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Study on eigenvalue space of hyperchaotic canonical
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The eigenvalue space of the canonical four-dimensional Chua’s circuit which can realize every eigenvalue for four-

dimensional system is studied in this paper. First, the analytical relations between the circuit parameters and the

eigenvalues of the system are established, and therefore all the circuit parameters can be determined explicitly by any

given set of eigenvalues. Then, the eigenvalue space of the circuit is investigated in two cases by the nonlinear elements

used. According to the types of the eigenvalues, some novel hyperchaotic attractors are presented. Further, the dynamic

behaviours of the circuit are studied by the bifurcation diagrams and the Lyapunov spectra of the eigenvalues.
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1. Introduction

Hyperchaos is defined as the dynamics of a chaotic

system with more than one positive Lyapunov expo-

nent, of which dynamical behaviours expand in more

than one direction. Therefore, these systems have

more complex attractors and can be used to improve

the security of the messages masked by the chaotic

signals.

Hyperchaos was first reported by Rössler in the

ordinary differential equations for modeling chem-

ical reactions.[1] Then, the experimental realiza-

tion of hyperchaos in electrical circuit was first ob-

served by Matsumoto et al.[2] Later, hyperchaos

was found in some coupled chaotic systems,[3−5]

and some higher-dimensional nonlinear systems,[6−16]

even in some fractional order nonlinear systems.[17,18]

Moreover, several control strategies used to control

chaotic systems going to hyperchaos were also been

proposed.[19,20]

Although some hyperchaotic systems have been

presented, the dynamics of these systems and the

routes going to hyperchaos should be further stud-

ied. The eigenvalue space of the canonical four-

dimensional (4D) Chua’s circuit is studied in this pa-

per, which can realize every eigenvalue for 4D systems

and is of considerable significance to the research on

hyperchaos.

The rest of the present paper is organized as fol-

lows. The circuit structure and the ordinary differ-

ential equations of this system are introduced in Sec-

tion 2. The relations between circuit parameters and

eigenvalues are determined in Section 3. In Section 4,

the eigenvalue parameters of the canonical 4D Chua’s

circuit are investigated in two cases in terms of the

nonlinear elements used: one is the three-segment

odd symmetrical piecewise-linear (PWL) element; the

other is the two-segment one. From the types of the

eigenvalues, some novel hyperchaotic attractors are

proposed. The dynamic behaviours of the systems are

studied by the bifurcation diagram of the eigenvalue

parameters. The results of numerical simulation are

shown in Section 4.

2. Canonical 4D Chua’s circuit

Chua’s circuit is a well-known piecewise-linear

chaotic circuit.[21] Canonical Chua’s circuit was first

presented by Leon Chua and Lin,[22] which can real-

ize every member of the Chua’s circuit family. Then,

higher-dimensional Chua’s circuit was proposed by

Gotz et al.[23]

The canonical n-dimensional Chua’s circuit for

even n is shown in Fig. 1, in which the nonlinear el-

ement NR is either a two-segment PWL element or

a three-segment odd symmetrical PWL element with

the characteristics shown in Fig. 2.

∗Project supported by the National Natural Science Foundation of China (Grant No. 50877007).
†Corresponding author. E-mail: lglhit@yahoo.com.cn

c⃝ 2010 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

030507-1



Chin. Phys. B Vol. 19, No. 3 (2010) 030507

Fig. 1. An n-dimensional canonical Chua’s circuit (n is even).

Fig. 2. Characteristics of the piecewise-linear element NR. (a) NR is two-segment; (b) NR is

three-segment odd symmetrical.

The circuit with n = 4 is the canonical 4-D Chua’s circuit, shown in Fig. 3, and the characteristics of N ′
R

is curved in Fig. 4.

Fig. 3. Canonical 4-D piecewise-linear Chua’s circuit.

Fig. 4. Nonlinear characteristics of N ′
R with zero conductance in region D0. (a) G′

b = Gb −Ga > 0;

(b) G′
b = Gb −Ga < 0; (c) G′

b = Gb −Ga > 0; (d) G′
b = Gb −Ga < 0.

