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This paper investigates the chaos synchronisation between two coupled chaotic Chua’s circuits. The sufficient

condition presented by linear matrix inequalities (LMIs) of global asymptotic synchronisation is attained based on

piecewise quadratic Lyapunov functions. First, we obtain the piecewise linear differential inclusions (pwLDIs) model

of synchronisation error dynamics, then we design a switching (piecewise-linear) feedback control law to stabilise it

based on the piecewise quadratic Laypunov functions. Then we give some numerical simulations to demonstrate the

effectiveness of our theoretical results.
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1. Introduction

Since the early 1990s researchers have realised
that chaotic systems can be synchronized.!:?! Increas-
ing interest has been generated in chaotic synchroni-
sation and its practical applications in different fields,
particularly in communications because chaotic sys-
tems are deterministic but extremely sensitive to ini-
tial conditions and have noise-like behaviour.[>=2 Ac-
cording to Ref. [2], the problem of chaotic synchroni-
sation is defined such that under given different ini-
tial conditions between drive and response systems,
it is possible to find a method to make the states of
drive and response systems achieve synchrony. Many
theories!® 721221 have been proposed to achieve the
synchronized manner from drive-response configura-
tion. This drive-response configuration consists of
the original chaotic system as a drive system to pro-
vide a driving signal to drive another system called
the response system to synchrony. There are two
main approaches for this synchronisation problem:
consider the synchronisation as an observer design
problem!?1:22] and consider it as a tracking control

problem,[%23=271 in which the response system can
track the drive system asymptotically. Due to the sim-
ple configuration and ease of implementation in real
systems, the feedback scheme is especially attractive
and adopted for practical implementation.l3] For this
reason, chaos synchronisation using feedback control
is studied in this paper.

On the other hand, piecewise-linear systems have
been a subject of research in circuits and control sys-
tem community for some time, (see Refs. [18]-[31] and
the references therein). Chua’s circuit has become a
standard prototype to study the dynamics of nonlinear
circuits because Chua’s circuit is a simple system that
exhibits a wide variety of nonlinear dynamics phenom-
ena such as bifurcations and chaos. It is well known
that Chua’s circuit contains only a nonlinear compo-
nent which is a piecewise linear resistor,3? that is to
say, Chua’s circuit is actually a piecewise linear sys-
tem. According to Ref. [22], the observer can be easily
designed for synchronisation based on standard lin-
ear poleplacement techniques, but both the outputs
of dynamic system and observer are strictly restricted
in order to cancel all the nonlinear terms exactly. In
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this paper, we study the synchronisation problem of
two coupled chaotic Chua’s circuits (drive-response
configuration) based on piecewise quadratic Lyapunov

[33-37] According to the object of chaos syn-

function.
chronisation, we first found the exact piecewise linear
differential inclusions (pwLDIs) model of the synchro-
nisation error dynamics for the chaos synchronisation
of Chua’s circuits, and then the piecewise-linear er-
ror feedback strategy is adopted due to the property
of the error dynamics in order to obtain a lower feed-
back gain. The sufficient global stabilization condition
is presented by LMI’s.[38) It has less conservation be-
cause the proper piecewise quadratic Lyapunov func-
tion is searched for controlled synchronisation error
dynamics. Finally, a simpler ILMI (iterative linear
matrix inequality) algorithm is used to find the switch-
ing feedback control gain of stabilization.

The rest of this paper is organized as follows. In
the next section, preliminaries are presented. In Sec-
tion 3, we give theoretical analysis and results. Sim-
ulation examples are given in Section 4. Finally, we

draw conclusions in Section 5.

2. Preliminaries

2.1. Chua’s circuit

Chua’s circuit is a simple and interesting elec-
tronic system which consists of one inductor, two ca-
pacitors and one piecewise-linear nonlinear resistor, as

shown in Fig. 1.

9(Ver)

Fig. 1. Chua’s circuit.

In the figure, L is an inductor, C;, Cs are two
capacitors, g is a 3-segment piecewise-linear resistor,
R is a linear resistor.

