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Homotopic mapping solving method of the reduces
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A reduces equation of the Kelvin wave is considered. By using the homotopic mapping solving method, the

approximate solution is obtained. The homptopic mapping method is an analytic method, the obtained solution can

analyse operations sequentially.
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1. Introduction

Emaniel[1] has shown that in small-scale short-

lived two dimensional disturbances the Coriolis pa-

rameter is important in equatorial regions only when

the aspect is near unity. Sun[2] reached a comparable

conclusion, finding that all Coriolis terms are impor-

tant for small-scale unsymmetrical symmetric instabil-

ity. Tropical circulations are greatly influenced, an ap-

proximation for the Coriolis parameter describing the

meridional variation over a distance in north–south

near the equator.

Studying atmospheric physics is a very attrac-

tive subject academic circles. During the past decade

many approximate methods have been developed and

refined, including the method of averaging, bound-

ary layer methods, methods of matched asymp-

totic expansion and multiple scales. Recently, many

scholars such as Guarguaglini,[3] Hovhannisyan and

Vulanovic,[4] Abid, Jieli and Trabelsi,[5] Graef and

Kong,[6] and Barbu and Cosma[7] have done a great

deal of work. Using the method of differential inequal-

ities, Mo et al. also considered a class of singularly

perturbed nonlinear boundary value problems for the

reaction diffusion equations,[8] the activator inhibitor

systems,[9] the ecological environment,[10] the shock

wave,[11] the soliton,[12−15] the laser pulse,[16] the

ocean science[17,18] and atmospheric physics.[19−23]

In this paper, using a special homotopic mapping

method, we study the Kelvin waves in atmospheric

physics.

2. Kelvin wave model

The goal of the current study is to identity Kelvin

wave modes associated with a stably stratified or neu-

tral atmosphere that are independent of moist convec-

tive and nonlinear interactions.

Now we consider the following reduced equa-

tion for the Kelvin wave in (x, z, t) ∈ (−∞,+∞)2 ×
[0,+∞):[24](

α2

C2

)
∂4π

∂ t4
+

[(
α2

C2

)
(N2 + f ′2) + Γ 2

]
∂2π

∂ t2

− α1
∂4π

∂ t2∂x2
−N2 ∂

2π

∂x2

+ 2f ′Γ
∂2π

∂ t∂x
− ∂4π

∂ t2∂z2
= 0, (1)

where independent variables t, x, z are measures of

time and distance in the east–west and vertical coor-

dinates, respectively, the scaled variable π represents

the pressure, N2 is the Brunt Vaisalla frequency, C is

the Laplacian velocity of sound, while α1, α2, f ′ and

Γ are corresponding constants.[24]
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We first write the following equation(
α2

C2

)
∂4π

∂ t4
+

[(
α2

C2
)(N2 + f ′2) + Γ 2

]
∂2π

∂ t2
− α1

∂4π

∂ t2∂x2
− ∂4π

∂ t2∂z2
= 0. (2)

Let w =
∂2π

∂ t2
, thus from Eq. (2), we have

(
α2

C2

)
∂2w

∂ t2
+

[(
α2

C2

)
(N2 + f ′2) + Γ 2

]
w − α1

∂2w

∂x2
− ∂2w

∂z2
= 0. (3)

From (3), we have

∂2w

∂ t2
+ a2w − ∂2w

∂x2
1

− ∂2w

∂z21
= 0, (4)

where

a2 = (N2 + f ′2) +
C2

α2
Γ 2, x1 =

1

C

√
α2

α1
x, z1 =

√
α2

C
z.

Let u(x1, y1, z1, t) = (cos (ay1))w̄(x1, z1, t), we obtain

∂2u

∂ t2
−
(
∂2u

∂x2
1

+
∂2u

∂y21
+

∂2u

∂z21
) = (cos (ay1))

(
∂2w̄

∂ t2
+ a2w̄ − ∂2w̄

∂x2
1

− ∂2w̄

∂z21

)
.

Therefore, from Eq. (4), we consider only the following three dimensions wave equation:

∂2u

∂ t2
−
(
∂2u

∂x2
1

+
∂2u

∂y21
+

∂2u

∂z21

)
= 0. (5)

It is easy to see that the solution of Eq. (5) is

u(x1, y1, z1, t) =
∂

∂ t

[
1

4πa

∫∫
SM
t

ϕ1(ξ, ζ)√
(ξ − x1)2 + (η − y1)2 − (ζ − z1)2

dS

]
+

1

4πa

∫∫
SM
t

ϕ2(ξ, ζ)√
(ξ − x1)2 + (η − y1)2 + (ζ − z1)2

dS,

where SM
t is a sphere whose radius is t and centre is M(x1, y1, z1), and ϕi(x1, z1), i = 1, 2 are initial conditions

of wave equation (5). Thus we have the solution of Eq. (3) as follows:

w(x, z, t) =
∂

∂ t

[
1

4π

∫∫
SM′
t

(cos (aη))ϕ1(ξ, ζ)

