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The series solution to the metric
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The multipole moment method not only conduces to the understanding of the deformation of the space-time, but

also serves as an effective tool to approximately solve the Einstein field equation with. However, the usual multipole

moments are recursively determined by a sequence of symmetric and trace-free tensors, which is inconvenient for practical

resolution. In this paper, we develop a simplified procedure to generate the series solutions to the metric of the stationary

vacuum with axisymmetry, and show its validity. In order to understand the free parameters in the solution, we propose

to take the Schwarzschild metric as a standard ruler, and some well- known examples are analysed and compared with

the series solutions in detail.
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1. Introduction

The asymptotically flat vacuum solutions with ax-
isymmetry play an important role in general relativ-
ity. To understand the global structure of the met-
ric caused by stars, we have the exact solution fam-
ilies of Schwarzschild, Curzon and Kerr metrics and
some of their extensions to the electro-vacuum solu-
tions such as Reissner-Nordstrém and Kerr-Newman
metrics.' =4 Manko et al. obtained an axisymmet-
ric solution with five free parameters.!®! This solution
is suitable for the study on a rapidly rotating neutron
star, in which the strong magnetic field and the oblate
shape should be taken into account.!®

Owing to the fact that it is more and more dif-
ficult to obtain a realistic exact solution, the effec-
tive approximate method becomes a good alternative.
The multipole moment expansion was introduced to
interpret the physical meaning of the solutions to the
Einstein equation. Geroch determined a recursive re-
lation of multipole moments for the asymptotically
flat, static vacuum with axisymmetry by means of the
time-like Killing vector.[”8) The norm of the Killing
vector satisfies the Laplace equation in the three-
dimensional hypersurface orthogonal to the Killing
vector, which is derived from the Einstein equation.
For the asymptotically flat space-time, the norm of
the Killing vector and the metric are analytic near
the spatial infinity, so the solution can be expanded
in series of r—! with multipole moments. The mul-
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tipole moments can be recursively determined by a
This
idea was generalized to the stationary case by Hansen

sequence of symmetric and trace-free tensors.

in Ref. [9], where two different sets of multipole mo-
ments were employed. One is the mass moments and
the other is the angular momentum moments. The
two sets of moments can be generated from two poten-
tial functions determined by the norm and the twist of
the time-like Killing vector. The formalism proposed
in Refs. [8] and [9] is in the covariant form. Some theo-
rems are proved based on this formalism. In Ref. [10],
Xanthopoulos proved that a stationary space—time
was static if and only if all of its current moments
vanished, and static space-time was flat if and only if
all of its mass moments vanished. Beig-Simon'" and
Kundul'?! proved that, two spacetimes with the same
multipole moments have the same space-time geom-
etry at large radii, where the multipole expansion of
the metric converges. This formalism was realized in
the Weyl-Lewis Papapetrou canonical metric.['3—15]
In Ref. [16], the extended hyperbolic complex func-
tion method was used to study the stationary axisym-
metric Einstein-Maxwell theory with p Abelian gauge
field, and two structural Riemann—Hilbert transfor-
mations were constructed and then shown to give an
infinite-dimensional symmetry group, which was veri-
fied to have the structure of the semidirect product of
Kac-Moody group and Virasoro group.

Another formalism of multipole moments for re-
alistic calculation of slowly changing systems or ex-

(© 2010 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

030402-1



Chin. Phys. B Vol

. 19, No. 3 (2010) 030402

actly stationary ones was reviewed and developed by
Thorne in Ref. [17].
fest for a practical solution, which is associated with a

This formalism is more mani-

special kind of coordinate system called the ‘Asymp-
totical Cartesian and Mass Centered’(ACMC) coordi-
nate system. In such an ACMC-N coordinate system,
the metric can be expressed by multipole moment ex-
pansion, and the coefficients of 7=+ (I < N) terms
are linear combinations of the spherical harmonics of
orders [, — 1,...,0. The de Donder coordinate sys-
tem belongs to ACMC-co. The comparison and the
relation between the two formalisms were discussed
in Ref. [18].
dinate system and quotient harmonic one was devel-

This formalism the in de Donder coor-

oped into an effective tool for solving the approximate
global solutions to the Einstein equation.'9=21 The
junction condition and equation in the special cases
of Robertson-Walker and the Schwarzschild—de Sitter
metrics were discussed in Ref. [22]. However, most
of the previous studies are concerned mainly with the
theoretical aspect of the multipole moments, which
are very inconvenient for practically solving the Ein-
stein’s field equation. Besides, the interpretation of
the physical meanings of the parameters is still a gen-
eral problem in general relativity,[?24 although the
primary motivation of Geroch to introduce the multi-
pole moments was to clarify this problem.

