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This paper constructs an almost-Poisson structure for the non-self-adjoint dynamical systems, which can be de-

composed into a sum of a Poisson bracket and the other almost-Poisson bracket. The necessary and sufficient condition

for the decomposition of the almost-Poisson bracket to be two Poisson ones is obtained. As an application, the almost-

Poisson structure for generalised Chaplygin’s systems is discussed in the framework of the decomposition theory. It

proves that the almost-Poisson bracket for the systems can be decomposed into the sum of a canonical Poisson bracket

and another two noncanonical Poisson brackets in some special cases, which is useful for integrating the equations of

motion.
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1. Introduction

Self-adjoint dynamical systems such as conserva-
tive mechanical systems can admit the Lagrangian or
Hamiltonian formulations which possess a symplec-
tic strucure or Poisson structure.l"2 However, there
exist many non-self-adjoint systems in nature, e.g.,
nonholonomic systems,®~% some electro-mechanical
systems,!'% elementary particle systems in Riemann—

Cartan space-time,[!1—17]

the motion of rigid body in
body-fixed coordinate systems,!'® etc., whose phase
space is not symplectic and their Poisson structure
does not exist since the fundamental 2-form on the
phase space is not closed or the Jacobi identity for
Poisson bracket is not satisfied. Fortunately there ex-
ist almost-Poisson structures for these non-self-adjoint
systems, represented by the bracket operation con-
sisting of anticommutation, bilinearity and Leibniz’s

rule except for the Jacobi identity.[*19:20]

In gen-
eral, the almost-Poisson structure is more compli-
cated than the Poisson one, which makes the non-self-
adjoint systems difficult to integrate.[?!] Nevertheless,
the almost-Poisson structure can be decomposed into

the sum of a Poisson one and a new almost-Poisson

one which may become a Poisson structure in some
instances, such as Lie-Poisson one.?223] Such decom-
position of almost-Poisson bracket is very useful for
formulating the algebraic structure for the equations
of motion for the non-self-adjoint systems in order to
integrate it easily. In this paper we discuss the de-
composition of a general almost-Poisson structure for
non-self-adjoint systems at first and then apply it to
a kind of generalised Chaplygin’s nonholonomic sys-
tems. The almost-Poisson structure for generalised
Chaplygin’s systems can be split into the sum of a
canonical Poisson bracket and other two noncanonical
Poisson brackets in some special cases, which is useful
for integrating the equations of motion.

2. Decomposition of almost-

Poisson structure

In this paper we first formulate the general de-
composition theory of the almost-Poisson bracket on
manifold M. We define a contravariant tensor A to
be skew-symmetric (2, 0)-tensor on manifold M as fol-
lows
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A bracket is defined on M by

A=AY

\ LOA OB

for A, B € F(M). If smooth functions A, B, C satisfy
the following properties:

[AvB]*:_[BVA]*v (3a)
[A, ClB + CQC]* = C1 [A, B]* + c2 [A, C]* 5 (3b)
[A, BC]" = [A, B]*C + B[A,C]", (3¢)

where ¢; and ¢y are constants. Then the bracket in
Eq. (2) is an almost-Poisson bracket, and A is an
The manifold
M is called almost-Poisson manifold. However, it is

almost-Poisson constravariant tensor.

not necessary to satisfy the Jacobi identity, that is

[A,[B,C)"]" + [B.[C,A]"]" + [C,[A,B]"]" #£0
(3d)

for A,B,C € F(M).
about the decomposition of almost-Poisson bracket.

Then, there exists a theorem

Theorem 2.1 Any almost-Poisson bracket can
always be decomposed into a sum of a Poisson one and
a new almost-Poisson one

[A,B]" = [A,B] + [A, Bl; ; (4)

or on the contrary, the summation of an almost-
Poisson bracket and a Poisson bracket must be an-
other almost-Poisson one

[A, B} +[A, B] = [A,B]". ()

The proof of the theorem is evident and we can consult
Ref. [23]. If we define

[4, B]=[A, B, + (4, Bly, (6)

from Ref. [23], we can easily obtain the following the-

orem.

