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In the inviscid and incompressible fluid flow regime, surface tension effects on the behaviour of an initially spherical

buoyancy-driven bubble rising in an infinite and initially stationary liquid are investigated numerically by a volume of

fluid (VOF) method. The ratio of the gas density to the liquid density is 0.001, which is close to the case of an air bubble

rising in water. It is found by numerical experiment that there exist four critical Weber numbers We1, We2, We3 and

We4, which distinguish five different kinds of bubble behaviours. It is also found that when 1 ≤ We < We2, the bubble

will finally reach a steady shape, and in this case after it rises acceleratedly for a moment, it will rise with an almost

constant speed, and the lower the Weber number is, the higher the speed is. When We > We2, the bubble will not

reach a steady shape, and in this case it will not rise with a constant speed. The mechanism of the above phenomena

has been analysed theoretically and numerically.
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1. Introduction

Multifluid systems play an important role in many

natural and industrial processes such as combustion,

petroleum refining, chemical engineering and cleaning.

The rising of a buoyancy-driving bubble in a liquid is

one of the typical multifluid systems. A sound under-

standing of the fundamentals of the rising bubble is

crucial in a variety of practical applications ranging

from the rise of steam in boiler tubes to gas bubbles

in oil wells. It is difficult to study the mechanism

of the bubble behaviour through a purely theoretical

method because of the strong nonlinearity accompa-

nied by large bubble deformations. As a result, ap-

proximate theoretical solutions have been obtained in

the limit of very small bubble deformations for either

high[1] or low[2] Reynolds numbers. The well-known

analysis in Ref. [3] related the rising speed to the ra-

dius of curvature of the bubble at the forward stag-

nation point, but the overall spherical-cap shape was

assumed a priori rather than determined as a part of

a full solution.

Up to now, the large deformations of the bub-

ble are studied mainly by experimental method and

numerical simulation. Experimental method is the

most direct and original approach for finding the new

phenomena and exploring the associated mechanisms.

Early observation works have been done by many

researchers.[4−7] However, it is rather difficult to mea-

sure the flow pattern and pressure distribution within

the bubble and its surrounding liquid while it is ris-

ing and deforming. Moreover, the correlations ob-

tained by experiments are based on a limited number

of liquid/gas systems. On the other hand, numerical

methods can overcome these drawbacks and provide

an effective and convenient way to solve multifluid flow

problems.

The numerical simulation methods for multifluid

problems can mainly be divided into two categories.

One is the kind of boundary integral methods,[8] which

only need to arrange the grids on the bubble surfaces

and thus reduce the dimensions of the problem by one,

so that the computational amounts are, compared to

the other kind of methods mentioned below, reduced

considerably. These methods can simulate the bubble

shape with high resolution and can easily implement

the simulation of surface tension effects accurately.

The boundary conditions of the flow field at infinity

can be satisfied exactly by these methods. However,

this kind of method is difficult for simulating the topo-
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logical changes of the flow field such as the transition

from a single-connected domain to a multi-connected

one, bubble merging and break, etc. It is also difficult

for these methods to model the viscous effects of the

fluids for flows with moderate Reynolds numbers, and

are not convenient for giving the velocity and pressure

distributions.

The other category is the kind of meth-

ods based on the full-flow-field solutions such

as body-fitted grids methods,[9] front tracking

methods,[10,11] level set methods,[12,13] volume of fluid

(VOF) methods,[12,14−18] coupled level set and VOF

(CLSVOF) methods,[19] etc. These methods can eas-

ily obtain the detailed velocity and pressure distribu-

tions as a direct result of the computations, can sim-

ulate viscosity effects on the flow, and some of them

can easily track the topological changes of interfaces.

Among all those papers mentioned above, some

of them (e.g. Ref. [19]) focused mainly on the numer-

ical method and gave only the results but neglected

the analysis of the mechanism of bubbles’ behaviours.

Others (e.g. Refs. [11] and [17]) did both simulation

and mechanism analysis, nevertheless in these anal-

yses, several factors such as the density ratio, the

viscosity ratio, the Reynolds number and the Weber

number were mixed, and the fluid mechanics and the

bubble behaviour were not combined concretely, so

that these analyses of the parametric effects are not

accurate.