In the present paper, we consider how to ef-
fectively solve the series solutions to the stationary,
asymptotically flat vacuum with axisymmetry. This
case is of physical significance. First, we show that the
canonical form of the Weyl-Lewis—Papapetrou coordi-
nate system is a system of ACMC-oco. Then we solve
the series solution straightforwardly in this coordinate
system. To understand the meanings of the free pa-
rameters in the solution, we set the Schwarzschild so-
lution as a standard ruler. By comparison with this
solution, we find that the bigger the absolute value of
the dimensionless free coefficient is, the larger the de-
formation and the convection of the gravitating source
will be. Noticing its generality, the series solution is an
effective alternative to the exact one, and it is helpful
to understand the abundant structure of the space—
time.

2. Series solution in Weyl-Lewis—

Papapetrou metric
To describe the axisymmetric space—time, the
canonical form of the Weyl-Lewis—Papapetrou metric

is simplest.[! The line element is equivalent to
ds? = U(dt+Wdy) 2=V (dp*+d=?)—U ' pde?, (1)

where (¢, p, z, @) are the coordinates of the geometrical
meaning near the cylindrical coordinates in Minkowski
space. (U,V,W) depend on (p, z) only. In this paper
we take G and ¢ to be unity, i.e. G = ¢ = 1. Since
the following calculations take the dimensionless form,
the units will not be confused. The canonical form (1)
has an important property, that is,

Lemma 1 Except for the translation ¢t = ¢ +
to, = @ + o related to two Killing vectors (0, 0,)
and z = +(Z + zg), the form of metric (1) removes
other uncertainty caused by coordinate condition.
The
transformation (p,z) — (p, z) with keeping V (dp? +

This property can be checked as follows.

dz?) = V(dp? + dz?) is a conformal transformation

p=Rf(pxzi), z=S[flp£zi)], (2)
where f is any given analytic function. But the restric-
tion p?dy? = p?de? and p > 0 give f = p+ (Z+ 20) i,
then we have z = £(Z + zp).

Except for the axial symmetry, the celestial body
in equilibrium and the relevant stationary metric still
have top-bottom reflection symmetry, which means
that the metric will be the even functions of z by
setting the origin (p = 0,z = 0) at the mass cen-
tre. In what follows we discuss only this case, that is,
(U, V, W) are even functions of z, although the discus-
sion is also valid in the case including odd terms of z.
So if we set the direction of z, the relation between
coordinate and metric is completely fixed.

The coordinates (p, z) in expression (1) is not con-
venient for the following calculation, so we make a
polar coordinate transformation

p=rsind, z=rcosb, (3)

then the line element (1) becomes

ds? = U(dt + Wdyp) 2 — V(dr? + r2d6?)
— U 'r?sin? fdyp?. (4)

Calculating the Ricci tensor R,,,,, we obtain the inde-
pendent components in the Einstein equations for the

axisymmetric vacuum!!
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2 3 2
92U + a U+ COwa@U+ ~ U _ VO UINWE _ v, —o, (5)
U r2sin’
t 0 2V
2w — W + - aew + = (VU VW) = T (WRy + Ri,) =0, (6)
where V = (8,,779). And then V can be integrated from
o,V 8TU rsin? 9 200t9
2
% ((GTW)Q cot 98 WGQW _ 2(89W)2>
"
1
= - sin? 0(r*R,, — Rpg) —2cosfsinR,g = 0, (7)

8V U  r2sin’6
==+ ==+
14 U 202
2

- % (cote [(B,J/V)2 -

<c0t9 {(&U)Q -

1 )] 2
ﬁ(aoU) :| - T8TU89U>

12(89W)2} - 18TW89W>

= cosfsinf(r’R,, — Rgpg) — 2rsin® R,y = (8)

Substituting R, = £(Tpw — 1gWTO‘) into the above
equations, we obtain the dynamical equations for in-
terior metric, which can also be solved by series.