Theorem 2.2. A Poisson bracket [-, -] can be de-
composed into a sum of the other two Poisson brack-
ets [,-]; + [,-]5, or on the contrary, the sum of two
Poisson brackets is also a Poisson bracket, namely,
o]y +[+]y = [-,], if and only if the coupling of the
two Poisson brackets in the cyclical summation on A,
B and C'is zero. That is

[Aa [Bv 0]2}1 + [37 [Oa A]Qh + [Cv [Av B]2}1
+ [Av [B’ 0}1]2 + [B7 [C’ A]1]2 + [C’ [A’ B]1]2 =0. (7)

Due to Theorem 2.1, Eq. (2) can be divided into the
following

. 0A OB
A B * == A’L] Pl
[4, B] Oxt Ox7
= [A,B] +[A, B]}
.. 0A OB - 0A OB
_ %] ]
Oxt Oxd A Oxt Oxi’ (8)

in which 7%/ and A} are Poisson contravariant tensor
and almost Poisson contravariant tensor, respectively.
From Egs. (3a)—(3c), we can obtain

AY = A7, (9a)
A” 0A 0 (ClB + CQC)
L ot oI
. 0A OB i 0A 0C
_ 2] . vy —_
=ad Bat 0xi 2 i 9z (99)
A 0A 9 (BQC)
L oxi Qi
. 0OA OB . 0A 0C
:A” Pl BAZJ PR
L 9zt 9d C+ L 9zt i (9¢)
Because of
ON L ONIE L OAR
kl il jl
A ox! +4 Ox! +4 ox! 70, (10)
the following inequality is easily obtained
oA L ONIF YL
k1 94 1041 1047
A7 5l T A ol T Al o # 0. (11)

Thus, from Egs. (92)—(9¢) and Eq. (11), the same con-
clusion as Theorem 2.1 is obtained by the (2, 0)-tensor

A.

Corollary 2.1. The almost-Poisson contravari-
ant tensor A can always be decomposed by the sum
of a Poisson contratensor 7 and a new almost-Poisson

contravariant tensor Aj, that is

1] -
A5 N o
— U _ ] . 1
™ ow Mo TN i N (19

or on the contrary, the summation of a Poisson con-
travariant tensor 7w and an almost-Poisson contravari-
ant tensor A; is a new almost-Poisson contravariant
tensor A.

We define the summation of two Poisson brackets

[A, B], +[A, B,
_ 04 0B 04 OB
T 0w N o0 T2 g " B
A OB
- ) -
K922 Ao (13)

The following relations can be obtained evidently

K = K7, (14a)
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- 0A 8(61B + CQC)

K (‘33& oxI
— kAN TE kDA DO )
- K9 /\%C BKIZZATC (o)
jk ki
KklaaK za(;j +Kjl88[§l
- (et g

+ ! a’;l ) (14d)

The right hand side of Eq. (14d) is always called Ja-
cobiizer J¥* 24 From Eqs. (14a)-(14d), we can also
get another corollary.

Corollary 2.2.
travariant tensors is also a Poisson contravariant ten-

The sum of two Poisson con-

sor, or on the contrary, a Poisson contravariant tensor
can be decomposed into the summation of two Pois-
son contravariant tensors, if and only if when the cor-
responding Jacobiizer (14d) is zero.

3. Application of the decomposi-
tion theory of almost-Poisson
structure to the generalised

Chaplygin’s systems

In the following, we will specialise our discus-
sion on the decomposition of an almost-Poisson struc-
ture for a kind of generalised Chaplygin’s nonholo-
nomic system. For the systems if the coordinates
q" = (¢%, ¢") can be founded on the configuration man-
ifold, with a = 1,....,k and p = k+1,...,
that the nonholonomic constraints can be written in

n, such
the form

S q") " (15)

The kinematic equation of the generalised Chaplygin’s

(25,26

nonholonomic systems are as follows:

n

d 0L oL . OL OL »

R L YUy

dt ogr  Ogt 0q° = 1 Narn i
(n=k+1,...,n), (16)

where

0B 0B¢ oB¢ (9BLL
o (o _Z2v, gaZ7v  pa (1
R ( aqu 8(]/»0 + H a a v a ) ( 7)

