 _100

Proof
The proof of this theory can be found in Ref. [2].

4. Impulsive synchronization of
Chen system excited by pa-

rameter white-noise excitation

As an application of theory 2, we study the impul-
sive synchronization of two stochastic Chen systems
with weak couplings in this section.

For the Chen system with parameter white-noise

excitation

. dw;

T = —ax—l—ay—l—ﬁxﬁ,

. d
i=(c-aetey—aztpy gt (7)

. d
z:xy—bz—&—ﬁz%,

where a, b, ¢ and [ are positive parameters, and wy is
normal Wiener process. When these parameters are
chosen as a = 3.0, b = 0.75, ¢ = 2.8, and 5 = 0.01,
Chen system is chaotic. The phase portrait and cor-

responding time history are provided in Fig. 1.

Fig. 1. (a) Phase portrait for system (7) and (b) its corresponding time history.

In a kind of impulsive synchronization configuration, the driving system is given by Eq. (7). Let X = (Z,¥, 2)

be state variables of driven system, then the driven system will be given by

. _ _ _d
T =—aT+ay+ P 1

. d
y=(c—a)T+cy—z2+ Y q

Wt
t )
Wy
t b)
dwt

é:fg—b2+ﬂzﬁ.
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At discrete instants, 7;, 1 = 1,2, ..., state variables of
the driving system are transmitted to the driven sys-
tem and the state variables of the driven system are
subjected to a sudden changes at these instants. In
this sense, the driven system is described by impul-
sive differential equation as

= = — = dw;
T = —aZ + ay + BTGt
. dw
gj:(c—a)f+cg—fz+ﬁyd—tt, t# 7,
9
z—f‘—bz+ﬂz% .
=2y dt»
AZ|ter, = —Be, i=1,2,...,
ki 0 0
where B=| 0 kg 0 |[. If the synchronization error
0 0 ks

is described as

e(t)" = (ex(t),ey(t), e:(t))
= (x(t) = z(t), y(t) — y(1), 2(t) — 2(1)),

then the error system of the impulsive synchronization
is given by

dw

€r = —aez + aey + Bewd—tt,

dw
éy = (c — a)ez =+ Cey — €z€y + ﬁeyTtt, t 7é Tis (10)

dwt
€, = egey — be, + 5ezﬁ,
Aeli—r, = e(t;) — e(7;) = Be,

%

i=1,2,....

In the following, we find out whether system (8) sat-
isfies the conditions of theory 2.

Let V(t,e) = e + e2 + €2, it is easy to find that
condition (H;) of theory 2 holds.

L(V(te)) = —2ae2 + 2ce e, + 2065 — 2be?
+B2(e% + ey + €2)
< (B*+c—2a)e2 + (B> + 36)65
+ (8% — 2b)e2.
Let Ai(t) = max{|3? +c— 2al,|8*+ 3c|,|8* — 2b]},
and M = A (t)d, then we will have L(V(te)) <
M)V (t,e), for all t € Ry, \I'. And for i =0,1,2,...,
we have
V(i e*(7]")) = (L4 k1)el(ri) + (1 + ko) ey (13)
+ (1 4+ k3)?e2 ()
< (14 k)2 V (7i,e(3)).

Let \o(t) = (1+k)? = max{(1+k1)?, (1 +ko)?,
(1+ k3)?}, —2 < k < 0, then condition (H3) of theory

2 will hold. So we have the comparison system
w= )'\1(t)w, t# 1,
w(r") = (1+k)?w(r),
w(td) =wo >0,

i=1,2,..., (11

where w = (w1, ws,w3)T, so the stability properties of
trivial solution of comparison system (11) imply the
corresponding stability properties of the trivial solu-
tion of system (10) in the pth mean. Let the impulses
be equidistant and separated by interval §. From the-
ory 3, if A1(£)d + In(y(1 + k)2) < 0 holds, i.e.

0<o< 214k

- Ax(t)

is satisfied, then system (11) is asymptotically stable,
from which it follows that system (10) is asymptoti-
cally p-moment stable.

Let a = 3.0, b =0.75, ¢ = 2.8, = 0.01, v = 1,
then A (t) = 84.0001. Figure 2 shows the stable region
of Chen system. The whole region under the curve is
a stable region.

0.10

0.08}

0.061

0.04}

0.02}

—-1.0 —0.5 0

k

0 ‘
—2.0 —-1.5

Fig. 2. Estimated boundaries of stable region in Chen
system.

Numerical experimental results are shown in Fig.3
with k1 = —1.5, kg = k3 = —1.2 and é = 0.02, which
are under the curve in Fig.2. The solid line shows
ex(t), the dot line denotes e, (t), the dash-dot line rep-
resents e, (t). One can see that the system approaches
the origin as time goes by.

0.005 0.010 0.020

t

0.015

Fig. 3. Time evolution of system (10).

030512-5



Chin. Phys. B Vol. 19, No. 3 (2010) 030512

5. Conclusion

In this paper, the asymptotical p-moment stabil-
ity of the stochastic impulsive differential system is
studied, a comparison theory about asymptotical p-
moment stability is given under the traditional as-
sumption in the stochastic impulsive dynamical sys-
tem, which is a nice tool in the study of stability prob-
lems. From the comparison theory, we can find out

whether the stochastic impulsive differential system is
stable just by studying the stability of a deterministic
comparison system. As an application of this theory,
we study the chaos synchronization problem of the
stochastic Chen system by using the impulsive method
for the first time. Finally, numerical simulation con-
firms the feasibility of the impulsive synchronization

method in the stochastic differential system.
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