We are trying to analyse numerically the bub-

ble deformation mechanism. The Weber number, the

Reynolds number, the density ratio, and the viscos-

ity ratio are the crucial dimensionless parameters for

controlling the flow. In order to make a proper analy-

sis, first we should study the effects of the four factors

separately, and then study their combined effects, so

that we can fully understand the associated mecha-

nisms. In Ref. [20] we improved the VOF method and

thereby we studied the mechanism of density ratio on

the behaviour of a bubble or drop, and the mechanism

of the generation of the liquid jet during the evolution

of a bubble or drop, without taking into consideration

the viscosity and surface tension effects.

As a succeeded work to Ref. [20], this paper will

investigate numerically the surface tension effects on

the behaviour of a rising bubble by the VOF method.

The importance of surface tension is indicated by the

Weber number We. Surface tension effects on the bub-

ble behaviour can be important when the bubble size

is very small, or when its curvature is large, or when

the surface tension itself between two phases is huge.

In a surface-tension-dominant two-phase flow field, the

accurate calculation of the interface becomes a prob-

lem especially when the ratio of the gas density to

the liquid density is very small. References [21] and

[22] analysed numerically the mechanism of surface

tension effect on the behaviour of the axisymmetric

growth and collapse of one or two cavities near a solid

wall by boundary integral method, but the numerical

simulations were limited to the time before the tran-

sition to the toroidal bubble.

The remainder of this paper is arranged as follows.

Section 2 gives the governing equations and numerical

methods. Section 3 gives the numerical results and the

mechanism analysis. Section 4 gives the conclusions.

2. Governing equations and nu-

merical methods

We study the buoyancy-driven motion of an ax-

isymmetric bubble with surface (abbreviated as S) in

an infinite and initially stationary fluid. Let the fluids

outside and inside S be marked by 1 and 2 respec-

tively. The two fluids are assumed to be immiscible

and incompressible. Let ρ and µ be the fluid density

and viscosity respectively, and C the ratio of the vol-

ume of fluid 1 in a cell to the volume of the cell (C is

called colour function). Let l0, u0 =
√
gl0, t0 = l0/u0,

p0 = ρ1u
2
0, ρ1, and µ1 be the reference quantities of

length, velocity, time, pressure, density, and viscosity,

respectively, and introduce the following dimension-

less quantities

r̄ = r/l0, z̄ = z/l0, t̄ = t/t0, ū = u/u0,

v̄ = v/u0, p̄ = p/p0, ρ̄ = ρ/ρ1, µ̄ = µ/µ1,

then we can obtain the dimensionless governing equa-

tions for the flow problem. In the above and following

expressions, r and z are respectively the radial and

axial coordinates, t is the time variable, u and v are

respectively the r- and z-components of the velocity,

p is the pressure, g is the acceleration due to gravity,

σ is the surface tension between fluid 1 and 2, α is

the total curvature of S, δ(S) is the Dirac δ-function

with sources distributed on S, and nr and nz are re-

spectively the r- and z-components of the unit normal

of S. If we drop the sign ‘−’ over any dimensionless

quantity, then the dimensionless governing equations

are

1

r

∂(ru)

∂r
+

∂v

∂z
= 0, (1)
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∂u

∂t
+

1

r

∂(ru2)

∂r
+

∂(uv)

∂z

=
1

We ρ
αδ(S)nr −

1

ρ

∂p

∂r
+

1

Re ρ

{
1

r

∂

∂r

(
2µr

∂u

∂r

)
+

∂

∂z

[
µ

(
∂u

∂z
+

∂v

∂r

)]
− 2µu

r2

}
, (2)

∂v

∂t
+

1

r

∂(ruv)

∂r
+

∂(v2)

∂z

=
1

We ρ
αδ(S)nz −

1

Fr
− 1

ρ

∂p

∂z
+

1

Re ρ

{
1

r

∂

∂r

[
rµ

(
∂u

∂z
+

∂v

∂r

)]
+

∂

∂z

(
2µ

∂v

∂z

)}
, (3)

∂C

∂t
+ u

∂C

∂r
+ v

∂C

∂z
= 0 , (4)

ρ = λ+ C(1− λ) , (5)

µ = β + C(1− β) , (6)

where the dimensionless parameters λ, β, Fr, Re, and

We, are respectively the density ratio, viscosity ratio,

Froude number, Reynolds number andWeber number,

which are defined by

λ =
ρ2
ρ1

, β =
µ2

µ1
, Fr =

u2
0

gl0
,

Re =
ρ1u0l0
µ1

, We =
ρ1u

2
0l0
σ

. (7)

Because in this paper we take u0 =
√
gl0, so we al-

ways have Fr = 1 and We = ρ1gl
2
0/σ (in this case We

is called Bond number B).

