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This paper studies the symmetry of Lagrangians of nonholonomic systems of non-Chetaev’s type. First, the

definition and the criterion of the symmetry of the system are given. Secondly, it obtains the condition under which

there exists a conserved quantity and the form of the conserved quantity. Finally, an example is shown to illustrate the

application of the result.
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1. Introduction

The researches on the symmetries and the con-
served quantities of mechanical systems have not only
important mathematical significance, but also pro-
found physical importance. From the point of view
of method, the study on symmetries is mostly based
on certain invariances under the infinitesimal trans-
formation of time and coordinates, such as the in-
variance of Hamiltonian action that is called Noether
symmetry,' =9 the invariance of differential equation
called Lie symmetry8—12l and the invariance that the
dynamical function still satisfies the original equation
after the infinitesimal transformation is called form
invariance.['3~1%] Reference [16] studied the problem
of equivalent Lagrangians for single degree of freedom
mechanical systems and pointed out that there ex-
ist conserved quantities in this case. Reference [17]
extended the result to conservative multi-degree-of-
freedom systems. Reference [18] extended the result to
nonconservative holonomic systems and called it the
symmetry of Lagrangians. Reference [19] discussed
the symmetry of Lagrangians of nonholonomic sys-
tems of Chetaev’s type and obtained the correspond-
ing result. We now attempt to extend the above result

to nonholonomic systems of non-Chetaev’s type.

2. Equations of motion of the sys-

tem

Suppose that the position of a mechanical sys-
tem is determined by the n generalised coordinates
gs(s = 1,...,n).
subjected to the g nonholonomic constraints of non-

Let the motion of the system be

Chetaev’s type

fﬁ(taqvq):(), (ﬂ:]-avg)7 (1)
the equations of virtual displacement are
fﬁs(t,qa‘j)éqs =0. (2)
Particularly, if
Ofs
s — - 3
Tos = 3. (3)

they are reduced to constraints of Chetaev’s type. The
differential equations of motion of the system can be

written in the form[20
d 0L OL
ar - = S )\ S
Aog. g @t el
(s=1,...,n). (4)
Suppose that the system is nonsingular, i.e.
0L )
det — 0. 5
(aQSa(Jk 7& ( )
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Using Egs. (1) and (4), we can express the constraint
multipliers A as functions of ¢, q, g, as

s =As(t,q,9). (6)

Then Egs. (4) can be written in the form

d oL oL
dt 0qs  Oqs

= QS + AS7 (7)
where

As = Ag(t,q,q) = M3(t,q,q) f3:(t,q, q) (8)

are called generalised constraint reaction forces, the
Egs. (7) are called the equations of the corresponding
holonomic system for the nonholonomic system rep-
resented by Egs. (1) and (4) of non-Chetaev’s type.
The solution of the nonholonomic system can be ob-
tained from those of the corresponding holonomic sys-
tem provided the initial conditions satisfy the con-

straint equations of Egs. (1), namely

f5(to, 40, 4o) = 0 9)

Therefore, in order to study the solution of the non-
holonomic system, we first discuss the solution of the
corresponding holonomic system Egs. (7), then im-
pose the restriction of the constraints on the initial
conditions.

3. Definition and criterion of

symmetry of Lagrangians

Let other Lagrangian, generalised forces and gen-
eralised constraint reaction forces be respectively L,
Q. and A, and the differential equations of motion ex-
pressed by these dynamical functions have the same
solution set as that of the equations expressed by L,

Qs and A,.
Also,
d 0L OL
£s = aaiq.s_aiqs_Qs_As
— Wt o+ e O
° 0qs0qy 0450t dqs
_Qs - Asa (10)
- d oL OJ0L - -
Es = aaiqs - aiqs - Qs As
= Wardr + 'L dr + O°L oL
a(jsa(ﬂc aC]Sat aQS
_Qs - /IS7 (11)

where
0?L
94s04x.”
Definition For Egs. (7), if one can obtain £}, =
0(k=1,...,n) from L, =0(s = 1,...,n) and vice
versa, then the symmetry is called Lagrangian.

- 0%L
Wsk =

Wi = = 9000 (12)

From L, = 0, all of the generalised accelerations
(s can be solved as

_ _ _ oL 9L 0L
"s = USk A a. .7‘ - P
a <%+k+wkawmq m&)
(13)
where
W Uk =67, (14)

Substituting Eq. (13) into £, = 0, one can obtain
_ ~ 0L %L 0?L
W, Uk A+ — — il —
<%+k+wkémwm %&)
OL 0’L . 0%’L
g, 04,00 " " 94,0t
(k,l,r,s=1,...,n),

:QT+AT+

(15)

Criterion If two groups of dynamical functions
L,Qs, Ay and L,Q,, Ay satisfy Eqgs. (15), then the
symmetry is Lagrangian.