Applying Kirchhoff’s laws, the set of four coupled first-order differential equations describing the circuit

can be obtained as

C1
duC1

dt
= −GauC1 − iL1 − i′R, C2

duC2

dt
= −G2uC2 + iL1 − iL2,

L1
diL1

dt
= uC1 − uC2 −R1iL1, L2

diL2

dt
= uC2 − iL2R2, (1)
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where uC1 and uC2 are the voltages across capaci-

tors C1 and C2, respectively; iL1 and iL2 denote the

currents flowing through inductances L1 and L2, re-

spectively; i′R represents the current flowing through

N ′
R.

The current i′R in Fig. 4 can be expressed as fol-

lows:

for Figs. 4(a) and 4(b),

i′R = f(u′
R) =

 0, u′
R < E,

G′
b(u

′
R − E), u′

R ≥ E,
(2)

for Figs. 4(c) and 4(d),

i′R = f(u′
R) =


G′

b(u
′
R − E), u′

R ≥ E,

0, −E < u′
R < E,

G′
b(u

′
R + E), u′

R ≤ −E,

(3)

where u′
R = uC1, and E is a constant.

The circuit shown in Fig. 3 is a canonical circuit

because it can realize every eigenvalue in 4-D system.

There are nine circuit parameters, i.e. Ga, G
′
b, C1,

C2, L1, L2, R1, R2, and G2 in the circuit, so it has

eight freedom degrees. Meanwhile, there are just four

eigenvalues in each of two regions: D0 and D1.

3. Circuit parameters and eigen-

values

Because the dynamic characteristics of the cir-

cuit correspond to its eigenvalues, the relations be-

tween the circuit parameters and the eigenvalues of

the canonical 4D Chua’s circuit is established in this

Section to explore the eigenvalue space of the circuit.

The eigenvalues in the regions D0 and D1 are de-

noted by µ1–µ4 and ν1–ν4, respectively. The charac-

teristic polynomials of the system in the regions D0

and D1 are expressed as Eqs. (4) and (5),[24] respec-

tively.

In region D0 : F0(s) = s4 + α3s
3 + α2s

2 + α1s+ α0 = 0, (4)

In region D1 : F1(s) = s4 + β3s
3 + β2s

2 + β1s+ β0 = 0, (5)

where

α3 = −
4∑

i=1

µi; α2 =

4∑
i=1,j=2
(i<j)

µiµj ; α1 = −
4∑

i=1,j=2,k=3
(i<j<k)

µiµjµk; α0 = µ1µ2µ3µ4;

β3 = −
4∑

i=1

νi; β2 =

4∑
i=1,j=2
(i<j)

νiνj ; β1 = −
4∑

i=1,j=2,k=3
(i<j<k)

νiνjνk; β0 = ν1ν2ν3ν4.

The linear one-port admittance function Y (s) of the circuit shown in Fig. 3 can be found to be expressed

as

Y (s) =
G′

bF0(s)

F1(s)− F0(s)

=
G′

b(s
4 + α3s

3 + α2s
2 + α1s+ α0)

(β3 − α3)s3 + (β2 − α2)s2 + (β1 − α1)s+ (β0 − α0)

=

G′
b

β3 − α3
(s4 + α3s

3 + α2s
2 + α1s+ α0)

s3 + (
β2 − α2

β3 − α3
)s2 +

(
β1 − α1

β3 − α3

)
s+

(
β0 − α0

β3 − α3

) . (6)

Meanwhile, from the circuit analysis method, the admittance function Y (s) for the circuit shown in Fig. 3 can

also be expressed as below

Y (s) = Ga + C1s+
1

R1 + Ls+
1

C2s+G2 +
1

L2s+R2

. (7)
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Therefore, the relations between the circuit pa-

rameters and the eigenvalues of the system can be

established based on Eqs. (6) and (7). The following

equations can be obtained:

G′
b

β3 − α3
− C1 = 0 , (8)

G′
b

β3 − α3
α3 −Ga − C1

β2 − α2

β3 − α3
= 0 , (9)

