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Partial entropy change and entanglement in
the mixed state for a Jaynes—Cummings model
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By using the algebraic dynamical approach, an atom—field bipartite system in mixed state is employed to investigate

the partial entropy change and the entanglement in a cavity filled with Kerr medium. The effects of different nonlinear

intensities are studied. One can find that the Kerr nonlinearity can reduce the fluctuation amplitudes of the partial

entropy changes and the entanglement of the two subsystems, and also influence their periodic evolution. Meanwhile,

increasing the Kerr nonlinear strength can convert the anti-correlated behaviour of the partial entropy change to

the positively correlated behaviour. Furthermore, the entanglement greatly depends on the temperature. When the

temperature or the nonlinear intensity increases to a certain value, the entanglement can be suppressed greatly.
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1. Introduction

Quantum entropy, which was proposed by von
Neumann, is one of the most fundamental concepts
of quantum information.! =3l It can be used to mea-
sure the quantum entanglement, quantum optical cor-
relation and quantum decoherence, etc. Entropy and
entanglement have been studied widely, especially for
bipartite systems. Even the entanglement for mul-
tipartite systems is also based on the study of the
entanglement of the bipartite system, where the NV in-
dividual constituents are arbitrarily partitioned into
two subgroups.¥) In recent years, the bipartite sys-
tem without taking into consideration the influence
of the environment®6 and the bipartite pure open
quantum system!”~% are well investigated. It is well
known that for a bipartite system that starts in a
pure state, the partial entropies of the two subsys-
tems are equal at all times, and the entanglement can
be measured by either of them. However, if one as-
pires to describe realistic states observed in experi-
ments, it is imperative to allow for a proper quantifi-
cation also of mixed states entanglement, since there
is no system that could be decoupled perfectly from

environmental influences, and mixing is thus unavoid-
able.

is difficult to be measured, because it is not easy to

While for the mixed state, the entanglement

define an analog of the Schmidt decomposition for a
general mixed state of a composite system. However,
intensive efforts have been done to understand and
quantify the entanglement of a mixed state.'9=13] In
particular, the relative entropy of entanglement, the
entanglement formation and the entanglement distil-
lation are the most commonly used methods to mea-
sure the entanglement for a mixed state, which are
related to each other through the amount of available
classical information about the decomposition of the
state. Based on the previous methods, more exten-
sive and further investigations are presented to study
the entanglement of mixed states for the dissipative
scheme!™ and the multi-dimensional system['®) or in-
finite dimensional system.

The model of a two-level atom interacting with
a single-mode thermal cavity field is widely used to
study the entropy for a bipartite system, which can
be easily treated mathematically. Based on this sim-

ple model, a great number of researches have been
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conducted such as the revivals and the entanglement
of a damped Jaynes-Cummings model (JCM),7) the
macroscopic superposition and the entanglement for
displaced thermal fields!"®! and the regime of entropy
exchange between light and matter.['%) The influences
of the atomic motion and the field-mode structure on
the entropy exchange and the entanglement are also
investigated.[2%) However, the effect of Kerr nonlinear-
ity process has not been taken into account. Intro-
ducing the Kerr nonlinearity in a system will cause
various effects, such as nonclassical states,[?!] quan-
tum nondemolition,??! quantum fluctuations,3 and
quantum information.?* In particular, the Kerr non-
linearity can affect the entanglement in a quantum
optical system. It can influence its fluctuation am-
plitudes, change its evolution period,/?® control the
entanglement sudden death[26! and realize the entan-
glement transfer.?”) But these studies are limited to
the situation of pure state. What effects will occur
when it is applied to a mixed system is just what we
focus on here. At the same time, for a mixed state,
the Hamiltonian containing Kerr nonlinearity is not
easy to treat through the traditional methods. Here,
we propose the algebraic dynamical approach[28! that
is an effective tool to deal with the nonlinear system,
whose key idea is introducing a canonical transfor-
mation that transforms the Hamiltonian into a linear
function in terms of a set of Lie algebraic generators.
According to algebraic dynamics, linear systems are
integrable and solvable, then the time evolution oper-
ator and the density operator can be obtained easily.
In this paper, we will adopt the algebraic dynami-
cal approach to study the partial entropy change and
the entanglement of an atom—field bipartite system in
mixed states and in the presence of a nonlinear Kerr
medium.

The paper is organized as follows: In Section 2,
the basic model, an atom—field bipartite system in the
mixed states including the nonlinear effect, is intro-
duced. Then, the density operator of the considered
system is derived by means of the algebraic dynami-
cal approach. Section 3 is devoted to the investigation
of the entropy correlations and the entanglement be-
tween two subsystems. In Section 4, we discuss the
results of the partial entropy change and the entan-
glement for different nonlinear intensities of the Kerr
medium. Finally, we present our conclusion in Section
5.