4. Conserved quantity deduced
by symmetry of Lagrangians

Deducing relation just like Ref. [19], from the
symmetry of Lagrangians, we can obtain

9L B 0L B 0Q, B O/,
04,0qr  0¢s0qr  Odr Oy
_ 44y
dt rk
2 2
wg(?L-—aL.—m%—a@>,
04, 0qx  0q,0qr  Oqr Oy
(16)
where

AT = Wy UM WU =67, (17)
Lo=ATL,, W,, = AW, (18)

Introducing two matrices T and T whose ele-
ments are respectively

9L 9L
T 04,0qs  0q,0dk
_ 02 02

T 04,00 0g,04r
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and supposing that generalised forces and generalised
constraint reaction forces satisfy the following condi-

tions:
0 = _ 0
o s+As :Azi 7'+A7'
G @ ) O (@ )
(s,k,r=1,...,n), (20)

we can express Eq. (16) in the matrix form
A=-TU + ATU, (21)

where A = (A7) and U = (U**) are n x n matri-
ces. Then for any positive integer m, considering the
fact that T and T are antisymmetric, U and W are
symmetric, and A = WU, using the properties of the
trace of matrices, we obtain

AA™ = (-TU + WUTU)A™ !
= -TUWU)" '+ WUTU(WU)™ ",
tr [TUWU)™ '] =0,
tr [ WUTU(WU)™ '] =0,
and
tr (A.Am*1> =0.
Thus,
d m _ d m
G leram) = | 3(am]
= mtr (AAm_l)
= ()7
i.e.
d
[tr(A™)] =0, (22)

dt
for any positive integer m, and we have the conserved
quantities

tr(A™) = const., (23)

namely, the trace of all positive integer powers of A
are constants of the motion. Therefore, we have

Proposition For the system Egs. (7), if the con-
dition Eq. (20) is satisfied, then the symmetry of La-
grangians of the system will lead to the conserved
quantity Eq. (23).

The constraint of Chetaev’s type is a special case
of non-Chetaev’s type constraints, therefore, we have

Corollary 1 For the holonomic system corre-
sponding a nonholonomic system of Chetaev’s type if
the following conditions are satisfied:

0 = _ 0
— Qs+ AY) = AL — (Q, + A, 24
o @+ B) =A@ ), (2

where

s — \B aq'g ’ (25)

then the symmetry of Lagrangians of the system will
lead to the conserved quantity Eq. (23).

Corollary 2 For a holonomic system, if Q,., Q,
satisfy the following conditions:

Qs 0Qy
== A
O O

(26)

then the symmetry of Lagrangians of the system will
lead to the conserved quantity Eq. (23).

Corollary 2 was obtained by Ref. [19].

By using the above proposition, one can seek the
conserved quantities of the corresponding holonomic
system Egs. (7). If one can find sufficient conserved
quantities, then the solution of the system can be
given. For the nonholonomic system represented by
Egs. (1) and (4), imposing the restriction of the non-
holonomic constraints on the initial conditions, one
can find the solution of the nonholonomic system.

5. Illustrative example

In order to illustrate the above result, we give an
example.

Suppose that a nonholonomic system of non-
Chetaev’s type is as follows:

L= (& +a),

Q1=0Q2=0,

f:q1+btq2—bq2+%t220 (b > 0),

5q1 + t6qo = 0. (27)

Equations (7) become

. ¢ I (28)
D=9 T BT T e
Then
L1=4q1+ t Lo =is+ r
1=4q1 1+ b2’ 2 = Q2 1+ b2

Choosing other Lagrangian, generalised forces and
generalised constraint forces as

=1l +iln(1+bt2) ’
R )

—+—1 ] +1t—iarctan\/5t i
2 q2 b b\/I; )
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Ql :QQZ/Ilz/IQ:O:

the condition Eq. (20) is satisfied and we have

El = {q1+21[71n(1+bt2)}£1’ 22 :£2,

ie.,

1
Al =g, + % In(1 4 bt?),

Then conserved quantity Eq. (23) gives

A2 =1.

1

Similarly, taking

=1l Jriln(lertQ) ’
o\t T

3
1 1 1
+-— {qz + —t — ——= arctan \/l;t} ,

6 b Vb
we obtain the conserved quantity
1 1
Iy = ¢o + -t — —= arct bt = Cs. 30
2 q2+b b\/garcan\f 9 (30)
Integrating Egs. (29) and (30), we obtain
1
q1 + % ln(l + th)dt — Cit = (45, (31)
1 1
g2+ —t> — —— [ arctan Vbtdt — Cot = Cy. (32)

26 bV

Suppose that the initial condition is

t=20, ¢1 = qi0, 92 = 920, 41 = 10, 42 = G20,

then we have

C1 = g0, C2 =20, C3=qio, Cs= qao.

The solution of the corresponding holonomic system
Egs. (28) is

1
@ =5 In(1 + bt?)dt + diot + quo,
1 2 1 / tan Vbt dt
- _ = —— [ arctan
2 PUR N
+420t + q20- (33)

The restriction of nonholonomic constraint on the ini-

tial conditions is
qu — bq20 = 0 (34)

The solution of the nonholonomic system is composed
of Egs. (33) and (34), which has 3 arbitrary constants.

6. Conclusion

The symmetry of Lagrangians is different from
the Noether symmetry, the Lie symmetry and the
form invariance. This paper extends the result of
Refs. [16]-[19] to the nonholonomic system of non-

Chetaev’s type, and obtains the corresponding result.
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