The Legendre transformation is used to define
the new Hamiltonian H = ZZ:I@H pud* — L and
the general momenta p, = 0L/0¢", then the gener-
alised Chaplygin’s equation (16) can be described by
an equivalent Hamiltonian type

ot
g 0 0 B gqf’
H
< = /o 18
(% 0 0 ok g , (18)
f)u _thjl _55 prZu 8H
Ipy
where p, = 0L/0¢", R®, = (0B} /0q” — 0By, /0q" +
Bj0B;/0q* — Bj0B;;/0q"). Evidently it can be

proved that the skew-symmetric matrix

0 0 B¢
A=1] 0 0 o (19)
7B;/l 76[; pr/LV
is an almost-Poisson one.
We  denote the elements of A by

A (i,5=1,...,n), then the matrix A satisfies the
following conditions:

Aij — _Aji

0AY OATk
A1l

Ox! Ox!

By the way, it can be verified that the right-hand side
of Eq. (20b) occasionally vanishes for the special case

(20a)

8A’“

Akl A]l

£0. (20b)

of Eq. (18), such as the constraint are holonomic.*
Utilizing corollary 2.1, we can decompose the almost-
Poisson matrix (19) into

A=A + As, (21)
where

0 0 O 0 0 B¢
Ai=10 0 &4 |, Ax= 0 o0 0

0 =64 0 -BZ 0 prfw
It is evident that the second almost-Poisson tensor A,

can also be split by the sum of another two almost-
Poisson tensors Az and Ay, i.e.

Ay = Az + Ay, (22)
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where
0 0 B¢ 00 0
Az = 0o 0 o0 |, Ay=100 0
-B* 0 0 00 pyRY,

We can define a bracket operation of two smooth func-
tions on the almost-Poisson manifold, e.g., any two
smooth functions A and B of the systems

9A . 0B
* = AW
w OA OB, 0A OB
= T ~ 940
gt Op, " aqb 315#
_ b@% @ %aﬁ
" 0qb Opy uba Opy O,
where
0A OB OB 0A
= oD Dk A%, Ok AT
[A,B] {q ’py} (8(]# 6Z~)u aq# aﬁ”) 7
0A OB 0B 0A
— b 5 aba~  anb
4, B), = {¢".5.} (aqb 5, O «‘%) |
i _ .., 0A OB
A;B = YEVS s T
[ lo = {Pus D } 0P, 0Dy

Pp = Pp+ Bjpa, (24)
in which @+ = {¢",p,}, AY = {qb,ﬁy} and A}Y =
{P,pv}- Utilising Eq. (24), we can obtain

[4,1B,CL1],
0A 0 (0B oC 0B oC
94" Op, <W813u O 0q“>
0A 0 (0B oC 0B 0C
5537 (a5, i, )
, 0B 0A (0B 9C 9B 9C
TV 0g" Opy (aqaam - %ﬁqa) '
Summing cyclically on A, B and C, we obtain

(A, [BvC]l]l +[B,[C, A]l]l +[C, [A7B]1]1 = 0. (25)

— BbBa

v

Clearly, the almost-Poissson bracket [-,-]* can be
decomposed into a sum of a canonical Poisson bracket
[,:], a Poisson bracket [,-]; and another almost-

*

Poisson bracket [-,-];. If the almost-Poisson bracket
[A, BJ; is also a Poisson one, the following condition

is obtained from Jacobi identity

Opy

(RZARIZLV + Ra)\Rga + Ra/\RgH) paaiﬁ)\

o v

=0. (26)

So we have the following theorem.

Theorem 3.1.  When Eq. (26) is satisfied,
the almost-Poisson bracket of generalised Chaplygin’s
nonholonomic systems can be decomposed into the
summation of a canonical Poisson bracket and other
two noncanonical Poisson brackets.