The solutions to Egs. (5)—(8) of most physical in-
terest are obtained in the asymptotically flat cases,
that is, the solutions satisfy the boundary conditions
as r — oo

U—>1—2—m+0( 2y,

W — 7 sin? 6 + O(r~2),
,
V—=1+ zm +0(r=?), (9)
'

in which m is the total gravitational mass, and J
the angular momentum of the source. Expression (9)
means that r = co is the regular point of the solution.
On the other hand, the main parts of derivatives in
Egs. (5) and (6) are the linear elliptic operators. So
the vacuum solutions (U, W) are analytic functions

(11,12]
)

in the neighbourhood of r = oo and can be ex-

pressed as Taylor series of 7‘_1, then we generally have

=B
U—1—7 rzz -, W:Zr—:, (10)

where (Rs,gn,én) are to-be-determined functions
of 6.
even functions of z, or equwalently, (RS,An, B, ) are

For the regular metric, (U,V) are bounded

bounded functions of cos? 6.
Substituting Eq. (10) into Eq. (5), and then ex-

panding it into Taylor series of r—!, we can obtain the

equations for the coefficients, i.e.

R + cot ORE = 0, (11)
Al + cot A + 24, = (R%)? + R2. (12)

The bounded solution of reflecting symmetry with re-
spect to z = 0 or § = 7/2, which we call regular

solution in the following, is given by
~ 1,
Rs=2m, Ag= iRS’ (13)

where m is a constant, which refers to the total mass
of the source. m = 0 corresponds to the Papapetrou
class of solutions or flat space—time. The case of m < 0
is nonphysical. So only the case with positive mass
m > 0 is of the most physical significance, and we
discuss only this case later. Obviously, Rg is the cor-
responding Schwarzschild radius in length dimension.

By virtue of the excellent structure of Eqgs. (5)
and (6), we have the following results.

Theorem 2 For the regular solution (10) with

starting value (13), it takes the following form

in which
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Nn

A, = Zank cos(2k0),
k=0

B, -

2

n

b [cos(2k6) — 1],
1

(16)

>
Il

where (@, bur) are to-be-determined dimensionless constants, and N,, = [(n + 1)/2] represents the integer part

of (n +1)/2, namely, Nog_1 = Noj = k.

Proof Substituting Egs.(14) and (15) into Eqgs.(5) and (6) and expanding them into Taylor series of r—1,

we obtain the following equations

A + cot A} +2- 34, = —1,

~ ~ ~ 1 ~
AY 4 cot 04 +3-44; = —5 — 64, -

B —cotOB, +1-2B; =0,

By — cot OBy +2- 3B, = 2B;.

17
18

o (B B7).

sin
19

)
)
)
20)

(
(
(
(

Solve the equations, then we will find that the regular solutions take the forms (16). We check the succeeding

equations by mathematical induction.

Assume that the forms (16) hold for n = 2N —1 and n = 2N. Since Egs. (5) and (6) are homogeneous with
respect to r, and the highest derivatives with respect to r is linear. Calculation shows that these equations for

n=2N +1 and n = 2N + 2 take the following forms:

Alln1 +cotOAby 1 + (2N +2)(2N +3)Agn 41 = Py — 4(N + 1) A,y (21)
Ao+ cot OAY 1o + (2N +3)(2N + 4) Agn o — 4b11[2cot 0By + (2N + 1) Bon 1]

= P> — 22N + 3) Aoy 41, (22)
EgN-i—l — cot 9§§N+1 + (2N +1)(2N +2)Bon 41 = Q1 + AN Bay, (23)
§§1N+2 — cot 9§§N+2 + (2N +2)(2N +3)Bana = Q2 + 2(2N + 1) Bay 41, (24)

where (P, Q) are polynomials determined by func-
tions (A2j—1aA2ijQj—1aB2j)7(j S N) and their

derivatives, which all take the form (16). Since
cos(2nd) = 1(e?"?1 + e72"%1) under the constraint
of the index of (Rg/r)", we find
N+1
P, = Z Drn cOs(2n0),
n=0
N+1
Qr = Z Qkn c0s(2n0), (25)
n=0
with constants (pgn,qrn).  Substituting Eq. (25)
into Egs. (21)-(24) and solving the solutions
with finite and symmetrical conditions, the so-

lutions (AVQN+27 §2N+1) have the form (16), but
(/TQNH, §2N+2) will introduce extra terms similar to
the second kind Legendre functions, which include the
following factor

F(6) =In (

F(0) also satisfies the boundary condition and sym-

1+ cosf

2
1 —cosf (26)

) sin @ cos 6.

metry. Nevertheless, the terms including this factor

will soon be cancelled at the next step of resolution.
Then we prove that the regular solutions always take
the form (16).

