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A scheme is proposed to controll the decoherence of three-level rf-SQUID qubit with asymmetric potential by

designing an external electric circuit for superconductive flux qubit. The results show that it may not only raise the

gate speed but also extend decoherence time for a three-level structure.
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1. Introduction

Over the past decade, a variety of qubits

have been theoretically proposed and experimen-

tally realised based on superconducting Josephson

junctions.[1−7] One of valuable schemes is to use mag-

netic flux states in superconducting quantum interfer-

ence devices (SQUID).[8−14] In a really physical sys-

tem, the interaction between solid-state qubits and

the environment is inevitable, which leads to deco-

herence. The process restricts the ability to maintain

pure quantum states in quantum calculation.[15,16] Es-

pecially, the superconducting qubits always suffer the

decoherence, such as relaxation and dephasing, result-

ing from a relatively short coherence time. More-

over, it is well-known that the decoherence strongly

affects the gate speed and gate error rate.[17−19] Thus,

environment-induced decoherence has been a main ob-

stacle for the practical application of superconducting

qubits in quantum computation. In the practical ap-

plications, in addition, it is important that a typical

gate operation time must be much smaller than the

decoherence time. Thus, there arises a fundamental

issue of how to increase the decoherence time.

We know that the multilevel structure of the

SQUID qubits is advantageous to the exaltation of

the calculation speed of the qubits, but the intrinsic

gate error and leakage to the noncomputational states

cause significant errors even though the simple one-

bit SQUID quantum gate operations.[20] As pointed

out by Kis and Paspalakis,[21] for the sake of exalt-

ing the gate speed of the superconductive flux qubit,

one should adopt a way of the three-level structure in

quantum calculation. Based on the conventional con-

figuration of SQUID qubits, Zhou et al.[22] proposed a

three-level (Λ-type) rf-SQUID qubit. Here, the states

of the qubit are the two lower flux states |0⟩ and |1⟩
of the Λ-type system. Thus the manipulation of the

qubit is done with two microwave fields that couple

the lower states (|0⟩ and |1⟩) to upper state |e⟩. As

the transition matrix elements, corresponding to the

transitions |0⟩ ↔ |e⟩ and |1⟩ ↔ |e⟩, are larger than

that of the transition, the three-level SQUID qubit has

been shown to be more favourable than the conven-

tional two-level SQUID qubit for implementing a NOT

gate, where auxiliary level |e⟩ is used to significantly

increase the speed and reduce the errors of quantum

gate operations. However, generally speaking, it is a

contradictory issue for the exaltation of both the gate

speed and the decoherence time at the same time.

It is known that numerous theoretical studies on

the decoherence of superconducting qubits have typ-

ically relied on a widely used spin-boson model with

pure two-level or multilevel dynamics. However, the

environment reservoir is so complex that the simple

phenomenological model can not cover all effects in-

volved in it. In the present work, by combining net-

work graph theory with the Caldeira–Leggett model in

the multilevel quantum description method,[23−26] we

analyse the expressions of the relaxation and the deco-
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herence times of the rf-SQUID qubit in the regime of

the three-level structure. Then by designing an elec-

tric circuit of the superconducting flux qubit in the

regime of three-level structure, we may control the

spectral density of heat bath fluctuations to fit the

real scenario of the decoherence process.

2. Model and the Hamiltonian

The Hamiltonian in the Caldeira–Leggett model

is given by

H = HS +HB +HSB, (1)

where HS is the Hamiltonian of the rf-SQUID,

HS = − 1

2m

d2

dx2
+

1

2
mω2(x− xe)

2

− mω2

4π2
β cos (2πx) , (2)

where x = Φ/Φ0, xe = Φe/Φ0, m = CΦ2
0, ω

2 = 1/LC

and β = 2πLIC/Φ0. While Φ is total magnetic flux

in the superconducting ring, Φe is the magnetic flux

externally applied to the SQUID, Φ0 = h/2e is the

flux quantum, IC is the critical current of junction, L

and C are the ring induction and the ring capacitance

respectively, HB is the Hamiltonian of the reservoir,

HB =
∑
α

(
1

2mα

d2

dq2α
+

1

2
mαω

2
αq

2
α

)
, (3)

which describes a bath with the position qα, mass mα

and frequency ωα of harmonic oscillators. The HSB is

the interaction between the quantum system and the

reservoir,

HSB = −Φ−1
0

∑
α

λαqαx, (4)

where λα is the coupling coefficient.

3. Controlled decoherence

In the Hilbert space spanned by the eigenstate

|m⟩ with eigenenergy Em (m = 1, 2, . . .), the master

equation from Hamiltonian (1) may be obtained in the

Markovian approximation, i.e.