The circuit dynamics is described by

dve 1
1 dtl :R(UCQ_vcl)_g(vcl)7
dv 1 .
b = oo, —ve,) T, (1)
dig,
L=t =
a e

where C1, Cs, L, and R are all circuit parameters, iy,
is the current through the inductor L, ve, and ve,
are the voltages across C7 and Cs, respectively, and
the piecewise linear function g(vc) describes the v — i
characteristics of the Chua’s diode g as follows:

1
g(ve,) = move, + §(m1 —mg)

X (lvey + Byl = lvey, = Bpl). (2)

Via the resealing, we have x1 = v, /Bp, T2 = vc, /By,
Tr3 = ’L'L‘R/Bp7 T = t/CQR, a = mlR, b = 7”I’L().R7
p=Cy/C1, q= CyR?/L, and B, = 1. Equation (1) is
transformed into the following simpler dimensionless
form

71(7) = p(x2 — 21 — f(71)),

22(7) = 21 — T2 + T3, (3)

23(7) = —qu2,
where f(z1) is a piecewise linear function represented
by

bxi+a—>b, x1 >1,
f(z1) = axy, lz| <1, (4)
bry —a+b, x <-1.

It is known that when the values of the system pa-
rameters (p, ¢, a, b) are chosen to be (9, 100/7, —8/7,
—5/7), a typical chaotic attractor (a double scroll) can
be found in dynamical system (3).1?!

2.2. Piecewise linear system and stabil-
ity
Before discussing the synchronisation issue of
Chua’s circuit, we first introduce the piecewise linear

system model and its stability. According to Ref. [34],
piecewise linear system has the following form

z(t) = Ajz(t) + o, for =z(t) € X;. (5)

Here, x(t) € R"™, o is affine term, {X;}jcr, C R" is
a partition of the state space into a number of closed
(possibly unbounded) polyhedral cells with pairwise
disjoint interior. The index set of the cells is denoted
L. Let x(t) € [Jier X, be a continuous piecewise
C! function on the time interval [0,7]. We say that
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x(t) is a trajectory of Eq. (5), if for every t € [0, T
such that the derivative &(t) is defined, the equation
(t) = Ajx(t) + oy holds for all I with x(t) € X;. Let
Ly C L be the index set for cells that contain origin,
and let Ly = L\Lg. It is assumed that a; = 0 for
[ € Lg. For convenient notation, we introduce

~|a
A= | (6)
0 0

As shown in Ref. [33], in order to find the piecewise
Lyapunov function continuous across cell boundaries,
the following matrices F} = [F; fi], | € L with f; =0
for [ € Ly need to be constructed, which is used to
characterise the boundary among cells.

Zr
F; :Fj R mEXlﬂXj, l,jEL. (7)
1

In addition, to reduce the conservation of the stability
result, the S-procedure has been used in Ref. [33]. To
this end, one can construct matrices, E; = [E; €],
l € L with e; = 0 for [ € L such that

_ 9
E; >0
1

reX;, lel. (8)

The piecewise quadratic Lyapunov function candi-
dates that are continuous across the subspace bound-
aries can be parameterised as

TP, x € X, | € L;
T

Vi) =19 |z x (9)

P 7$6X1,ZEL1,
1

with
P, = F'TF,
-Pl = F‘lTTF‘la

ZGL();

10
lGLl, ( )

where the free parameters of the Lyapunov function
candidates are characterised by the symmetric matrix

|

0> AZIJ‘H + .PlAlj + ElTUlel,

0< P~ E'W,E,,

0> AEF’[ + 13[1&[]' + E_FUlel,

0< 15[ — E_FleEl,

T. Now, we have the following stability result about
piecewise linear system.

Lemma 1 Piecewise quadratic stability®3) Con-
sider symmetric matrices T' and U; and W, such that
U; and W, have non-negative entries, while

P, =F'TF, € Ly, (11)
P =F'TF, lclLi, (12)
satisfy
0> AP, + PA, + E'UE,,
1 4 143 1 Yidl le Lo; (13)
0< P — E'WE,
0>A'P,+ PA + E'UE,,
U =S PR V)

0< P, —E'WE,

Then every continuous piecewise O trajectory x(t) €
Uier X, satisfying Eq. (5) for ¢ > 0, tends to zero
exponentially.

Lemma 1 can be easily extended to systems
described by piecewise linear differential inclusions
(pwLDIs)

J
©(t) =Y N;(t) (Ayz(t) + ayy),  x(t) € X;. (15)
j=1

We assume that for every ¢ there exist scalars A;;(t) >
0 with )~ A;;(t) = 1. For convenience, we associate
J

an index set J(I) to each cell X; that specifies the
j extreme dynamics @(t) = Apx(t) + oy, € J(1)
that define the inclusion in each cell and we have the
following result.