Equation (16) means that the Weyl-Lewis—
Papapetrou coordinate system (1) is a system of
ACMC-o00. Equation (16) can be transformed into the
Legendre polynomials, but the Legendre polynomials
are less convenient for calculating the nonlinear terms
than the trigonometric functions. If the solutions of
(U, W) are determined, V can be solved only from
Eq. (7) with boundary condition V(co,0) = 1. Then
the stationary axisymmetrical metric of vacuum is de-
termined in principle. We determine the coefficients
of the series in the next section.

3. Coefficients of the series and

the examples

In the way similar to determining the coefficients
of the special functions by recursion, the theorem 2
implies that, the resolution of Egs. (5) and (6) can
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be converted into a problem of solving coefficients by
recursive relation. For convenience of calculation, we
make transformation U = exp (u/2), then Egs. (5) and
(6) become

r20%u + 2rd,u + cot 00gu + Oau

2 u
S 20,W) 4 (BW)2 =0,  (27)
r2sin® 0
r202W — cot 00 W + DFW
+ (r*0,ud. W + 9gudeW) = 0. (28)
And Egs. (14)—(16) become
- An - 5
=2 ()
B [eS) RS n
W = Rg n; B, (T) , (29)
Np—1
A, = Z Ak cos(2k0),
k=0
N,
B, = by [cos(2k0) — 1], (30)

~
Il
-

where N,, = (n+1)/2.

Substituting Egs. (29) and (30) into the original
equation Egs. (27) and (28), and expanding them into
series, we obtain the relations among the parameters
(akn,brn) (see appendix). In each term, the param-
eters (@gn,br,) with the larger indexes always take
linear form with bigger coefficients, which correspond

u= —2& + %ml(l + 3 cos(26))
T

)

2 4 9
+ {mg cos(46) + <w12 + 7m2> cos(20) + —wi? + ——may

L 1Y (BsY
6" 6) \r

1 1 Rs\*
+ - Zw12 - m1:| (TS) +0(r™°),

7

Rs\? (1
<TS) + <2m1 cos(26)
L9

1
W 2m1) cos(26)

1
U=1-— 4=

g

W:RssinQQ{

24

R w1 [ R
w1TS+ ! S

2

) cos(20) +

4 8

+ §w —|—1mw
2 1W1 15

vty
r

5

1
3t 256)

S

_ %wf(l + cos(20)) (r)4

1

(r) 2 + (wg cos(20)

1 )
TW1+ ormiw +

(o3 ()"

cos(46) + (f§m1 +

ml] (€>4 +0(r ).

to the linear Laplace-like operator in Egs. (27) and
(28). So it is easy to solve the coefficients. However,
the equations are underdetermined for the parameters
(akn,brn ), and we have the following two sequences of
free parameters. Let

aip = —2, azgy =my,
a52 = M2, G2k41,k = Mk, (31)
1 1

b1 = 5w b3o = W2

bop—1p = —— k=1,2,3,... 32
2k—1,k kakh ( ) &y 9y )7 ( )

or in general forms
a2k+l7k :’I’)’L[€7 (k: 1,273,...), (33)
bok—1k = — =Wk, (k=1,2,3,...), (34)

2k

where {my,w;} are dimensionless numbers deter-
mined by the multipole moments of the energy—
momentum tensor of the source, a;g = —2 is deter-
mined from expression (9), and the factor 1/(2k) is
introduced to scale the coefficients in the recursive re-
lation. The free parameters (31) and (32) correspond
to ‘null data’ in Refs. [25] and [26], but the definitions
are different. The coeflicients can be recursively ex-
pressed as the polynomials of the free parameters(see
appendix). Solving the coefficients, we obtain the se-
ries solutions of the metric

Rs

6

3
+ ng + gﬂ]l

)
)4+0<r-5>},

L L] (BsY
6+ oa| \ 'y

) cos(26)

S

9 T(R
20 ° r

24

1 1
—gmit 8) cos(26)

3 3

8 16 64
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Comparing Egs. (36) and (37) with expression (9), we have the physical meaning of Rg and wy,

Rg = 2m,

J= Zwle = wym?. (39)

That is, Rg corresponds to the Schwarzschild radius, and w; corresponds to the angular momentum.