G′
b

β3 − α3
α2 −Ga

β2 − α2

β3 − α3

−C1
β1 − α1

β3 − α3
=

1

L1
, (10)

G′
b

β3 − α3
α1 −Ga

β1 − α1

β3 − α3

−C1
β0 − α0

β3 − α3
=

1

L1

(
R2

L2
+

G2

C2

)
, (11)

G′
b

β3 − α3
α0 −Ga

β0 − α0

β3 − α3
=

G2R2 + 1

C2L2L1
, (12)

β2 − α2

β3 − α3
=

R1

L1
+

R2

L2
+

G2

C2
, (13)

β1 − α1

β3 − α3
=

R1

L1

(
R2

L2
+

G2

C2

)
+
R2G2

L2C2
+

1

L2C2
+

1

L1C2
, (14)

β0 − α0

β3 − α3
=

R1 +R2

L1L2C2
+

R1R2G2

L1L2C2
. (15)

In order to find nine circuit parameters from eight

equations, one of the circuit parameters should be

known beforehand. For example, let C1 be known,

then, the other circuit parameters can be deduced as

follows:

G′
b = C1(β3 − α3) , (16)

Ga = C1

(
α3 −

β2 − α2

β3 − α3

)
, (17)

L1 =
1

C1α2 −Ga
β2 − α2

β3 − α3
− C1

β1 − α1

β3 − α3

, (18)

R1 = L1

(
β2 − α2

β3 − α3
− k

)
, (19)

C2 =
1

L1

(
β1 − α1

β3 − α3
− R1

L1
k − p

) , (20)

G2 = C2(k −m), (21)

L2 =
1

C2 [p− (k −m)m]
, (22)

R2 = mL2, (23)

where,

k = L1

(
C1α1 −Ga

β1 − α1

β3 − α3
− C1

β0 − α0

β3 − α3

)
,

p = L1

(
C1α0 −Ga

β0 − α0

β3 − α3

)
,

m =

(
β0 − α0

β3 − α3
− R1

L1
p

)
L1C2.

Thus, the relations between the circuit parame-

ters and the eigenvalues of the system can be estab-

lished. From Eqs. (8)–(15), all the circuit parameters

can be determined by any given set of eigenvalues.

4. Eigenvalue space

According to the relations established in Section

3, the eigenvalue space and the types of the circuit are

studied in two cases by the nonlinear elements used in

this section.

4.1.Applying three-segment odd sym-

metrical PWL element

The nonlinear characteristic of the three-segment

odd symmetrical PWL element (component I for

short) is shown in Figs. 4(c) and 4(d), and the eigen-

values in regions D0 and D1 are proposed in Table 1.

In order to ensure that the circuit parameters are real

numbers, the eigenvalue parameters must be set to be

real or a pair of conjugate complex numbers.

Table 1. Circuit parameters and Lyapunov exponents of the circuit with different types of eigenvalues when

applying nonlinear component I.

different types of eigenvalues
circuit parameters (C1 = 1) Lyapunov exponents (λ1–λ4)

group D0 region (µ1–µ4) D1 region (v1–v4)

(1)
0.5± 0.08j

−0.05± 10j

−50

−0.01

0.92± 4j

Ga = 2.6629, G′
b = 49.07

L1 = 0.0111, R1 = −0.021

C2 = 5.7493, G2 = −9.6549

L2 = 0.5508, R2 = 0.0072

0.055

0.007

0.000

−2.403
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Table 1 (Continued)

different types of eigenvalues
circuit parameters (C1 = 1) Lyapunov exponents (λ1–λ4)

group D0 region (µ1–µ4) D1 region (v1–v4)

(2)
0.85± 0.5j

±5j

−58

0.2

0.28± 3.86j

Ga = −0.7675, G′
b = 58.94

L1 = 0.1027, R1 = 0.1914

C2 = 0.5264, G2 = −1.2579

L2 = 1.5072, R2 = −0.6127

0.081

0.032

0.000

−8.929

(3)
0.5± 0.2j

−0.05± 10j

1.6± 7j

−10± 3.15j

Ga = −0.7469, G′
b = 17.7

L1 = 0.0178, R1 = 0.1201

C2 = 0.6549, G2 = −6.6997

L2 = 0.0391, R2 = 0.1310

0.170

0.000

−0.296

−0.952

(4)