2. Model

In this section, we will derive the analytical ex-
pression of the density operator using the algebraic
dynamical approach. The interaction between a two-
level atom and a quantized cavity field in a non-

linear process can be described by the Hamiltonian
(h= 1)[29,30]

HZHa—I—Hf—‘rHaf, (1)

where H, is the Hamiltonian of the two-level atom,
H; is the Hamiltonian of the field in the presence of
a nonlinear Kerr medium and H,¢ is the Hamiltonian

of the atom—field interaction, which can be given by

H, =wS,,
Hy = wa'a + x(a")?a?,
Ha = g(a'S_ +aSy) . (2)

Here a and a' are the annihilation and creation op-
erators of the cavity field; Sy and S_ represent
the atomic raising and lowering operators; S, is the
atomic inversion operator; w is the frequency for both
field and the two-level atom in resonant case; g is the
atom—field coupling strength, and the coupling con-
stant y is related to the dispersive part of the non-
linearity of the Kerr-like medium. A straightforward
analysis of the system shows that there exists a con-
served quantity N for the Hamiltonian (1)

1

N:aTa+SZ+§,

(3)

Based
on the algebraic dynamical approach, introduce SU(2)

and N commutes with the Hamiltonian (1).

algebra generators {Jo, Ji, J_}, with Jo = S,
Jy =N"Y2q8, J = N~Y2¢'S_ which are nonlin-
ear expressions and obey the following commutation

relations
[Jo, 1] = Jy,
[Jo,J,] = _va
[Jy, -] =2Jp. (4)

In terms of the SU(2) algebra generators, we can
rewrite the Hamiltonian (1) as

H=AJy+E+gNY(J, +J), (5)
where

024210-2



Chin. Phys. B Vol. 19, No. 2 (2010) 024210

E=x(N*-2N+1)+w(N -1/2). (6)

Then, Hamiltonian (1) can be diagonalized by the fol-

lowing canonical transformation operator
Ug =exp(8J; —0J_) (7)

with 8 = —arctan[(y/A%/4+ g2N —

After the canonical transformation,

A/2)/(gNV2)]
the dressed
Hamiltonian is expressed as

H' =U;"HU, = E + \Jo, (8)

where A = /A2 +4¢2N. Then the time evolution
operator can be written as
U(t) = e H¢
_ UgefiH’tUgfl
= e P cos % — 2iJysin % cos 260

At
+i(Jy +J_)sin?sin29 . 9)

What should be noticed here is that using canonical
transformation operator to diagonalize the nonlinear
Hamiltonian (1) does not change its intrinsic quali-
ties, which is a convenient way to deal with nonlinear

Under the same initial conditions as those in
Ref. [20
state

], the cavity field is in a single-mode thermal

o0 mn
0) = P, , Phb=— 10
)= 3 Plnol e (0
where m = 1/[exp(w/T) —1] is the mean photon num-
ber of the cavity field, and the two-level atom is ini-
tially in the mixed state

pa(0) = Cele) (e + Cglg) (g, (11)

where C, and Cj; are the components of the two-state
density matrix of the atom with C, +Cy; = 1. So, the
initial density operator for the atom—field system can
be written as

pat(0) = pt(0) ® pa(0)
= ZPnCe|n,e)<n,e|

+ D PuCyln, g)(n.g|- (12)

By using Egs. (9) and (12), the density operator with

the time evolution for the total system can be derived

Ant1t . Aptit
>sin(29n+1) {icos ;1 — gin 22t cos(29n+1)] [n+1,g)(n, e

2

Ant1t Antit
;—1 _sin;cos(%n“)} |n,e>(n+1,g|}

Ant At
sin (26,,) {—i cos —~ + sin — - cos (20,1)} In, g){n —1,¢|

sin (26,,) {i oS % + sin % cos (29n)] |n—1,e){(n,g| }, (13)

systems.
|
pat (£) = U (t) pas (0) U™ ()
A'H/ t . )\7l t
= C’ezn:Pn{ [cos2 <;1) + sin? (;1) cos? (29n+1)} [n, e)(n,e|
.2 )\n+1t .92
+ sin 5 sin® (20,41) |In+ 1, g){n+ 1, ¢]
. )\nJrltL
+ sin (2
+ sin (/\7l2+1t> sin (26,,41) {—icos
Ant Ant 9
+CgZPn{ [cos ( 5 >—|— sin (2> cos (20n)} [n, g)(n,g|
Ant
+ sin <2> sin? (20,) [n — 1,e){n —1,¢|
+ si /\7
sin { =
+ sin Ant
2
where A, = /A2 +4¢%n, 0, = —arctan[(y/AZ/4+ ¢?>n — A,/2)/(gn

1/2)] with A,, = —2x(n — 1).
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3. Entropy correlations and the
dynamical behaviour of entan-

glement

We now turn to investigate the entropy correla-
tions and the dynamical behaviour of the entangle-
ment between the two subsystems. As is known, for
a bipartite system that starts from a pure state, the
partial entropies of the two subsystems are equal at all
times, because of the equal eigenvalues of the partial
density matrices. Here, we focus on the case of the sys-

|

tem initially in the mixed state and discuss the effects
of nonlinear process on the partial entropy change and
the entanglement.