ρ̇nm(t) = − iωnmρnm(t)−
∑
kl

Rnmklρkl(t), (5)

which is called Redfield equation, while ρmn =

⟨m| ρ̂ |n⟩ and ωnm = ωn − ωm. According to inter-

acting Hamiltonian (4), the Redfield relaxation tensor

is[27]

Rnmkl =
1

2~2

[
− xlmnkJ(ωnk)− xknmlJ(ωml)

+ δlm
∑
i

xniikJ(ωik)

+ δnk
∑
i

xmiilJ(ωil)

]
, (6)

where xlmnk = ⟨l|x |m⟩ ⟨n|x |k⟩. In the semiclassical

approximation, the relaxation, decoherence and pure

dephasing times of the system may be expressed in

terms of the spectral density of the heat bath fluctu-

ations J(ω).

Thus, the effect of a thermal bath on a quantum

system may be characterised by a spectral density. It

is known that in the two-level structure for the su-

perconducting circuit containing flux qubit, by using

the spin-boson mode, one proves that noise caused

by fluctuations of spectral density can be computed

from the frequency-dependent damping coefficient of

the quantum Langevin equation. Thus, it is interest-

ing to study the noise effects for three-level structure

by using the Langevin equation.

Using the Kirchhoff law in the qubit circuit de-

scribed by Fig. 1, the quantum Langevin equation

may be expressed as

CΦ0
d2x

dt2
+ Φ0

∫ t

t0

dτY (t− τ)
dx(τ)

dτ

+
1

Φ0

dV (x)

dx
= IB(t), (7)

where the damping coefficient Y (t− τ) is the equiva-

lent admittance of the external circuits, and IB(t) is

the fluctuation force of undulation of ambient mag-

netic field. The spectral density of a bath is[28]

J(ω) = ~ωG(ω)

[
1 + coth

(
~ω

2kBT

)]
, (8)

where T is the ambient temperature. G(ω) is the real

part of the frequency dependent admittance Y (ω) of

the external circuit. The relaxation, pure dephasing

and decoherence times of the system may be respec-

tively expressed as

1

T1
=

2Φ2
0

~
|xjk|2 J(ωjk), (9)

1

Tϕ
=

2Φ2
0

~
|xjj − xkk|2 J(ω)|ω→0 , (10)

1

T2
=

1

2T1
+

1

Tϕ
, (11)
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where xjk = ⟨j|x |k⟩ is the tunneling amplitude be-

tween the two wells.

Fig. 1. Circuit of rf-SQUID flux qubit with external ad-

mittance Y (ω).

From Eqs. (9)–(11), we see that the relaxation and

the dephasing times of qubit are determined by the

spectral densities at the transition frequency ω = |ωjk|
around low frequency ω = 0. In addition, the relax-

ation time is proportional to the modulus square of the

transition matrix element, i.e., 1/ |xjk|2, while the de-
phasing time is proportional to 1/(xjj − xkk)

2. More-

over, we see that when Tϕ → ∞, the decoherence time

T2 decreases with the increase of the coupled matrix

element xjk. Therefore, in order to make sure of the

correctness of quantum computation at a given deco-

herence time, we must enhance the operating velocity.

On the other hand, in order to exalt the decoherence

time, the overlapping integral xjk must be a very small

number. This corresponds to the case where the two

wells are far from each other. Therefore, there appears

a contradictory issue of the simultaneous exaltation of

gate speed and coherence time.

In order to solve the problem, it may be useful

to compare the gate speed of three-level with two-

level quantum NOT gates for an asymmetric poten-

tial of rf-SQUID.[29] The evolutions of the gate speed

for the three-level and the two-level systems with field

amplitude are shown in Figs. 2(a) and 2(b) respec-

tively. The curves indicate the microwave pulse du-

ration for the complete transition of the system with

the same parameters from the initial state|0⟩to the

state |1⟩, which are functions of the normalised field

amplitude. Fig. (a) shows the speed of NOT gate ver-

sus microwave amplitude for the three-level qubit, and

Fig. (b) displays the speed of NOT gate versus mi-

crowave amplitude for the two-level qubit. It is obvi-

ous that, under the same parameter as those in Fig. 1,

the scheme for three-level qubit scheme is much faster

than that for the two-level qubit.

Fig. 2. Comparison of the NOT gate speed between the three-level system (a) and two-level system (b).

The result may be easy to understand because

the coupling matrix elements ⟨0|x |e⟩ and ⟨1|x |e⟩ are
about two orders of magnitude greater than the cou-

pling matrix element ⟨0|x |1⟩, where |e⟩ is the auxil-

iary level. This property is universal for flux qubits

since the state |e⟩ is delocalised and this significantly

overlaps the wavefunctions of states between |0⟩ and

state |1⟩. In contrast, the wavefunctions of states be-

tween |0⟩ and state |1⟩ have essentially no overlap

because they are the computational basis of the flux

qubit. Hence, ⟨0|x |1⟩ is always exponentially smaller

than ⟨0|x |e⟩ and ⟨1|x |e⟩, which explains why the sec-

ond order process described here is faster than the

conventional first order process.