0.8

0.8

0.55± 10.1j

−50

0.01

0.92± 4j

Ga = 0.8467, G′
b = 50.85

L1 = 0.0114, R1 = −0.0171

C2 = 5.4999, G2 = −11.1372

L2 = 0.2528, R2 = −0.005

0.069

0.017

0.000,

−3.045

(5)

−50

0.1

0.92± 4j

1.0

0.6

0.55± 10j

Ga = 51.6580, G′
b = −50.76

L1 = 0.0116, R1 = −0.0180

C2 = 5.3690, G2 = −10.4272

L2 = 0.3570, R2 = −0.0382

0.086

0.019

0.000

−3.685

(6)

−0.8

0.8

0.15± 10.1j

−50

−0.2

0.5± 4j

Ga = 2.2322, G′
b = 49.5

L1 = 0.011, R1 = −0.023

C2 = 5.6130, G2 = −3.5143

L2 = −0.2469, R2 = −0.0438

0.041

0.000

−0.045

−4.596

(7)

−30

0.05

0.18± 4j

2.1± 1j

±5j

Ga = 30.3790, G′
b = −33.79

L1 = 0.0963, R1 = 0.3057

C2 = 0.5632, G2 = −0.9756

L2 = 0.2333, R2 = −0.5206

0.118

0.098

0.000

−6.556

(8)

1.0

1.2

−25

−25

−10

0.1

0.2± 4j

Ga = 34.6115, G′
b = −38.3

L1 = 0.0102, R1 = 0.1346

C2 = −2.5376, G2 = −0.7302

L2 = −0.5806, R2 = 0.1835

0.014

0.000

−0.888

−1.849

Eigenvalues of groups (1), (2), (4), (5) and (7) are corresponding to hyperchaotic systems, for they have

two positive Lyapunov exponents. Phase portraits of the hyperchaotic systems are drawn in Fig. 5.

Fig. 5. Hyperchaotic attractors of the system with different types of eigenvalues when applying the nonlinear

component I. (a) Group 1, (b) Group 2, (c) Group 5, (d) Group 7.

The dynamic behaviours of the circuit are studied by the bifurcation diagrams of the eigenvalue parameters.

030507-5



Chin. Phys. B Vol. 19, No. 3 (2010) 030507

The bifurcation parameters may be the real eigenvalues, the real part or the imaginary part of the complex

eigenvalues.

Case 1 The eigenvalues in the region D0 are µ1,2 = u1a ± 0.5j, µ3,4 = ±5j, where u1a is the real part of

the complex eigenvalue varying from 0.85 to 3.3; the eigenvalues in the region D1 are v1 = −58, v2 = 0.2 and

v3,4 = 0.28 ± 3.86j. Figure 6(a) shows a one-parameter bifurcation diagram drawn in (u1a, iL1) plane. The

Lyapunov spectrum in the (u1a, λ1,2,3) plane is shown in Fig. 6(b).

Fig. 6. Dynamics of the system when the eigenvalues are µ1,2 = u1a ± 0.5j, µ3,4 = ±5j in region D0 and

v1 = −58, v2 = 0.2, v3,4 = 0.28 ± 3.86j in region D1, where u1a varies from 0.85 to 3.3. (a) one-parameter

bifurcation diagram drawn in (u1a, iL1) plane, (b) Lyapunov spectrum in (u1a, λ1,2,3) plane.

Case 2: The eigenvalues in the region D0 are µ1,2 = 0.85 ± u1b·j, u3,4 = ±5j, where u1b is the imaginary

part of the complex eigenvalue varying from 0.5 to 3; the eigenvalues in the region D1 are v1 = −58, v2 = 0.2

and v3,4 = 0.28± 3.86j. Figure 7(a) shows a one-parameter bifurcation diagram drawn in (u1b, iL1) plane. The

Lyapunov spectrum in the (u1b, λ1,2,3) plane is shown in Fig. 7(b).