At the infinite boundary the velocity is set to zero

and the pressure is set to the stationary fluid pres-

sure. In the following computations, by making use of

the axisymmetric property of the fluid flow, the grid

points at the symmetric axis can be treated as inner

grid points.

The governing equations are solved numerically

by the method given in Ref. [20].

3. Numerical results

We will study the buoyancy-driven motion of an

initially spherical bubble in another infinite and ini-

tially stationary fluid. In the non-dimensionalization,

the reference length and velocity are taken to be R

and
√
gR respectively, where R is the radius of the

bubble at t = 0. Therefore, in the dimensionless sys-

tem the radius of the bubble at t = 0 is always 1, and

the Froude number Fr is always 1. In this paper, all

of the numerical results are in dimensionless form.

To solve our flow problem in infinite fluid, it is

necessary to truncate the flow field to finite: 0 ≤ r ≤
rmax and zl ≤ z ≤ zu. Numerical experiments with

∆r = ∆z = 0.1 show that when rmax ≥ 3 and dl and

du, the distances from the bubble to zl and zu, are

greater than or equal to 2, the numerical results for

the evolution of the bubble only have small differences

for different rmax, zl and zu. In the computations of

this paper we take rmax = 8 and take values of zl and

zu such that dl ≥ 7 and du ≥ 7 are ensured during

the evolution of the bubble. Numerical experiments

also show that the numerical results obtained with

∆r = ∆z = 0.1 and those with ∆r = ∆z = 0.2 have

distinguishable differences, but the numerical results

with ∆r = ∆z = 0.1 and those with ∆r = ∆z = 0.05

only have small differences. Thus in the computations

of this paper, we take ∆r = ∆z = 0.1. In all of the

computations, ∆t = 0.001 is used.

Fig. 1. Steady shape of the bubble and the correspond-

ing flow pattern with λ = 0.0011, β = 0.0085, Re =

9.8, We = 7.6 and Fr = 0.76. The left half is the results

given in Ref. [6] and the right half is the present numerical

results.

To demonstrate the correctness and validity of our

method, figure 1 shows the comparison of our numeri-

cal results (the right half of the figure) with the exper-

imental results (the left half) of Hnat and Buckmas-

ter (Fig. 1(A) in Ref. [6]) for the case of λ = 0.0011,

β = 0.0085, Re = 9.8, We = 7.6 and Fr = 0.76. Figure

6 in Ref. [9] and Fig. 17 in Ref. [23] also gave simi-

lar comparisons. The terminal rise velocity measured

in Ref. [6] is 21.5 cm/s, and that computed by our
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method is 23.2 cm/s. It can be seen that the agree-

ments in the steady shape of the bubble and the flow

pattern between our result and that given in Ref. [6]

are good.

For the case of λ = 0.001, β = 0.01, Re = 100, We

= 200 and Fr = 1, figure 2(a) gives the evolution of an

initially spherical gas bubble in a liquid obtained by

our method, and figure 2(b) shows the corresponding

result from Fig. 11 in Ref. [13] which was obtained by

level set method. Quite good agreement is achieved

except that the transition time to toroidal bubble is

a little later in our result than that in Ref. [13]. For

the case of λ = 0.001, Re = ∞, We = 10 and Fr = 1,

figure 2 in Ref. [20] showed a very good agreement be-

tween our result and the result in Ref. [13]. Thus the

correctness of our method is approved.

It has been known that in the inviscid and incom-

pressible fluid flow frame and without taking consider-

ation of surface tension effects, due to the action of the

inertial force (i.e. the gradient of the pressure pdf that

causes the bubble to deform, see Ref. [20]), two liquid

jets will form during the rise of the bubble: one is large

and behind the bubble, the other is much smaller and

ahead of the bubble, and thus the development of the

two jets will make the bubble toroidal.[20]

Now we investigate surface tension effects on the

behaviour of a rising bubble in the inviscid fluid flow

frame. It should be noted that for an initially spheri-

cal bubble the surface tension force will resist the in-

crease of the area of the bubble surface and thus will

resist the formation and development of the liquid jets.

Therefore, whether or not the liquid jets will form, and

if they form how they will develop and whether or not

they cause the bubble to become toroidal, all these

will depend on the relative importance between the

inertial force and the surface tension force. In all of

the computations the density ratio λ is set to 0.001,

which is close to the case of an air bubble rising in the

water.