Lemma 2 (Piecewise quadratic stability of
pwLDIs? Consider symmetric matrices T, U;; and

W,;, such that U;; and W;; have non-negative entries,

while
P =F'TF, (l¢< L), (16)
P =F'TF, (l€L) (17)

satisfy
leLy, jedl) (18)
leLy, jeJQ. (19)
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Then every continuous piecewise C! trajectory x(t) €
Uier. X, satisfying Eq. (15) for ¢t > 0, tends to zero
exponentially.

3. Synchronising Chua’s circuit

In this paper, we consider the drive-presponse
configuration for synchronisation as shown in Fig. 2.

Cm+ Ci

T_—g(c’w - C1) chua’s circuit — C

Fig. 2. Drive-response scheme for synchronisation. Cax

and Cz are outputs of drive system and response system

respectively.

Clearly, Chua’s circuit is a typical piecewise lin-
ear system because Chua’s circuit has only a non-
linear component which is piecewise-linear. Now,
we present the dynamics of Chua’s circuit in the
following form with three cell partitions: X;
{(@1, 2, 25)01 < -1}, Xo ¢ {(@1, 22, 23)[|l21] < 1},
and X3 : {(z1, 29, 23)|71 > 1}, X1 U X2 U X3 = R3.

i) = (Az(t) + o), =x(t)e X, 1=1,2,3;
y(t) = Cx(t), (20)

where z(t) € R® and y(t) € R? are the state and
output of the Chua’s circuit respectively. C € R3*3
is an output constant matrix. In cell X;:

—pb+1) p 0
A = 1 -117,
0 —q 0
—p(b—a)
o) = 0 ; (21)
0
in cell Xs:
—pla+1) p 0 0
A, = 1 11|, ax=1{0]; (22)
0 —q 0 0
in cell X3:
—p(b+1) p O
Az = 1 -111,
0 —q 0
p(b—a)
0

The response system is assumed to be in the form

z(t) = (A;2(t) + o) +u, ()€ X;, j=1,2,3;
u=g(y—9) =9g(Cz - C), (24)

u € R? is the feedback control signals.
It is clear that the synchronisation error e = £ —x

satisfies

é(t) = (A;2(t) + oj — Ajz(t) — ay) + u,
@(L‘) S Xj, iL’(t) € X;. (25)

Actually, according to Eq. (3), we have

é1 -pp 0f|e f(&1) — f(z1)
é2 = 1 —-11 €2 — +u
é3 0 —q0 es

(26)

Here f(x1) is obtained from Eq. (4). For convenience,
we denote f(Z1) — f(z1) as h(ey,t). Here, h(ey,t) is
time-varying because h(ey, t) does not depend only on
e1 but also on z; or 21 which is time-varying. But it
is not difficult to find that h(e;, ) has the following

relation with eq,

be; < h(ey,t) <be; +2(b—a), e <—2;
be; < h(ey,t) < aeq, —2<e <
ae; < h(e,t) < beq,

2(a —b) + bey < h(ey,t) < beq,

Which can be seen in Fig. 3.

0 h(el7t)

W
\J

€1

Fig. 3. Relation between h(e;) and e;.
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For u = 0, we obtain the uncontrolled synchroni-
sation error dynamics,

é1(t) = p(e2 — e1 — h(ei,t)),
éa(t) = e1 — ez +e3, (28)
é3(t) = —qea.

We denote [e1, ea, 63]T as e, and notice that the un-
controlled tracking error dynamics between the two
piecewise-linear systems (drive and response) is actu-
ally piecewise linear and differential inclusions due to
h(61 N t).
ential inclusions (pwLDIs) with three cell partitions,
S1: {(e1,ea,e3)|ler < =2}, Sy : {(e1,e2,e3)|le1]| < 2}
and Sg : {(61, €9, 63)|€1 2 2}, S1 U SQ USg = R3.