Fig. 7. Dynamics of the system when the eigenvalues are µ1,2 = 0.85 ± u1b·j, µ3,4 = ±5j in region D0 and

v1 = −58, v2 = 0.2, v3,4 = 0.28 ± 3.86j in region D1, where u1b varies from 0.5 to 3. (a) one parameter

bifurcation diagram drawn in (u1b, iL1) plane, (b) Lyapunov spectrum in (u1b, λ1,2,3) plane.

The cases above show the dynamics of the canonical 4D Chua’s circuit corresponding to different eigenvalues.

Figures 6(b) and 7(b) show the first three maximal Lyapunov exponents. When λ1 = 0, and λ2, λ3 < 0, the

circuit corresponds to periodic orbit; when λ1 = λ2 = 0, and λ3 < 0, it corresponds to quasi-periodic orbit;

when λ1 > 0, λ2 = 0, and λ3 < 0, it corresponds to chaotic attractor; when λ1, λ2 > 0, λ3 = 0, it corresponds

to hyper-chaotic attractor. The other bifurcation diagrams and the Lyapunov spectrums can be drawn by the

other bifurcation parameters and the eigenvalues.
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4.2.Applying two-segment PWL element

The other case is for applying the two-segment PWL element (component II for short) as shown in Figs. 4(a)

and 4(b). Two types of eigenvalues in regions D0 and D1 are proposed in Table 2. Eigenvalue of group (1) is

corresponding to hyperchaotic systems. Phase portraits of these systems are shown in Fig. 8. The dynamics of

the system can also be studied by the bifurcation diagram of the eigenvalue parameters, shown in Fig. 9.

Table 2. Circuit parameters and Lyapunov exponents of the circuit with different types of eigenvalues with

applying the nonlinear component II.

different types of eigenvalues
circuit parameters (C1 = 1) Lyapunov exponents (LE)

group D0 region (µ1–µ4) D1 region (v1–v4)

(1)
0.1± 5j

0.2± 0.8j

−50

0

0.2± 1.9j

Ga = 0.2390, G′
b = 50.2

L1 = 0.0452, R1 = −0.0160

C2 = 7.649, G2 = −3.5327

L2 = 0.1716, R2 = −0.0038

0.0244

0.0189

0.000

−3.5961

(2)

1

−10.8

1± 10.8j

−55

−10

0.5± 3.5j

Ga = 0.5, G′
b = 56.2

L1 = 0.01, R1 = −0.031

C2 = 3.3944, G2 = 23.3637

L2 = −0.0078, R2 = −0.0275

0.048

0.00

−0.90

−4.62

Fig. 8. Phase portraits of the circuit with different types of eigenvalues with applying the nonlinear component

II. (a) Group 1, (b) Group 2.

Fig. 9. Dynamics of the system when eigenvalues are µ1,2 = 0.1 ± u1bj, and u3,4 = 0.2 ± 0.8j in region D0

and v1 = −50, v2 = 0 and v3,4 = 0.2 ± 1.9j in region D1, where u1b varies from 2.5 to 5. (a) one parameter

bifurcation diagram drawn in (u1b, iL1) plane, (b) Lyapunov spectrum in the (u1b, λ1,2,3) plane.
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5. Conclusions

The eigenvalue space of the canonical 4D Chua’s

circuit is studied in this paper. The relations between

the circuit parameters and the eigenvalues of the sys-

tem are established. All the circuit parameters can

be determined explicitly from any given set of eigen-

values. Therefore, the dynamics of the circuit can

be studied by the bifurcation diagram of the eigen-

values. The bifurcation parameter may be the real

eigenvalue, the real part or the imaginary part of the

complex eigenvalue. Some sets of eigenvalues corre-

sponding to hyperchaotic attractors are proposed and

analysed in this paper. According to the bifurcation

diagrams of the eigenvalues, the routes to hyperchaos

may be further investigated.
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