Now we compare the series solution with some exact metrics, i.e. the Curzon, Schwarzschild and Kerr

solutions. The Curzon metric is diagonal,

R
U:eXp(—TS), Vzexp(r

1 2
1 (%) sin? 9) , W=o. (40)

Expanding Eqs. (40) into Taylor series and then comparing them with Eqs. (36) and (37), we find that all free

parameters vanish

my = wi =0,

(VK). (41)

Evidently, such a result is caused by the coordinate system.

For the Kerr and Schwarzschild solutions, under some parameter transformation, in the canonical coordinate

system (4) they become

2(R4+ + R_ + Rg coshw)Rg coshw

U=1- P : (42)
[(R+ — R_)? + Rg*|cosh®w + 2(Ry + R_)Rg coshw + 4R R_
Ry — R_)? 4 RE] cosh® w + 2(Ry + R_)Rg cosh
N (1 B S]Coigf;_ (R + R)Rs coshw )
_ [(R+ —R_)*> — R§J(Ry + R_ 4 Rg coshw)sinhw (44)
[(Ry — R_)? — Rs*]cosh®w + 4R, R_ ’
in which 07
Ry = V2 cosh? w =+ 2rm cos f coshw + m?2, Rg=2m, tanhw = o (45)

w = 0 corresponds to the Schwarzschild solution in
the Weyl-Lewis—Papapetrou coordinate system. The
above formalism is introduced for the convenience of
the following comparison. In contrast to the Taylor
series of the above functions with (36) and (37), we
obtain the following sequence of the free parameters,

m ——}+§a2
1 — 8 8 9
7 17 o 5.7 4
m2:—2*9 27;04 —?Oé,
3-11 11-19 , 17-23 , 3-7-11
M3 =="5mu oz ¢ T Tom ¢ o1z
. 5-11-13  3:5-7-13 4 3.5%.19 4
Ma = =551 o9 ¢ T T om0 ¢
59-67 4 32-5-11-13
+ o9 & T 921 @,
1 3 5 3
w1 = ZQ, Wy = -0t — —-O&,
2 32 32
B 34 3-41 4 33.7 5
w3*ﬁa7 911 912 o,
11-1 13-4
wy = 3a— 3 7a3
215 215
881 , 3-11-13 .

where o = tanhw < 1. The sequences vanish quite
fast.

The parameter @ = 0 corresponds to the
Schwarzschild solution. In this case, the ‘mass mo-
ments’ my # 0, which is caused by the coordinates.
So to understand these data we need a unified stan-
dard.

Evidently, the above calculation shows that any
stationary metric with axisymmetry is identical with
two sequences {m,,, w, }, in which {m,,} is mainly re-
lated to the multipole moments of mass density, and
{wy} is related to the current distribution. On the
contrary, for any given sequences {m,,, w, } with suit-
able upper bounds, the series is a solution to the Ein-
stein equation of vacuum in the region of its conver-
gence. So the relation between the radius of conver-
gence of the series and the values of free parameters
{mpn,w,} is important. The convergences of the mul-
tipole moment series were discussed in different con-
text. The conditions of convergence for the static so-
lutions were established in Refs. [14], [25] and [27],

and the conditions for the stationary ones were given
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in Refs. [26] and [28].
the convergence of the above series, how to derive the

Although the results ensure

concrete constraint for free parameters is quite compli-
cated. In the static case, the radius of convergence can
be directly derived from the exact solution. We per-
form some analyses, because the result is enlightening.
Since W = 0, Eq. (27) becomes Laplace equation, and
its general asymptotically flat solution is of the Weyl
class(see Ch.18 in Ref. [2]), given as

N R n+1
u= Z my P, (cos0) (S> ,
T
n=0

(mp = -2, N < 0), (47)

where P, are the Legendre polynomials of n degree.
For any value of N, the function V' can also be ex-
actly solved from Eq. (7).l The Curzon solution is
the simplest case with N = 0. In the case of N = oo,
we have

Theorem 3 For the series solution (47) with
N = o0, if the free parameter m,, satisfies the follow-

ing condition

Imp| < Cln+ 1)K\, (48)
where C > 0 and A > 0, K are the given numbers in-
dependent of n, then the series solution (47) and all
its derivatives converge in the region

r>rg = ARs. (49)

Proof According to the property of the Legendre

polynomials, for all values of n we have

|P,| <1, (50)
%Pn(cos 0) =—(2n —1)sinfP,_1(cosh)
d
+ @Pn_g(cos 0). (51)

From Eq.(51) we obtain

’ian(cos 9)‘ <(2n-1)+ ‘;ePn_g(cos 9)‘
<@2n-1)+2n-5)+2n—-9)+...