We represent it by piecewise linear differ-

J
ét)=> N;j(t) (Ayje+ay), e(t)eS, (29)
j=1

where scalars A\jj(t) > 0, > N\;;(t) = 1. There are
J

two extreme dynamic systems é(t) = (Ajje+ ag;)
that define the inclusion in each cell. According to
Egs. (27) and (28), we have two extreme dynamic sys-
tems of the uncontrolled synchronisation error dynam-
ics in cell Si:

—pb+1) p O
A= 1 111,
0 —q 0
—2p(b—a)
a1 = 0 )
0
—pb+1) p O
Ajp = 1 111,
0 —q 0
o= |0]; (30)

the two extreme dynamic systems of the uncontrolled
synchronisation error dynamics in cell Ss:

—pla+1) p 0 0
Ay = 1 -11|, aax=1|0],
0 —qO0 0
[ —p(b+1) p 0 0
Ay = 1 —11], ax=10|,
0 —q 0 ol (1)

and the two extreme dynamic systems of the uncon-
trolled synchronisation error dynamics in cell Ss:

—pb+1) p 0] 2p(b — a)
Azl = 1 -11(, azi1= 0 )
i 0 —q 0] i 0
[ —p(b+1) p 0] [0
Azy = 1 11|, agz=1{0]. (32)
i 0 —q 0] | 0

For this uncontrolled synchronisation error dy-
namics, only the cell X5 contains the origin (0,0,0).
The general object of our chaos synchronisation is
to find a proper feedback control law such that the
closed-loop system of the synchronisation error dy-

J
namics é(t) = > N\j;(t) (Ajje +ay) + u,e(t) € S;
j=1

is globally asymptotically stable.

Remark 1: Although this paper only addresses
the Chua’s piecewise-linear chaotic model and get its
pwLDIs synchronisation error model, it is believed
that the similar pwLDIs synchronisation error model
can be extended to more general piecewise-liner cases
and even piecewise-liner hyperchaotic cases, such as
hyperchaotic Chua’s circuit.!??!

The simple feedback form is linear error feedback
which is u = K(Cz(t) — C#(t)) = —KCe. In this
case, we can solve the synchronisation issue by substi-
tuting the following equations into Lemma 2 directly

_ K, CO0
AZZK,ZZQ Al: bl
0 0

l=1,3.

But noticing the property of h(e1,t), one can easily
know that if the linear feedback — K Ce could stabilise
the two extreme dynamic systems in cell Sy simultane-
ously, then it can stabilise the whole error dynamics.
Naturally, considering that the error dynamics is
switching according to the error dynamics state e, we
should use the switching error feedback as follows:

—KCe, |=2,e(t) € So;

u=g(—Ce) = _
—-K,Ce, 1=1,3, e(t) € 813,
where
_ KlC kl _ e
KlC - s e =
0 0

Here, K; € R3*3 is a constant matrix and k; € R3*!

denotes the affine term.
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Remark 2: This switching linear feedback strat-
egy is simpler than the common nonlinear feedback
and has more flexibility than the constant linear feed-
back to stabilise the piecewise error dynamics. More-
over, the constant linear feedback is a special case of
switching feedback. It is more important that switch-
ing should provides possibility to have the lower gain
being utilised when error is larger, as is desired for
practical applications.

Now, the following switching linear feedback sta-
bilisation result can be established for the synchroni-
sation error dynamics (29-32).

Theorem 1 Consider symmetric matrices T,
U,;, and Wj;, such that U;; and Wj; have nonneg-
ative entries and feedback gain matrixes K; € R3*3,

while
_ K,C K
0 0
P, =F'TF, 1=1,3¢ Ly (34)
P, = F'TF, 1=2c¢ Ly, (35)
satisfy

0> (A;;—K,C)"P+P/(A;,-K,C)+E'U,E, = &,

(36)
0< P, — E'W,E, (37)

forl =2 € Ly;
0> (Alj7KZC)T13[+13[(Aljfklé)#*EFUlel = !ﬁl,
(38)
0< P, — E'W,E, (39)

forl=1,3¢€ L.

Then the switching linear feedback control: u =
g(—Ce), e(t) € S; renders the piecewise linear differ-
ential inclusions (29-32) globally asymptotically sta-
ble, and consequently the drive and response chaotic
Chua’s circuits are globally asymptotically synchro-
nised via switching coupled gain Kj.

The proof of Theorem 1 can be easily shown by
following the lemma 2 and is thus omitted. Unfortu-
nately, it is not easy to obtain a stabilising feedback
gain K from Theorem 1 directly because Theorem 1 is
represented by bilinear matrix inequalities (BMIs) due
to the multiplication between K and T'. So, we use a
simpler V-K iterative algorithm for this problem.[!8:19]

Algorithm 1:
placement design technique or any other state feed-

Initialization Step. Use pole

back controller design technique to determine a set of

initial controller gains.

