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A new approach of solving Green’s function for wave

propagation in an inhomogeneous absorbing medium
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A new approach is developed to solve the Green’s function that satisfies the Hehmholtz equation with complex

refractive index. Especially, the Green’s function for the Helmholtz equation can be expressed in terms of a one-

dimensional integral, which can convert a Helmholtz equation into a Schréodinger equation with complex potential. And

the Schrodinger equation can be solved by Feynman path integral. The result is in excellent agreement with the previous

work.
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1. Introduction

Wave propagation in an inhomogeneous medium
is an important subject and has many applications, "
such as wave propagation in the atmosphere and
It is well-known that the Helmholtz
equation often arises in the study of wave propaga-

underwater.

tion problems. Until now, only a few analytic solu-
tions of the Helmholtz equation are obtained for wave
propagation in inhomogeneou medium. For exam-
ple, Perkeris!? found an analytic solution for a point
source in a layered medium, where the refractive in-
dex is given by n = z~!. Kormilitsin!® and Holford!
obtained solutions in media specified by n = z!/2
and n = (A+ Bz + Cy+ Da? —|—EaL‘y—|—Fy2)1/2 re-
spectively, in which the solutions were expressed as
a onefold integral. Using the path integrall®® and
other methods, Li et al.l"=9 found some solutions of
the Helmholtz equation. All the approaches, however,
are not applicable to study the wave propagation in an
inhomogeneous absorbing medium, for the wave prop-
agation in the media with real refractive index other
than complex refractive index. Nevertheless, the wave
propagation in the media with complex refractive in-
dex has many special properties, which has attracted
extensive attention.10—14]

Therefore, in this paper, a new approach is de-
veloped to solve the Green’s function which satis-
fies the Hehmholtz equation with a complex refrac-

tive index. In particular, the Green’s function for the
Helmholtz equation can be expressed in terms of a
onefold integral,l%) which can convert the Helmholtz
equation into a Schrodinger equation with complex
potential. Then Feyman path integral®®=19 is em-
ployed to solve the Schrodinger equation. Finally, we
study a Green’s function in an inhomogeneous absorb-
ing medium, in which complex refractive index has a
simple form. The result is compared to that in an

inhomogeneous non-absorbing medium.!*!

2. Helmholtz equation of com-

plex refractive index

In this paper, we only consider the one-
dimensional inhomogeneous absorbing medium with
a complex refractive index profile n? (z) = 1+ V (z),
where V (x) is a complex function in arbitrary form.
The one-dimensional Green’s function satisfies the
Helmholtz equation
2
922

with kg = w/cg, w is the angular frequency of the inci-

G (z,2") + kin* () G (z,2) = -6 (x —2') (1)

dent light and ¢y is the velocity of the light in vacuum.
According to Refs. [6] and [9], the Green’s func-
tion in Eq. (1) can be expressed as

G(z,2) = ﬁ/@ G (z,2,t) exp (lk;t> dt, (2)
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where ¢ is only a variable of integration which does
not have any physical meaning. Considering the ini-
tial condition and the radiation conditions

G (z,2',0) =6 (x —a'), (3)
G (+o0,2',t) = 0, (4)

and substituting Eq. (2) into Eq. (1), a time-
dependent Schrodinger-type equation is obtained as

below!®!

2
a—G (z,2',t) + K2V (2) G (z,2',1)

0x?
OG (z,2',t)
2ikg———"= =0. 5
+2iko ot (5)
Multiplying this equation by 1/2k2, we find that

12 V@)

- = !

o3 520 DT

+ . iaG (x7x/7t)
"% | ot

G (z,2',t)
=0. (6)

Our research concentrates on analytic solution of the
Helmholtz equation for light propagation in an inho-
mogeneous absorbing medium, in which the recipro-
cal of kg is much less than 1(1/ky < 1). Then we let
1 = 1/ko, the Eq. (6) can be changed into a complete
time-dependent Schrédinger equation

2 92
n 9 ’ V(2) ’
2ax2G(x,x,t)—|— 5 G (z,2',t)

. OG (x,2',t)
+177 ot _07 (7)

where 7 corresponds to constant & and the mass m
is reduced into 1. It is noted that function V (z) in
Eq. (7) is complex, therefore Eq. (7) can be regarded
as a Schrodinger equation with complex potential.