= %n(n—k 1). (52)

Substituting Eqs. (48), (50) and (52) into Eq. (47), we
find that the series and its derivatives are controlled

by

lu| < Ci(n + 1)K (ATRS)RH , (53)

n=1
00 n+1
Bl < &3 (n 4 1)< (ARS) ,
= T
n= (54)
C o} Koo /\RS n+1
[Opul < o > (n+1) (7«) .
n=1 (55)

The series on the right hand side all converge in the re-
gion r > rg, so (u, Oru, Jpu) are absolutely convergent
in the region r > ry, and uniformly absolutely conver-
gent in the region r > ry for any given r1 > r¢. Simi-
larly we can check the results for higher order deriva-
tives. Integrating Eq. (7), we find that the radius of
convergence of V is also rg. The proof is finished.

In the stationary case with W # 0, the situa-
tion becomes more complicated due to the nonlinear
terms, because (ank, bnk) are polynomials of (m;,w;)
of j < [n/2]. However, from the recursive relations, we
find that the following inequalities seem to be valid:

lank| < CM,(n+ 1)K,
|bnk| < CMn(n + 1)K7 V(n, k)v (56)

where K > 0 and C' > 0, which are constants inde-
pendent of n, and

Mo = max {lmg], gl "2, "/} (5)
In principle, the relation (56) can be derived from the
results in Refs. [26] and [28]. If inequalities in expres-
sion (56) hold, the series solutions (14)—(16) will be
controlled by

U] < Co 3 (n+ 1)K+ <ARS) ,

n=0 "
o] AR n+1
W[<Cr ) (nt1)FH (f) , (58)
n=0

where Cy and C; are constants independent of n, and

A= lim {/M,. (59)

n—oo

Then the inequalities in expression (58) also imply
that the series and their derivatives converge in the
region 7 > ARg.

4. Interpretation of the multipole

moments

From Egs. (41) and (46) we find that in the canon-
ical form of the Weyl-Lewis—Papapetrou coordinate
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system (4), the Curzon metric has no ‘multipole mo-
ment’ (where it means the free parameters), but the
Schwarzschild metric has infinite ones. These results
are somewhat unnatural and puzzling. Evidently, such
results are caused by the coordinate system, although
the canonical form (4) is most convenient for solv-
ing the metric. So how to extract the understandable
information from the solutions is also an important
problem.

Similar to the cases of point charge and dipole
in the electromagnetism, an ideal explanation for the
multipole moments should be expressed in the forms
of some conserved spatial integrals of the source.[??!
However, this idea is associated with how to define
the covariant generalized functions for nonlinear dif-
ferential equations, which may notm have a general
solution for the higher order moments. A realistic ex-
planation for these free parameters is to solve them
by associating the exterior solution with the interior
one, the results will endow the parameters with con-
crete values.?!) However, the influence of the coor-
In Refs. [24], the authors

suggested two ways of comparing the approximate so-

dinate system still exists.

lution with the exact solution: one is to calculate the
multipole structure of the Ernst complex potentials
for the solutions, and the second is to generate ap-
proximate solutions from exact ones by expanding the
latter into Taylor series with respect to a small pa-
rameter.

To interpret the physical meanings of these free
parameters, introducing a standard ruler may be a
convenient option. As an approach of the first step,
we find that the Schwarzschild metric is a good ruler,
because its properties are simplest and have been well
understood. By comparing the other solutions with

. Rs 1 _ (Rs\’ 1

1 1
Po+—Py— —P
+ (1440 LR VVRERS 160 4>
Rsg Rg 1
=14+ Py— —P.
1% +R+<R> +(o 12 2)

41
p_ A 5T
168 560

For the Kerr solution (42) and (44
expressed as follows

2 (5)

), the multipole moments in the coordinate system (¢, R, O, ) are

this ruler, we can have some definite and understand-
able meanings of these free parameters.

The standard exterior Schwarzschild space—time
is described by

ds? = (1—];5) de? — (1—%) dR?