(cos (ay))
√
(ξ −

√
α2/α1x/C)2 + (η − y)2 − (ζ −√

α2z/C)2
dS

]

+
1

4π

∫∫
SM′
t

(cos(aη))ϕ2(ξ, ζ)

(cos (ay))
√
(ξ −√

α2α1x/C)2 + (η − y)2 + (ζ −√
α2z/C)2

dS. (6)

Therefore the solution π̃(x, z, t) of Eq. (2) with the initial conditions ϕi(x, z), i = 1, 2, 3, 4 is

π̃(x, z, t) =
1

4π a

∫ t

0

[ ∫∫
SM′
t

(cos (aη))ϕ1(ξ, ζ)

(cos (ay))
√

(ξ −
√

α2/α1x/C)2 + (η − y)2 − (ζ −√
α2z/C)2

dS

]
dt1

+
1

4πa

∫ t

0

∫ t1

0

[ ∫∫
SM′
t

(cos(aη))ϕ2(ξ, ζ)

(cos (ay))
√
(ξ −

√
α2/α1x/C)2 + (η − y)2 + (ζ −√

α2z/C)2
dS

]
dt2dt1

+ tϕ3(
√
α2/α1x/C,

√
α2z/C) + ϕ4(

√
α2/α1x/C,

√
α2z/C

2), (7)

where SM ′

t is a sphere with radius t and centred at M ′(x, y, z).
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3. Homotopic mapping solving method

Now we consider the Eq. (1). Introducing a homotopic mapping[25−27] H(π, p), R× I → R:

H(π, p) = L1π − L1π̄ + p(L1π̄ + L2π), (8)

where R = (−∞, +∞), I = [0, 1], π̄ is an initial approximations of Eq. (1), and linear operators Li (i = 1, 2),

are

L1 =

(
α2

C2

)
∂4

∂ t4
+

[(
α2

C2

)
(N2 + f ′2) + Γ 2

]
∂2

∂ t2
− α1

∂4

∂ t2∂x2
− ∂4

∂ t2∂x2
,

L2 = −N2 ∂2

∂x2
+ 2f ′Γ

∂2

∂ t∂x
.

Obviously, from mapping (8), Hi (π, 1) = 0, it is the same as the Eq. (1). Then the solution of the equation (1)

is the same as the solution of H(π, p) = 0 as p → 1.

In order to obtain the approximate solution of Eq. (1), let

π =
∞∑
i=0

π̄ip
i, p ∈ I. (9)

From Eq. (6) we first assume that the zero-th order approximate solution π̄0 is a solution π̃(x, z, t) for

Eq. (2).

From homotopic mapping (8), the first order approximate solution of Eq. (1) is

L1π̄1 = N2 ∂
2π̄0

∂x2
− 2f ′Γ

∂2π̄0

∂ t∂x
≡ F1(x, y, z, t). (10)

It is easy to see that the solution π1 of Eq. (10) with zero initial conditions is

π̄1 =
1

4π

∫ t

0

∫ t1

0

∫∫∫
r′≤t2

(cos (aη))F1(ξ, η, ζ, t2 − r′)

(cos (ay1))r′
dV dt2dt1, (11)

where r′ =
√
(ξ −

√
α2/α1x/C)2 + (η − y)2 + (ζ −√

α2z/C)2.

Analogously, using the same method, we can obtain the higher order approximate solutions as follow

π̄i =
1

4π

∫ t

0

∫ t1

0

∫∫∫
r′≤t2

(cos (aη))Fi(ξ, η, ζ, t2 − r′)

(cos (ay1))r′
dV dt2dt1, i = 2, 3, . . . , (12)

where Fi(x, y, z, t) = N2 ∂
2π̄i−1

∂x2
− 2f ′Γ

∂2π̄i−1

∂ t∂x
which are well determined functions successively.

