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By using a model Hamiltonian with competing antiferromagnetic (AFM) spin density wave (SDW) and d-wave

superconductivity orders, the effect of next-nearest-neighbour (nnn) hopping on spin and charge structures in high-

temperature superconductors is investigated at finite temperatures. For an optimally doped sample, we find that the

AFM order magnitude in the vortex core is firstly enhanced and then suppressed, accompanied with a “positively

— negatively — positively” charged vortex structure transition with increasing nnn hopping strength, which implies

that the AFM order is unnecessarily bounded to an electron-rich vortex core. In addition, a charge ordering pattern

with four negatively charged peaks localized in a small region is also found around the vortex core centre without net

charge. Recent scanning-tunneling-microscopy experimental observations of the checkerboard structure are hopefully

understood.
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1. Introduction

Intensive efforts have been focused on the vor-
tex structure in high-temperature superconductors
(HTSCs) for the past several years. Neutron scat-
tering experimental observations of a peculiar static
stripe phase in Laj g_,Ndg.4Sr,CuO4 by Tranquada
et al.l!l supported that spatial modulations of spin
and charge density are related to superconductiv-
ity. Nuclear magnetic resonance (NMR) experiments
on YBayCu3zO7_, (YBCO) probed a strong antifer-
romagnetic (AFM) fluctuation around vortex cores,
implying the possible existence of spin density wave
(SDW) order outside the vortex core.l?l Recently, a
striking feature has been revealed in the scanning-
tunneling-microscopy (STM) experiments by Hoffman

Bl where a Cu-O bond-oriented four-unit-cell

et al.,
checkerboard pattern is localized in a small region near
vortex cores in slightly overdoped BisSroCaCusOgy s
(BSCCO), which confirmed the coexistence of static
charge modulation (or the charge density wave
(CDW)) and superconductivity. ~Howald et al.l*!
reported that the similar vortex-induced checker-
board modulations can survive even at zero mag-
netic field.

thermal conductivity of Las_,Sr,CuQ4 single crys-

In particular, the suppressions of the

tals may be relevant to the field-enhanced charge and

spin ordering.[%] Theoretically, SDW orders with two-
dimensional (2D)1%=8! or stripel®1% modulations have
been presented to understand checkerboard patterns
observed experimentally. It was also found that the
effects of magnetic impurities('!) and the Peierls insta-
bility due to d-wave pairing!'?! can lead to the inho-
mogeneous phase with stripe and checkerboard mod-
ulations. In particular, the checkerboard pattern was
attributed to a superposition of z- and y-axes-oriented
stripe modulations of the CDW, since the SDW order
modulations have to accompany the CDW modula-
tions. We can prove that these two phases are ex-
actly degenerated in energy only when there are no
asymmetrical fluctuations in the system. This implies
that an in-plane field such as a magnetic field or a dc-
bias field would break down their degeneracy. So, one
needs to explore the physical mechanisms that would
respond to the recent observations of the checkerboard

pattern.
In addition, the charged vortex in supercondu-
ctors'3=2%] has attracted considerable attention. In

general, it was recognized that spatially inhomo-
geneous chemical potential in connection with su-
perconducting condensation can result in a charge
redistribution around vortex cores, that is, vortex

[13,14]

cores are charged up. Kumagai et al. reported

the experimental evidence for the presence of vor-
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tex charges in YBay;Cu3O; and YBayCuyOg high-

temperature superconductors (HTSCs) by NMR and

(15 Various

(16]

nuclear quadrupole resonance methods.
methods, such as the Ginzburg-Landau theory,
coupled Bernoulli and Poisson equations,!”] the
Bogoliubov-de Gennes (BAG) modell'®=23] were then
presented to understand the experimental results. An
effective mean-field Hubbard model without consider-
ing the next-nearest-neighbour (nnn) hopping effect
has been proposed by Chen et al.'® and they had
predicted that the vortex charge is mainly determined
by the competition of AFM order with d-wave super-
conducting (DSC) order. A negatively charged vortex
for optimally doped samples is predicted due to the
AFM order contribution,!'¥! whereas positive vortex
charges for underdoped samples can be observed even
through the AFM order which remains strong due to
the nnn hopping effect.!?3! Therefore, it is necessary
to demand a deeper understanding of the correlation
between the AFM order and the electronic structure
of the vortex core.