— R?dO? — R?sin® Ody?. (60)
The transformation between (60) and (61) reads!!!
r= \/R2 — 2mR + m2cos2 O,
s — (R—m)cos® (61)

VRZ —2mR + m2cos2O’

which is valid in the region R > 1Rg(1 +sin®). In
the coordinate system (¢, R, ©, ¢), the line element (4)
becomes

ds? = U(dt + Wdyp)? — V[dR? + R(R — Rg)d6?]
— U 'R(R — Rg)sin® ©dyp?, (62)

~ R%sin? ©
V=[(1+ 2 ———_ WV
( TAR(R- Rs))
(t, R, 0, ) also form an ACMC-oo coordinate system.

For the Curzon solution (40), (U — 0,V — o)
corresponds to the surface

(63)

1 1
R=3Rs(1+sin®), SRs<R<Rs,  (64)

which is the surface of an oblate spheroid. This im-
plies that the solution is an analytic extension of the
vacuum produced by an ellipsoid. However, by V in
Eq. (63), we find that the solutions are valid only in
the region R > Rg. Expanding (U, ‘N/) into the Taylor
series, we obtain the free parameters for the Curzon
solution in the form of Legendre polynomials

6
+0(r77), (65)
3 29 1 Rs\*
rR) " (PO 68 2 28P4> (R)
o(r=%). (66)
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Rs 1 ,_ (Rs\®
—1-B 4 2a2p (=8 -
U R+4a 2(R) + « 2

1 1 Rs\*
Py 24132) (R)

1 1 1 1 Rs\’ _
2 - =’ 4+ — P — =P+ —=P| = o(r~7
+O‘[( 160‘+140)4 10 °" 56 2]<R)+ ™)
347 1 1 11 Rs\°
20 (2 2L 2Pt (e )R (B 67
ta [(280 1120a> RS TR TR TR A (67)
1Rs 1 [Rg\’ 5 11 Rs\*
22 S S 2 2 S
- Shs 2 (s 2 S )P
W O‘RSSIDQ{QR+2(R>+[ 24 2+(2 24“)0](1%)
- Tep s (Lo Le)p ﬁ4+0(*7)
Tt 2T \2 716 )\ R "
9 4, 3 ., 1, 113, 1 1 , 1 ,]/Rs\’
a2 P a2 Py =4 il ki)
+_<1600‘ 28()&)”(320‘ 168Y ) 2 e 60 T Y\ R
/79, 19 113, 305 , 1 1, 7 ,](Rs\°
Lt 2 P (et - 22 P s+ —at - Lo () L 68
+_<4480‘ 5600‘) 4+<13440‘ 336% )T T RY T |\ R (68)

Comparing the dimensionless coefficients of the term Py(cos ©) (Rg/R)® in (65) and (67), namely, 1/12 and
a?/4, we obtain a definite view about the relative deformations of each space-time. The bigger the absolute

values of the free coefficients are, the larger the deformation and the convection of the gravitating source will

be. In the viewpoint of series, the Kerr solution has not any speciality. However, besides (Rg = 2m,w; = a/2 =

J/m?), it is unclear whether the other coefficients have some relations with the general physical concepts.

The solutions in the metric (62) can be directly obtained from the following equations

R(R — Rs)0%u + (2R — Rs)Opu + cot Odgu + 03u +

R(R — Rg)0%W — cot OdgW + 03W + [R(R —

2e" (8@W)2
OpW)?2 + ————| = 0, 69
2o |27 T RR=Rs) (69)
Rs)aRuaRW + 8@U8(~)W] = 0. (70)

The solutions are equivalent to those in expressions (35)—(38).

5. Discussion and conclusion

The above procedure provides a simple but effec-
tive method to solve the series solution of stationary
and asymptotically flat metric with axisymmetry to
any precision required. The solution is identical with
two sequences of free dimensionless parameters, which
correspond to the usual multipole moments. The free
parameters are determined by the energy-momentum
distribution of gravitating source. For a wide class
of given parameters with suitable upper bound, the
series solution converges in the region r > Rg. For
a normal star, we always have r > Rg, so the series
provides highly accurate solutions to the stationary
metric with axisymmetry.