Fig. 2. Evolution of an initially spherical gas bubble in a liquid with λ = 0.001, β = 0.01, Re = 100, We = 200

and Fr = 1. (a) Result of this paper, and (b) result from Fig. 11 in Ref. [13].

For λ = 0.001, Re = ∞ and Fr = 1, figures 3(a)–

3(h) give the evolution pictures of the bubble for We

= ∞, 20, 8, 7, 5, 1.8, 1.7, and 1 respectively. The

number below each picture indicates its corresponding

time. It can be seen from Figs. 3(a)–3(h) that there

exist four critical Weber numbers We1, We2, We3, and

We4, which are between 1.7 and 1.8, 5 and 7, 7 and

8, and 20 and ∞, respectively. When We > We1 the

bubble will have the transition to toroidal form, and

when We < We1 the transition will not happen. When

We 1 < We < We2, the toroidal bubble will not break

down into two toroidal bubbles and after the toroidal

bubble evolves for a time, the radius at its top will be-

come smaller and smaller and finally the bubble will

return to simple-connected form. When We > We2
the toroidal bubble will break down into two toroidal

bubbles and the bubble will never return to the simple-

connected form. When We 2 < We < We3, after the

toroidal bubble breaks down into two toroidal bub-

bles, the upper toroidal bubble will become simple-

connected form. When We > We3, after the toroidal

bubble breaks down into two toroidal bubbles, the up-
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per toroidal bubble will not become simple-connected.

When We > We4, during the evolution of the bubble,

two liquid jets will form, one is large and behind the

bubble and the other is much smaller and ahead of the

bubble. When We1 < We < We4, only one liquid jet

behind the bubble will form and the small liquid jet in

front of the bubble will not appear. The mechanism

of the last phenomenon is that when We = ∞, the

interface curvature of the small liquid jet is large and

the inertial force which causes the small liquid jet to

form is small, therefore surface tension force is easy to

resist the generation of the small liquid jet.

Fig. 3(a). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = ∞ and Fr = 1.

Fig. 3(b). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 20 and Fr = 1.

Fig. 3(c). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 8 and Fr = 1.

Fig. 3(d). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 7 and Fr = 1.

Fig. 3(e). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 5 and Fr = 1.

Fig. 3(f). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 1.8 and Fr = 1.
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Fig. 3(g). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 1.7 and Fr = 1.

Fig. 3(h). The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 1 and Fr = 1.

It can be seen from Fig. 3(a) that in the case

of inviscid fluid flow and without taking considera-

tion of surface tension effects, after the toroidal bub-

ble forms, it moves outward due to the action of the

lift, and its section area decreases in order to keep

the conservation of its volume. As was analysed in

Ref. [20], the lift is induced by the co-action of the up-

ward motion of the bubble and the circulation around

its cross-section. The top becomes sharp and then the

upper part of its section elongates and becomes thin-

ner and thinner. Then the top of the toroidal bubble

moves inward. Afterwards the lower part of the bub-

ble becomes thinner and thinner. At the same time its

upper part becomes a little fatter, its section continu-

ously elongates upward and its top continuously moves

inward. Then the lower middle part of the section be-

comes thinner and thinner, and finally the toroidal

bubble breaks down into two toroidal bubbles. Now

we analyse the mechanisms of the above phenomena.