In view of these points, together with the facts
that (i) in the Hubbard model, or the closely related
t-J model, which is believed to describe well the low-
energy physics of cuprates, the electron—hole asym-
metry can be understood by taking into account the
finite nnn hopping,[?=28] and, (ii) the ratio between
nearest- and next-nearest-neighbour hopping is a main
electronic parameter characterizing different cuprate
families,?93% we introduce the nnn hopping in the
effective model Hamiltonian for HT'SCs with compet-
ing DSC and AFM orders in this work, and investigate
the effect of nnn hopping on the spin and charge struc-
tures in optimally doped HTSCs at finite temperature
T by numerically solving the Bogoliubov-de Gennes
We find that the AFM order magnitude
in the vortex core is firstly enhanced and then sup-

equations.

pressed, accompanied by a “positively — negatively
— positively” charged vortex transition with increas-
ing nnn hopping strength. We believe that the AFM
order is unnecessarily bounded to an electron-rich vor-
tex core. In addition, around the vortex centre with-
out net charge, an interesting charge ordering pattern
with four negatively charged peaks localized in a small
region is found.

The rest of the paper is organized as follows. In
Section 2 we present our theoretical model and give
the necessary formalism. The effect of nnn hopping
on the spin and charge structures in optimally doped
HTSCs is discussed in Section 3. Our results are sum-

marized in Section 4.

2. Theoretical approach

We use an effective mean-field ¢-t'-U-V Hamilto-
nian in the mixed state by assuming that the on-site
repulsion U is responsible for the competing AFM or-
der and the nearest-neighbour attraction V for the
DSC pairing

H = — Z tij exp(icpij)ciacjg
(ij),0
# S n) i
Z ij n g¢+AzgchczT) (1)
(ig)

where t;; =t and ¢’ are the nearest and next-nearest

neighbour hopping integrals, respectively; c;» (c I ) is

'LO’
destruction (creation) operator for electron of spin
O, Nig = clgcig is the number operator, and g is
the chemical potential determining the averaged elec-
tron density 7 = (1/NyNy) >, ,(nig) (Nyx Ny with
N, = 2 x N, is the linear dimension of the unit
cell of the vortex lattice). Our study is confined to
the hole-doped system (7 < 1), i.e., the hole dop-
ing 0 = 1 — n. The Peierl’s phase factor is given by
wij =7/Po f A(r)dr with the superconducting flux
quantum @y = hc/2e. We choose the Landau gauge
A(r) =
unit cell can accommodate two superconducting vor-
The SDW and DSC orders have the following
definitions respectively: ASPW = (¢! CirCit — Lcu)
ciycitr) /2. Using Bogoliubov

(=By/2,Bxz/2,0), and assume each magnetic
tices.

and Aij = V<CiTCjJ, —
nx T

= Zn[u?a’yna - Uvzg—’yna] the
mean-field Hamiltonian (1) can be diagonalized by

transformation, c;,

solving the resulting Bogoliubov-de Gennes (BdG)
equations self-consistently,

2 : H’LJ‘T AU uja' - E Ui (2)
- n b
* * n n
j Aij _Hz]a Vs Vi

where Hijo = —tij + (U(niz) — 1)d;; . With the peri-
odic boundary conditions we can obtain the IV positive
eigenvalues (E,) with eigenvectors (uj;, v} ) and neg-
ative eigenvalues (E,) with eigenvectors (—vfy, uj|").

The self-consistent conditions are

nzT Z |un| f (3)

(nay) Z |'Un| (1= f(En)], (4)
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’rL 77,* nx, n E
+ v ul )tanh<2kBT) ,(5)

2N
174
Aig = luty

where u = (—vi,ufy) and v = (uf],vf}) are
the row vectors, and f(E) = (eP/FT 4 1)1 is
the Fermi-Dirac distribution function. The DSC
order parameter is defined at site i as AD =
(A?Jre it AP exyi A?Hey T ey, )/4, where

Aij = A;j explin /Dy f::ﬁra A A(r)dr], and ey, de-
notes the unit vector along the (z,y) direction. In our
calculation, the distance is measured in units of the
lattice constant a, and the energy is in the nearest-
The related
parameters are chosen as V' = 1.0, and N, x N, =

neighbour hoping integral parameter ¢.