To interpret the meanings of the free parameters,

using dimensionless form and setting up a standard
ruler are meaningful. Only comparing our solutions
with a simple ruler, we can find the difference between
the solutions, and obtain a clear view about the free
parameters. For a given star, from the free parameters
obtained by associating the exterior metric with the
interior solution, the results will have concrete phys-
ical meanings. However, the matching conditions on
the surface of the star should be carefully discussed.
In Ref. [29], we find U € C! but V € C°.
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Appendix

Substituting Egs. (29) and (30) into the original equations (27) and (28), and expanding them into series,
we have the relations among the parameters (agy, brn) as follows:

Rs\? R\’
0= 22&20 (:) + (—20,371 + 6&30) (’I“S)

R
+ [(6aq; + 12b%,) cos(20) + (—2a4; + 12a40) + 2003, ] ( :)

+ [((—86L5’2 + 140,5’1) + 4b1,1(3a1,0b1,1 + 4b2’1)) COS(QG)

R 5
=+ (—40,572 — 2@5)1 + 20(15,0) + 4[)171(5@170[)171 + 12[)271)] (:) + O(r_6)’ (Al)

Rs\’ Rs\’
0 = {(8[)21 =+ 20,10[)11) <7‘S) + [(16b32 + 201)31) + 4(120b11 + 4(1101)21] (i)
+ [(321)472 — 20,3’1171’1 —+ ].2041’0[)3’2) COS(29) + (48[)472 + 36b4 1)

R
+ 6b1,1a3,0 — 8az1b1,1 + 12a1,0b3,2 + 8az,0b2,1 + 6a1 obs 1] ( TS)

+ [((481)573 + 72()5’2) + ].60,1’0[)4’2 + 40/3711)2,1 + 24@2701)3,2) COS(29)
+ (72[)5,3 + 88b5 2 + 56()5’1) + 8b1,1a4,0 + 16a1,0b4,2 — 8asz 1b2,1 + 24a2,0b3 2

R 5
+ 12&27017371 + 12b271a370 — 8&4,1()1,1 + 8&170[)471] (f) + O(r6)} Rg Sin2 0. (A2)

The values of the parameters are given by the following recursive relations:

1
ap = —2, ax=0, az1=mi, azx = 3, a1 = —iw%, a40 = —§wf,
_ — z 2 + é 8 + g
(5 =M, 51 = ZWi+ =My, 50 = 3511)1 3572
_ 1 _ 1,24 _ L e 3
ag2 = 2w1w2, ag1 = 10101 5w1w2, a6 = 1Ow1 10w1w27
1 1 1 1
b1 = —5WL, boy = — %y b3y = — %2 b3 = £ W2~ 75WL
1 3 1 3 1
bap = TRp MWL T 1EW2, by = “3pt + 502 T gg MWL (A3)
b ——lw b ——iw —|—1w b ——imw—iw —|—iw + —w
58 = ~gWs sz = —pwWat gws,  bs1 = —ogmmiwn — Joptn - Jrws F o wss
b ——Ew —iwm +imw
63 = T3eWs — TpWiM2 T gemiws,
b——iw?’ 3wm+1mw+1mw 1w—|—5
27 7168 56 1M T 90 MR T 150 ML T 3612 T 5y Y
b — 11 1 + 51 1 n 1 n 25 1
017 480 "2 T 0™ e M2 T 35 M T 5 2 T rsg e T g0
The solutions to Egs. (69) and (70) in metric (62) are given by
R R
U—l—RS+< Mlcos(29)+6M1)<RS)
1 1 1 Rg
+ {<4M1 1 1) cos(20) + 12M1 4w%] (R) +0(r ), (A4)
Rs (Rs 1 37 1,
—14 28 1 — M cos(2 ffM 1= 20
4 +R+(R> +( 100s(26) 1( ) ( 961 e
9 3 Rs\*
RV 4 YA 2 78 A
—|—< ey 1+64 )cos(@)—i—( 5 1+16w1>cos(8)><R>, (A5)
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2
W = Rg sin? @ wlﬁ + w1y (RS) + O(’f"_s)

R R
3 3 71 Rs\?

_ 2 2 b i )
+ ng 16w1) cos(20) + W2 + Sowl} (R)

27 1 9 239 5 27 Rs\*
+ [( — 6211]1 + §M1w1 + 4w2) COS(Q@) + %Uh + ﬂlel + 2011)2:| (R) s (A6)

where 1 . 3.11
M]Zml"—g, M2:m2+2f97 M3:m3+27, (A?)

are somewhat ‘pure mass’ multipole moments induced by the
case of Schwarzschild metric, we have (M}, = wg = 0, Vk).

influence of the coordinates (see Eq. (46)). In the
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