The outward motion of the liquid which is close to the

bubble and inside the ring is much easier than that of

the liquid which is outside the ring and close to the

bubble. The reason is that the gas density is much

lower than the liquid one, and thus the resistance to

the inner liquid motion is much smaller than that to

the outer liquid motion. In order to keep the conser-

vation of the bubble volume, its section must elongate

along axial direction. As shown in Fig. 4, the gradi-

ent of the pressure pdf below the bubble is much larger

than that above the bubble so that the downward elon-

gation of the section is much more difficult than the

upward elongation of the section. Therefore the upper

part of the section elongates and becomes thinner and

thinner first. After the upper part of the section is

thin enough, thinning becomes more and more diffi-

cult because the resistance to the outward motion of

the liquid which is inside the ring and close to the up-

per part of the bubble increases. At this moment the

lower part of the section is wider along the radial di-

rection and thus is easier to become thin. Meanwhile,

the gradient of pdf below the bubble is still much larger

than that above the bubble, the downward elongation

of the section is still difficult. Therefore the section

continuously elongates upward and the gas moves up-

ward, which causes the upper part of the section a

little fatter. The mechanism of the inward motion of

the top of the section is as follows. After the toroidal

bubble forms, its section has an angle of attack along

the upward direction. By Joukovsky moment of force

theorem (Section 6.6 in Ref. [24]), the angle of attack

will induce a moment of force which will in turn cause

the increase of the angle of attack. This unstable pro-

cess will continue until the angle of attack reaches π/2,

the stable position of the section. Because the upper

part of the section is thinner and thus has smaller mo-

ment of inertia, and because the gradient of pdf near

this part is perpendicular to the direction of the rota-

tion of the section and is much smaller than that of the

liquid near the lower part, the rotation of the upper

part is much easier than that of the lower part, which

causes the inward motion of the top of the section.

It can be seen from Figs. 3(b)–3(f) that in the

case of We > We1, after the toroidal bubble forms,

surface tension will resist the elongation of its upper

part and make its surface smooth so that when the

Weber number decreases, the upper part of its sec-

tion will become thicker and thicker. Moreover, in
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the case of We > We2, when the Weber number de-

creases, the position where the toroidal bubble breaks

down into two toroidal bubbles will move downward,

so that after the toroidal bubble breaks down into two

toroidal bubbles, the length of the section of the upper

toroidal bubble will increase and consequently for the

same section rotation angle, the distance of the inward

movement of the top of the upper toroidal bubble will

increase too.

Fig. 4. The distribution of pressure pdf for λ = 0.001,

Re = ∞, We = ∞ and Fr = 1.

It can be seen from Figs. 3(b)–3(d) that in the

case of We > We2, the inward motion of the top of

the toroidal bubble will not stop until it breaks down

into two toroidal bubbles, and after that, the inward

motion of the top of the upper toroidal bubble will

not stop until the section of the upper toroidal bubble

reaches stable position, where the section is perpen-

dicular to the axisymmetric axis. In the case of We

> We3, the radius of the top of the upper toroidal bub-

ble is greater than zero when its section reaches stable

position and therefore in this case the upper toroidal

bubble will not become simple-connected. In the case

of We2 < We < We3, the radius of the top of the upper

toroidal bubble has decreased to zero before its section

reaches stable position and thus in this case the upper

toroidal bubble will become simple-connected.

It can be seen from Figs. 3(e) and 3(f) that in

the case of We 1 < We < We2, the inward motion of

the top of the toroidal bubble will not stop until the

radius of its top has decreased to zero and therefore

in this case the bubble will return to simple-connected

form.

It can be seen from Figs. 3(e)–3(h) that when

the liquid jet begins to regenerate for the case of

We 1 < We < We2 or when the liquid jet stops to

develop for the case of We < We1 (although when We

= 1 the jet is very short and wide), the velocity of the

jet is zero and thus the inertial force acting on the jet

is zero, and the surface tension force will pull the jet

out of the bubble until the bottom of the bubble be-

comes flat where surface tension force is zero and the

fluid velocity reaches its maximum and thus the iner-

tial force also reaches its maximum. Then the inertial

force will cause the bottom to move downward until

the downward deformation of the bottom reaches its

maximum. Then surface tension force will pull the

bottom upward until the bottom becomes flat. Then

the inertial force will push the bottom upward and

thus a liquid jet forms again. This oscillation will not

stop until the bubble reaches a steady shape. From

this it can be seen that surface tension effects will dis-

sipate the kinetic energy of the fluid (Ref. [24], Section

1.9), and thus damp the oscillation and make the bub-

ble reach a steady form. During the oscillation some

small bubbles caused by surface tension effects can

occur at the surface with very large curvature.

It is known that for We > We1 there will always

be a liquid jet forming at the bottom of the bubble.

Now we investigate the surface tension effects on the

liquid jet. For λ = 0.001, Re = ∞ and Fr = 1, figure

5 gives the detailed evolution pictures of the bubble

with We = ∞, 20 and 10. It can be seen that surface

tension effects will resist the development of the liq-

uid jet, reduce the curvature at the top of the jet, and

delay the formation of the toroidal bubble.