48 x 24 which corresponds to the average field B ~
24 Tesla (> H.1).

3. Numerical results

First we choose the parameter values, U = 2.0,
T = 0.03, and an optimal doping § = 0.15. Figure
1 plots the spatial profiles of the DSC order parame-
ter [(a), (d) and (g)], staggered magnetization [(b),
(e) and (h)] and electron density [(c), (f) and (i)]
in a 24 x 24 lattice. Here, the staggered magneti-
zation of the induced AFM or SDW order is defined
as M7 = (—1)?A%PW/U. The vortex centre is situ-
ated at site (12,12), where the DSC order parameter
vanishes. The left panels in Fig. 1 [Fig. 1(a) to 1(c)]
are for the nnn hopping integrals ¢ = 0, where the
AFM order is extremely weak (Jm| < 107%) and the
vortex charge is positive (hole-rich). The middle pan-
els in Fig. 1 [Fig. 1(d) to 1(f)] are for ¢/ = —0.15.
The AFM order is enhanced remarkably around the
vortex cores, which expulses the holes from the vor-
tex core into the bulk of the superconductor and the

l

vortex becomes negatively (electron-rich) charged. In
contrast to the case for ' = 0, the SDW order exists
both inside and outside the vortex cores, and exhibits
a weak oscillating behaviour with the wavelength 8a
along both z and y directions. The periodicity of
the field-induced SDW modulation can be closer in-
spected using a Fourier transform./®! We should men-
tion that the period (8a) of SDW modulation could
be obtained from our computations by tuning model
parameters such as the on-site repulsion U and/or the
Interestingly, further increas-
0.3) the AFM order
which exists both inside and outside the vortex core

chemical potential p.
ing nnn hopping strength |t'| (=

decreases slightly, and the size of the AFM core is
smaller [see Fig. 1(h)], impliying that the AFM order
fluctuation has been confined to a region closer to the
core centre because a stronger nnn hopping effect may
screen the AFM order by expelling electrons out of the
AFM core. Consequently, the core charge changes sign
from negative to positive despite that the AFM order
magnitude remains strong [see Fig. 1(i)], which is in
agreement with our previous studies?3 for the under-
doped sample where the experimental observations!*®!
of a positively charged vortex may be understood.
So, we believe that the AFM order is unnecessarily
bounded to an electron-rich vortex core. In addition,
the temperature effect on the charged vortices is also
briefly examined (not shown here). In contrast with
the middle panels of Fig. 1, we can draw the same
conclusion that the transition of “negatively — pos-
itively” charged vortex can occur with increasing T
Notice-

ably, compared with Fig. 1(h), the modulation and

even though the AFM order remains large.

the core size of the AFM order in Fig. 1(e) are almost
unchangeable with increasing T' except that the AFM
order magnitude becomes smaller.
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Fig. 1. Spatial variations of the DSC order parameter AP [(a), (d) and (g)], staggered magnetization M [(b), (e)
and (h)] and electron density relative to the average density én = > _ni, — 7 [(c), (f) and (i)] in a 24 x 24 lattice.
The left panels [(a)—(c)], middle panels [(d)—(f)] and right panels [(g)—(i)] are for ¢’ = 0, —0.15 and —0.3, respectively.
The averaged electron density is fixed at n = 0.85, and the strength of the on-site repulsion U = 2.0, and T' = 0.03.

In Fig. 2, we present the local density of states
(LDOS) spectra corresponding to Fig. 1. The LDOS
of the energy E at the position ¢ can be written as

2N
pi(B) = = [[ulPf(E, — E) + [P 2 (B, + B),

n=1

(6)
where f'(E) is the derivative of the Fermi distribution
function, p;(E) is proportional to the local differen-
tial tunneling conductance which could be measured
by low-temperature STM. The LDOS as a function
of energy has been calculated at the vortex core cen-
tre (solid line) and at the midpoint (dot-dotted line)
between two nearest-neighbour vortices along the z
direction for =0 (a), —0.15 (b) and -0.3 (c). As can
be seen from Fig. 2(a), when ¢ = 0 for which the
extremely weak AFM order is induced, the LDOS at
the core centre shows a single resonant peak around
the Fermi energy, which is similar to that reported
in Ref. [31]. When [¢/| is sufficiently large (= 0.15)
so that the AFM gap develops inside the vortex core,
the resonant peak near the zero bias is suppressed and
splits into two weak peaks [see Fig. 2(b)], which agrees
qualitatively with the result of Ref. [32]. The LDOS at
the midpoint between two nearest-neighbour vortices
does not, however, display these features, implying
that the AFM order is localized around the core cen-
tre. Noticeably, the peak splitting is found to decline,
accompanied by weakening of the AFM order inside
the core, when the nnn hopping strength is further
increased, as shown in Fig. 2(c).