3. Schrodinger equation with

complex potential

The solution of time-dependent Schrédinger equa-
tion with complex potential can be expressed in terms
of a path integral. According to Refs. [18] and [19], the
expression of Green’s function which satisfies Eq. (7)
is

G (z,2',t) = ANFy exp ES(N) (Z)] , (8)
FN — /le e / dZN—l exp <;]At£TO'§>a (9)
Fl FN*I

where all the definitions of the variables can be found

in Refs. [18] and [19]. Here we must pay special at-

tention to the matrix o, which is given by!!3:14]
1 1
—(—)s-w 10
7 (2At2> 97" (10)
where W is
Wij = (Sij (82V/822)|Z=Zj (11)
and Jii :2,22 1,2,...,N—1; Ji,i+1 = —1,’L':

1,2,... , N—=2; Ji_1, =-1,i=23,... ,N —1; all
other J;; = 0. There will be a problem that the matrix
o does not guarantee a complete set of eigenvectors
for complex potentials and paths, thus Eq. (9) evalu-
ated by the standard technique will not work. In order
to avoid this issue, we choose complex function V' (x)
which has the following form

Vi(z) = Vr(z) —ighi(z), (12)

where Vg (z) and Vi (x) are real functions, g is a non-
negative real whose order of magnitude is close to
1. Under this assumption, the Green’s function in
Eq. (7) can be determined completely by following
equations!18:19]

;o 1 1/2 ;
Gt = || e | L5z 0)]. (9
d dfT(;) LW (r) f(r) =0, (14)
f(0)=0, (15)
|
o) =0 (16)

This approach can be applied to the light prop-
agation in a quadratic continuous absorbing medium.
In order to compare with a previous work,[®! complex
function V (z) is given by a quadratic form

V(x) = 2%°2? — i ga?, (17)

inserting Eq. (17) into Eq. (11) and combining
Egs. (14)-(16), the normalizing factor f () in Eq. (13)
can be obtained

2% —ig)

ft)= QZ——ig’ (18)

and the action S (Z (+)) is given by
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Szt = 2sin (tm(;zif ig)

[(332 + 2'%) cos (t 22 — ig) - 2.%‘.’)3/} . (19)

In this case, the solution of the time-dependent Schrodinger equation with complex potential is

b/ g ]”:Xp ihoy/@ —ig
2risin(y/022 —ig) 2sin(t 92—19)

Finally, taking Eq. (20) back to Eq. (2), we easily obtain the Green’s function which satisfies the Helmholtz
equation

G(x, 2 t) =

[(wz + 2'%) cos (t 22 — ig) — 2.27.%‘/} . (20)

1/2
G(Jcm’):L/00 ko\/$22 —ig /
7 2ko Jo |2misin(y/22 —ig)

><exp1—0 t+ 19

2 sin (t 22 —ig)

{(mz +2'%) cos (t 02— ig) - Q:Ex’} dt. (21)

Therefore, the form of the light field at an arbitrary observation point  can be determined by the Eq. (21),
which describes the propagation behaviour of light field in the quadratic continuous absorbing medium. A
numerical solution of the Eq. (21) is planned for the future. In addition, it is also interesting to note that
by setting g = 0, the Green’s function which satisfies Helmholtz equation of complex refractive index can be

rewritten as

ko {2

Thus the Green’s function in Eq. (21) can be eas-
ily reduce to the Green’s function for the inhomoge-
neous non-absorbing medium, which is consistent with
Eq. (9) in Ref. [9].

4. Summary and conclusions

In this paper, a new approach is developed to
solve the Green’s function that satisfies the Helmholtz
equation with a complex refractive index. To be spe-
cific, we first show that the Green’s function for the
Helmholtz equation in a general inhomogeneous ab-
sorbing medium can be expressed in terms of a onefold
integral. Then the Green’s function which satisfies the
Helmholtz equation with a complex refractive index

ik

) i ) 1/2 0
G (@) = Tko/o |:27Tisi1’l(9t):| Py {t * sin (£2t)

[(z® +2") cos (02t) — 222] }dt. (22)

can be converted into a Schrédinger equation with
complex potential. Subsequently, path integral ap-
proach is employed to solve the Schrodinger equation
with complex potential. Finally we find that Green’s
function which satisfies the Helmholtz equation with
complex refractive index. The result is in agreement
with the previous work. It should be noted that our
work is based upon 1/ky < 1, which means that
our approach is suitable only for solving Helmholtz
equation of high frequency vibration wave, such as
infrared light, x-ray, etc. Besides, we restrict our at-
tention to purely absorptive potentials, thus Vi (z) in
Eq. (12) must greater than or equal to 0. The appli-
cations along with generalizations of the present work
to three-dimensions will be presented in the future.
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