Thus from homotopic theory and Eqs. (6), (11), (12) and (9), we can obtain the solution π(x, z, t)

π(x, z, t) =
∂

∂ t

[
1

4π

∫∫
SM′
t

(cos (aη))ϕ1(ξ, ζ)

(cos (ay))
√
(ξ −

√
α2/α1x/C)2 + (η − y)2 − (ζ −√

α2z/C)2
dS

]

+
1

4π

∫∫
SM′
t

(cos(aη))ϕ2(ξ, ζ)

(cos (ay))
√
(ξ −

√
α2/α1x/C)2 + (η − y)2 + (ζ −√

α2z/C)2
dS

+ tϕ3(
√

α2/α1x/C,
√
α2z/C) + ϕ4(

√
α2/α1x/C,

√
α2z/C)

+
1

4π

∫ t

0

∫ t1

0

∫∫∫
r′≤t2

∞∑
i=1

(cos (a η))Fi(ξ, η, ζ, t2 − r′)

(cos (ay1))r′
dV dt2dt1.

4. Exemple

In order to obtain an approximate expression of the solution of Eq. (1) using the homotopic mapping method,

we now select some peculiar parameters of the model (1) as follows:[24] αi = 1, i = 1, 2, C = 325 m·s−1,

N2 = 10−4 s−2, f ′ = 1.4 × 10−4 s−1, Γ = 4.5 × 10−5 m−1, and the initial conditions: ϕ1(x, z) = x + z,

ϕi(x, z) = 0, i = 2, 3, 4. Then from Eq. (12), we have the zero-th and the first order approximate solutions

π0(x, z, t) and πi(x, z, t) of Eq. (1):
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π0(x, z, t) = −(2.10× 10−1)(x+ z) cos[(2.18)t],

π1(x, z, t) = −(2.10× 10−1)(x+ z) cos[(2.18)t] + (8.68× 10−11)[−t cos[(2.18)t] + (9.17× 10−1) sin(2.18)t− t].

5. Summary and discussion

Kelvin wave is a complicated natural phenomenon in atmospheric physics. Hence we need to be reduced

to basic models. We solve them using the approximate method. The homotopic mapping method is a simple

and valid method. Using the homotopic mapping method, the precision solution is decided by the initial

approximation of the original system (1)–(3). In the homotopic mapping, we first assume the zero-th order

approximate solution π0 of the reduced equation for the Eq. (2). In this way, we can approach faster the solution

of the original equation (1). The homotopic mapping method is an approximate analytic method, which differs

from the general numerical method. The expansions of the solution using the homotopic mapping method can

be continuously analytically operated. Thus, from approximate solutions, we can study the qualitative and

quantitative behaviours of the other physical quantities in future.

References

[1] Emanuel K A 1979 J. Atm. Sci. 36 2425

[2] Sun W Y 1995 Q. J. Meteorol. Soc. 121 419

[3] Guarguaglini F R 2007 Commun. Partial Diff. Equs. 32

163

[4] Hovhannisyan G and Vulanovic R 2008 Nonlinear Stud.

15 297

[5] Abid I, Jieli M and Trabelsi N 2008 Anal. Appl. Singap.

6 213

[6] Graef J R and Kong L 2008 Math. Proc. Camb. Philos.

Soc. 145 489

[7] Barbu L and Cosma E 2009 J. Math. Anal. Appl. 351 392

[8] Mo J Q 2009 Adv. Math. 38 227

[9] Mo J Q and Lin W T 2008 J. Sys. Sci. & Complexity 20

119

[10] Mo J Q and Wang H 2007 Acta Ecologica Sinica 27 4366

[11] Mo J Q 2009 Science in China Ser G 39 568

[12] Mo J Q 2009 Acta Phys. Sin. 58 695 (in Chinese)

[13] Mo J Q and Chen Y 2009 Acta Phys. Sin. 58 4379 (in

Chinese)

[14] Mo J Q 2009 Chin. Phys. Lett. 26 010204

[15] Mo J Q 2009 Chin. Phys. Lett. 26 060202

[16] Mo J Q, Zhang W J and He M 2006 Acta Phys. Sin. 55

3233 (in Chinese)

[17] Mo J Q and Lin W T 2008 Chin. Phys. B 17 370

[18] Mo J Q, Lin W T and Wang H 2007 Prog. Nat. Sci. 17

230

[19] Mo J Q, Lin W T and Wang H 2008 Chin. Geographical

Sci. 18 193

[20] Mo J Q 2009 Acta Math. Sci. 29 101

[21] Mo J Q and Lin W T 2008 Chin. Phys. B 17 743

[22] Mo J Q, Lin W T and Lin Y H 2009 Chin. Phys. B 18

3624

[23] Mo J Q and Lin W T 2008 Chin. Phys. B 17 370

[24] Raymond W H 2001 Dynamics Atmospheres and Oceans

34 23

[25] He J H 1999 Appl. Mech. Eingrg. 178 257

[26] He J H 2002 Int. J. Non-linear Mechanics 35 37

[27] Liao S J 2004 Beyond Perturbation: Introduction to the

Homotopy Analysis Method (New York: CRC Press Co)

030202-4