Note added: The absence of the zero-bias peak
in the scanning tunneling spectrum at the core centre
has also been explained by the properties of the c-axis
tunneling matrix elements for a particle-hole symmet-
ric system.[?3] Tt was shown that the pseudogap fea-
ture of the tunneling conductance at the core centre is
mainly due to the suppression of the tunneling current

of low-energy quasiparticles by the anisotropic c-axis
hopping integral.

)
&
Ny
0 b
-1.0 —0.5 0 0.5 1.0

—-1.0 —0.5 0 0.5 1.0

Fig. 2. The LDOS as a function of energy with various
strengths of nnn hopping [t'| = 0 (a), 0.15 (b) and 0.3
(c). The solid line is at the vortex core centre, and the
dot-dotted line is at the midpoint between two nearest-
neighbour vortices along the z-direction. The other pa-
rameter values are the same as Fig. 1.

From the spatial profiles of the DSC order in
Figs. 1(a), 1(d) and 1(g), we notice that the vortex
size is reduced with increasing nnn hopping strength.
Meanwhile, four negatively charged satellite peaks
show up around the positively charged vortex core
in Fig. 1(i). Next we perform the calculation for
U=21,t = -0.35 T = 0.05, and the spatial vari-
ations the left panels as well as the contour plots the
right panels of the electron density [(a) and (b)] and
staggered magnetization [(¢) and (d)] are presented
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in Fig. 3. It is clear that a charge ordering pattern
with four negatively charged peaks also appears [see
Fig. 3(a)], whereas there exist no net charges in vor-
We also checked the case
for ' = —0.15, and a negatively charged AFM core
[similar to Figs. 1(e) and 1(f)] is exhibited (not shown
here). For the stronger |¢/| = 0.35, the AFM order
is frustrated and sharpened [see Figs. 3(c) and 3(d)].

tex centre [see Fig. 3(b)].

We believe that an increased nnn hopping strength

()
0.03

x

can suppress and screen the AFM order, which can
lead to the electron depletion inside the vortex core.
Hence, the single negatively charged peak of charge
order changes to four lower negatively charged peaks
with four-fold symmetry which are localized in a small
region around the vortex core. Our results can pro-
vide a clue to interpret the recent STM experimental

observations® regarding the checkerboard structures
in HTSCs.

24

0

0 12 24
x

Fig. 3. Spatial variations and contour plots of the electron density relative to the average density dn = > nic — 7
[(a) and (b)] and staggered magnetization [(c) and (d)] in a 24 X 24 lattice. The parameter values are: i = 0.85,

U=21,T=0.05 and t' = —0.35.

4. Conclusions

In conclusion, the influence of the nnn hopping on the spin and charge orders around superconducting

vortices for optimally doped HTSCs at finite T has been investigated by numerically solving the Bogoliubov-de

Gennes equations based on an effective model Hamiltonian with competing AFM and DSC interactions. We

showed that the AFM order magnitude in the vortex core is firstly enhanced and then suppressed, accompanied

by a “positively — negatively — positively” charged vortex transition with increasing nnn hopping strength.

We believe that the AFM order is unnecessarily bounded to an electron-rich vortex core. In addition, around

the vortex centre without net charge, it was found an interesting charge ordering pattern with four negatively

charged peaks localized in a small region. The recent STM experimental observations regarding the checkerboard

structures are hopefully understood when the nnn hopping effect is taken into account.

Finally, we would like to emphasize that the effect due to the spin fluctuations is not considered in the

present mean-field theory. The magnetic field induced AFM long range order may not be stable and could
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break into short ranged AFM domains. Although our self-consistent BAG calculation tends to overestimate the

stability of the SDW phase, the qualitative features of our results should still be valid, particularly in view of

their favorable comparisons with experiments.
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