However, if the almost-Poisson bracket [-,-]* de-
fined on the constrained submanifold is a Poisson
bracket in some special case, that is
[A,[B,C)"]" + [B,[C,A]"]" + [C,]A,B]"]" =0, (27)
namely, the Jacobiizer
aAk OAY

AM =0. (28
ozt + ox! (28)
So the necessary and sufficient conditions for the gen-

giik _ pil 68/:: 4 Al

eralised Chaplygin’s nonholonomic systems to be of a
Poisson structure are

Ipa,
R? =0 29
uv ap*)\ ) ( a’)
OB _ 0, (29b)
Oqb
Opa Opa Opa
R? RY R¢ = 2
nv aﬁo- + vo 8ﬁu + (e %) 8ﬁy 07 ( 9C)
OR%, QR®  ORY
® LLANE 2 =0 (29d)

dq7 dgt dq"
Equation (26) is certainly a direct result of Eq. (29a).
Thus we have:
Corollary 3.1 The Poisson bracket of gen-
eralised Chaplygin’s nonoholonomic systems with a
symplectic structure can always be decomposed into
the sum of a canonical Poisson bracket and other two

noncanonical Poisson brackets.

4. Illustrative example

We discuss a special case of Chaplygin sleigh. Let
us consider the free motion of a sleigh on a horizontal
plane in the case when the projection of the centre of
mass coincides with the point of contact of a sharp
wheel and the plane. We suppose that the simplified
sleigh has unit mass and unit moment of inertia in
R? x T' with coordinates (z,y, ), subjected to the
nonholonomic constraint y = & tan . Then the regu-
lar Lagrangian is given by L = (&% + §* + ¢?) /2.

For the nonholonomic constraint y = & tan p, let
“=q" =y, q" = (x,0), p=2,3, B) =tanyp, B} =
0 and L = (&% 4+ @2 tan? ¢ + ¢?) /2. We define the
generalised momentum by

p2=(1+tanp)d, p3=¢
and assume the Hamiltonian as
H = psg® +psg® — L
= % (2 + 3° tan®  + ¢?) .

So the Hamiltonian formation of the Chaplygin’s sys-
tem is as follows:
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o
- 9q°
g 0 0 1 0 o
i 0 O 0 1 93
Tl = 07 (30)
Do -1 0 0 Ztan psec? ¢ OH
: . Op2
0 —1 —it 2 0 -
D3 & tan @ sec® ¢ i
Ops
And the (0, 2)-tensor matrix is
0 O 0
. 1
A = , (31)
-1 0 @ tan @ sec? ¢
0 —1 —itangsec?p 0

which defines an almost-Poisson bracket as

.+ 0A 0B
4, 8] =4 Ozt OxJ

for smooth function A and B. By simple calculation,
we can easily verify that the Jacobiizer

JIE 40,

then the 2-form 2 determined by the almost-Poisson
bracket is pseudo-symplectic, namely the symplectiser

25, # 0.

However the almost-Poisson matrix A% can be decom-
posed by the sum of a canonical Poisson matrix z#”
and another almost-Poisson matrix J*¥ as follows:

AV = 4 Jh, (32)
where
0 0 10
ol 0 0 01 ’
-1 0 00
0 =100
00 0 0
g _ 00 0 0
00 0 @ tan @ sec? ¢

0 0 —2tanpsec? 0

Similarly the almost-Poisson bracket of the Chaply-
gin’s nonholonomic systems on the constrained sub-
manifold can be represented by a canonical Poissson
bracket and another almost-Poisson bracket,

[ad) = [af]- e of
= 48]+ {AHL (33)
where
po =dtang, C9, = sec? . (34)

It can be easily verified that the new almost-
Poisson bracket [-,-]" satisfies the Eq. (27), thus in
fact the new bracket [-,-]" is a Poisson bracket on the
momentum space.

Therefore, the generalised Chaplygin’s nonholo-
nomic systems can be decomposed into a canonical
Hamiltonian system and the other two noncanonical
Hamiltonian systems, which will make the equation
of generalised Chaplygin’s nonholonomic systems to
be integrated easily. The geometric algorithm of non-
holonomic systems can be transformed to study the
geometric integration of Hamilton systems and the
Lie-Poisson integration on the momentum space in
some special cases. So the idea of decomposition of
the almost-Poisson structure is very useful to the ge-
ometric algorithm of non-self-adjoint dynamical sys-

tems.
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