V-Step. Given a fixed controller gain K;, [ € Ly,
K;, | € L, we can solve the following optimisation
problem:

_min Al
PP, U ,W,¢

s.4.(37),(39), ¢ — NI <0 and ¢ — NI <0

for a set of matrices P;, | € Lo, P,, 1 € L, where P,
and P; are defined in Eqgs. (34) and (35), ¢; and ¢y
are defined in Egs. (36) and (38) respectively.
K-Step. Using the matrices P;, P, and ¢; obtained
in V-Step, we solve the following optimisation problem

min Al
K;,K;, U ,W,;

s.£.(30),(32),¢ — NI <0 and ¢ — NI <0

for a set of matrices K;, | € Lo, K, | € L1, where ¢;
and ¢; are defined in Eqs. (36) and (38) respectively.

The previous iteration of V-Step and K-Step stops
when \; < 0,1 € L.

4. Numerical simulations

In this section, we will carry out some numer-
ical simulations to verify the theoretical results we
have obtained. In the following, all the LMIs are
solved by MATLAB LMI toolbox and all the differ-
ential equation are solved by using the fourth-fifth or-
der Runge-Kutta method (ODE45 in MATLAB). The
initial conditions of drive system are z; = 0.15246,
xo = —0.02281, x5 = 0.38127 and those of response
system are 27 = 0.2, 2o = —0.1, £3 = 0.4 in all sim-
ulations. In order to search for the continuous piece-
wise quadratic Lyapunov function candidates defined
in Eqgs. (7) and (8), we construct E;, Fy, for cells S;
and S5 and FEs, F; for cell Sy as follows:

(100 —2] 100 -2
Eir=|0001 1|, Es={000 1 |. (40)
1 000 1 | 000 1
[—100 —2] (100 —2]
0001 000 1
P 0001 B 000 1 ()
1000 100 0
0100 010 0
L 001 0 | (001 0 |
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[0000]
0000
0000
0000
E;=1(0000]|, Fr= (42)
1000
0000
0100
(0010

In addition, A;; has the following form for cells Sy
and S3

_ Al ay
Ay= """, 1=13eL;. (43)
0 0
Without loss of generality, we assume that the
two state variables x1 and x3 are available for response

system to synchronise. This means

100
C=1000
001
And let
Ki1 0 0
K; = 0 0 O
0 0 K33
ki
and the affine term for cells S; and S3: k; = | 0
0

According to the proposed iteration algorithm 1, we
obtain the result Ky11 = K311 = 11.03, K33 =
K333 = Kaozz = 819, K11 = 10.52, ki1 = —1.02
and k3; = 1.02 after several iterations. The synchro-
nisation error |le|| = || — || is shown in Fig. 4. The
feedback is turned on at ¢t = 14s. Actually, using The-
orem 1, we can verify that gains K717 and K3q1 can
be reduced as far as to 0.8 in order to obtain lower
feedback value causing by e; when |e;| > 2. For this
case, k11 = —9.72 and k3; = 9.72. The synchroni-

sation error |e|| is shown in Fig.5. The feedback is

turned on at ¢t = 14 s.

10t

100 L

Synchronization error ||el|

0 20 40 60
t/s

Fig. 4. Synchronisation error |e|. The feedback is turned
onatt=14s.

10!

100 L

—_
en]
|
—_

Synchronization error |le||

t/s

Fig. 5. Synchronisation error |e|. The feedback is turned
on at t = 15 s.

5. Conclusions

Chaotic behaviours can be found in Chua’s cir-
cuit, a typical piecewise linear system. In this pa-
per, we consider the chaos synchronisation between
two unidirectional-coupled chaotic Chua’s circuits.
We found the piecewise linear differential inclusions
(pwLDIs) model for the synchronisation error dynam-
ics. Then we use the switching feedback to stabilise
the piecewise error dynamics and drive its stabilisa-
tion conditions based on the piecewise quadratic Lya-
punov function. A simpler ILMI algorithm is given to
search for the coupled gain both for state feedback and
output feedback. Simulation results show that this
switching synchronisation scheme can achieve syn-
chrony.
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