Different from in the two-level structure,[30] in the

three-level scheme, one may have two manipulation

processes. First, one microwave pulse with frequency

ωa lasts time t0e and disappears at the moment when

the transition |0⟩ → |e⟩ is completed. At the same

moment a second microwave pulse with frequency ωb
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is applied and lasts time te1 to complete the tran-

sition |e⟩ → |1⟩. The two microwave pulses are of

the same amplitude. Second, after the action of mi-

crowave pulse with amplitude ε and frequency ωa lasts

time t0e, let the action of another microwave with fre-

quency ωb last time te1. Thus, the total decoherence

time for the three-level scheme is given by

T2Λ =
~

Φ2
0 |x0e|2 ω0eG(ω0e)

+
~

Φ2
0 |xe1|2 ωe1G(ωe1)

. (12)

An actual SQUID always has limited decay

impedance, therefore it has a limited decoherence

time. At low temperatures, the dephasing time is in-

verse with respect to temperature. For an extremely

high temperature, furthermore, setting Tϕ → ∞, there

is T2 = 2T1. Different from the gate speed, the deco-

herence time will reduce with the raise of coupling

matrix elements. Fortunately, one may extend the de-

coherence time to the regime of three-level structure

by controlling the external circuit. Around the low

temperature, from Eqs. (9)–(12), we have

T2 =
~

Φ2
0 |xjk|2 ωjkG(ωjk)

, (13)

which determines the coupling matrix elements. Thus,

the corresponding gate speed is obtained. From

Eqs. (12) and (13) it follows that if the function,

f(ω) = ωG(ω), is a decreasing function of frequency

ω, one may improve the decoherence time.

Fig. 3. A simple circuit mode containing flux qubit. The

left is circuit of qubit, the right is the circuit that controls

qubit by coupling mutual-inductor.

According to the ideas, in order to obtain not

only a fast speed of the gate but also a longer de-

coherence time, we construct an electric circuit like

Figs. 3 and 4, where the mutual-inductor coefficient

between primary and secondary circuits isM , Y0(ω) =

G0(ω) + iB0(ω) is admittance of secondary circuit.

According to Fig. 3, we have

Y (ω) =
1

R
+

ω2M2G0 − i(ωL+ ω2M2B0)

ω4M4G2
0 + (ωL+ ω2M2B0)2

. (14)

Using Eq. (14) under the condition R → ∞, Eq. (13)

becomes

T2 =
~[ω4

jkM
4G2

0(ωjk) + (ωjkL+ ω2
jkM

2B0(ωjk))
2]

Φ2
0 |xjk|2 ω3

jkM
2G0(ωjk)

.

(15)

Fig. 4. A particular circuit mode containing flux qubit.

In primary circuit, resistor R and inductor L are in par-

allel, mutual-inductor coefficient between primary circuit

and secondary circuit is M ; In secondary circuit, resis-

tor R1, inductor L1 and L2 are in series, mutual-inductor

coefficient between inductors L1 and L2 is M12.

Adjusting mutual-inductor coefficient between in-

ductors L1 and L2 and letting them satisfy the relation

L1 + L2 − 2M12 = 0, we find

Y (ω) =

(
1

R
+

M2R1

ω2M4 +R2
1L

2

)
− i

R2
1L

ω3M4 + ωR2
1L

2
. (16)

Obviously, in order to assure a longer decoherence

time, f (ω) = ωRe (Y (ω)) should decrease with the in-

crease of frequency ω. Under the condition R → ∞,

Eq. (16) should satisfy the following relation:

ω >
R1L

M2
. (17)

Figure 4 shows how a particular circuit mode con-

taining the flux qubit controls the frequency depen-

dent admittance Y (ω). By adjusting the parameters

R1 and M , where M is controlled by L1 in the sec-

ondary circuit and the coupling coefficient between

the primary and secondary circuits, one may find a

solution satisfied Eq. (17).

Setting L = 102 pH, M = 103 pH and R1 =

102 Ω, we have T2 = 156 ns and T2Λ = 5528 ns.

Obviously, T2Λ is much larger than T2. We find

that for a longer time of decoherence, R1 should be ap-

proximately proportional to M2, i.e., R1 ≈ 10−20M2.
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4. Conclusion

From our results it follows that although there

is a contradiction between the raising of gate speed

and the exalting of decoherence time, it may be con-

quered by rationally designing the electric circuit. In

the rf-SQUID flux qubit with an external circuit, by

adopting the three-level structure, one may not only

raise the gate speed but also extend the decoherence

time under a reasonable choice of parameters in the

external electric circuit.
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