Fig. 5. The evolution of a gas bubble in liquid with λ = 0.001, Re = ∞ and Fr = 1. (a) We = ∞, (b) We = 20,

(c) We = 10.
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For λ = 0.001, Re = ∞, Fr = 1 and We = 0.2,

figure 6 gives the evolution pictures of the bubble. It

can be seen that the overall shape of the bubble will

have oscillations: its axial and radial dimensions will

stretch out and draw back alternatively; sometimes its

top is much thinner than its bottom and sometimes

its top is almost as wide as its bottom. Accompa-

nying the oscillations, sometimes there occurs a very

small liquid jet at the top or at the bottom of the

bubble, and sometimes the jet disappears. As pointed

out in Ref. [24] (Section 5.14), that only when the ra-

dius of the bubble is not greater than 0.05 cm (the

corresponding Weber number is about 0.03), can the

bubble remain approximately spherical. In the case of

Fig. 6, the Weber number is not low enough to let the

surface tension force totally suppress the action of the

inertial force so that the bubble cannot keep a steadily

spherical form.

Fig. 6. The evolution of a gas bubble in liquid with

λ = 0.001, Re = ∞, We = 0.2 and Fr = 1.

When λ = 0.001, Re = ∞, and Fr = 1, figure 7

shows the evolution of the centroid position of a gas

bubble for different Weber numbers. It can be seen

that for 1 ≤ We < We2, i.e., when the bubble can fi-

nally reach a steady shape, after it rises acceleratedly

for a moment, it will rise with an almost constant

speed, and the lower the Weber number is, the higher

the speed is. When We > We2, i.e., when the bubble

cannot reach a steady shape, it will not rise with a

constant speed. It is well known (Ref. [24], Section

6.4) that when a solid body is rising or falling in an

inviscid liquid, it rises or falls acceleratedly with nec-

essary consideration of additional mass of the body.

The reason why a bubble can rise in an inviscid liquid

with a constant speed is not clear. Perhaps in this

case the dissipation effects caused by surface tension

will, like the dissipation effects caused by viscosity, in-

troduce a kind of drag which balances the buoyancy

force.

Fig. 7. Evolution of the centroid position of a gas bubble

for different Weber numbers with λ = 0.001, Re= ∞, and

Fr = 1.

4. Conclusions

In the inviscid and incompressible fluid flow

regime, surface tension effects on the behaviour of an

initially spherical buoyancy-driven bubble rising in an

infinite and initially stationary liquid have been inves-

tigated numerically by a VOF method. The validity of

the numerical method has been checked. It is found

by numerical experiment that there exist four criti-

cal Weber numbers We1, We2, We3, and We4, which

are between 1.7 and 1.8, 5 and 7, 7 and 8, and 20

and ∞, respectively. When We > We1 the bubble

will have the transition to toroidal form, and when

We < We1 the transition will not happen. When

We1 < We < We2, the toroidal bubble will not break

down into two toroidal bubbles and after the toroidal

bubble evolves for a time the radius at its top will be-

come smaller and smaller and finally the bubble will

return to a simple-connected form. When We > We2
the toroidal bubble will break down into two toroidal

bubbles and the bubble will never return to a simple-

connected form. When We2 < We < We3, after the

toroidal bubble breaks down into two toroidal bub-

bles, the upper toroidal bubble will become simple-

connected. When We > We3, after the toroidal bub-

ble breaks down into two toroidal bubbles, the up-

per toroidal bubble will not become single-connected.

When We > We4, during the evolution of the bubble,

two liquid jets will form, one is large and behind the

bubble and the other is much smaller and ahead of

the bubble. When We1 < We < We4 only one liquid

jet behind the bubble will form and the small liquid

jet in front of the bubble will not appear. Moreover,
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after the liquid jet begins to regenerate for the case of

We1 < We < We2, or for the case of We < We1, due

to the co-action of the inertial force and the surface

tension force the bottom of the bubble will oscillate

until the bubble reaches a steady shape. In the case

of We > We1, surface tension effects will resist the

development of the liquid jet at the bottom of the

bubble, reduce the curvature at the top of the jet and

delay the transition to toroidal form. When the We-

ber number is quite low (We = 0.2), the overall shape

of the bubble will have oscillations. It is also found

that when 1 ≤ We < We2, the bubble will finally

reach a steady shape, and in this case after it rises

acceleratedly for a moment, it will rise with an almost

constant speed, and the lower the Weber number is,

the higher the speed is. When We > We2, the bubble

will not reach a steady shape, and in this case it will

not rise with a constant speed. The mechanism of the

above phenomena has been analysed theoretically and

numerically.
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