Based on the time-dependent density operator
pat(t) in Eq. (13), the reduced density operators of
the atom and the cavity field can be obtained respec-
tively

= &u(t)le){el + &2(t)]g)(gl,
= &(1)[n)(nl, (14)

Pa(t) = Trepas(t)
pi(t) = Trapas(t)

where

nt1t o [ Angit o [ Angat)
= C, ZP" [co ( ;1 ) + sin? ( ;1 > cos? (29n+1)] +Cy ZPnH sin? <;1) sin? (20,41),
= C, ZP _1sin (A t) sin” (20,,) + C, ZP" [cos ()\;t> + sin? <)\;t> cos? (29n)] )
= C. Z P, |cos? Anrat + sin? An+18 cos? (20,41)| + C Z P, sin? At sin? (26,,)
n 2 2 n+ e — n— 2 n
Antit Ant . Ant
+ C, ZP”“ sin < 2“ > sin? (20,,11) + Oy ZP" [COS (2> + sin? (2> cos? (29n)] . (15)

To investigate the entropy correlations or the anti-
correlated behaviour, we should first calculate the par-
tial entropy changes. For simplicity, we adopt the von
Neumann entropy, which is defined by their respec-
tive reduced density operators of the components of
the system

Si = =Tr;(p; In p;), (16)

where the subscript ¢ may represent the atom, the
field or the atom—field system. With the results of
Egs. (13), (14
for the atom, the field and the sum of them can
be written as: AS,(t) = Sa(t) — S.(0), AS:(¢) =
Se(t) — Se(0) and AS(t) = ASa(t) + AS¢(¢), respec-
tively.

) and (15), the partial entropy changes

The entanglement formation or, equivalently,

concurrence,'? can quantify the entanglement of 2 x 2

|

2

[

systems as well as other specific finite systems with
special symmetries. But what we will discuss here is
a 2 x oo system. However, we can better evaluate the
entanglement of p.¢(t) using the lower bound concur-
rence by projecting pa¢(t) onto a 2 x 2 system for each
photon state n.

The projection of p.¢(t) on the subspace spanned
by the basis |g,n), |e,n), |g,n + 1) and |e,n 4+ 1) can
be expressed as

D,y 0 0 0
0 E, F, 0

par(t) = ; (17)
0 F*D, 0

0 0 0 Eny

where

At An . A1t
D, = C.P, {sin2 ( +1 >Sln (20,,41) ] +CyPria [cos2 (;) + sin? < 2“ )0052 (29n+1)} ,

Fu = o oo (1) e (et
)

st Angit) .
) cos? (20n+1)} + CyPrt1 {sin2 (;) sin? (20n+1)} ,

n+1t Anptt At
F, = C.P, sin® ( 17 ) sin? (20141) {—1 coS (;1) — sin (;) coS (29n+1)}

+ Cy Py 41 8in® ( ;115) sin? (20,,41) {i cos ()\n2+1t) + sin (An;1t> cos (29n+1)} . (18)
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With the above results, the concurrence of the pl;(t)
can be given by

C" =2max[0, |Fn| — /Dp_1 X Ens1] . (19)

Then, we can obtain the lower bound concurrence
C by calculating the entanglement of pZ;(t) and tak-
ing an average over all possible values of n (weighted
This holds
because p(t) is the result of a local projection on

by the probability of obtaining p(t)).

pat(t), which cannot increase the entanglement on
average.['317] Tf this lower bound concurrence is posi-
tive, then the system is entangled.

4. Results and discussion

Based on the analytical solutions in Section 3, in
this section we will present some numerical results for
different parameters in Figs. 1-4 to demonstrate the
effects of the Kerr nonlinearity on the partial entropy
change and the entanglement.

In order to analyse the influence of Kerr nonlin-
earity on the partial entropy change, we consider the

0.4} — field I
(a) ----atom
....... sum of the atom and the field

\
\

gt

field is in the weak thermal state with average photon
number m = 0.1. It clearly shows that when y < g,
the behaviours of the partial entropy change are quite
different from each other for different atomic initial
states, as shown in Figs. 1(a)-4(a). When the atom is
initially in the ground state, there is a distinct anti-
correlated behaviour for the partial entropy changes
of the two subsystems as depicted in Fig. 1(a), and
with the increase of the probability of the atom in the
excited state, this behaviour is gradually replaced by a
positively correlated behaviour, for which the partial
entropy changes of the atom and the field are nearly
rising and reducing together; and this is similar to the
situation that the field and the atom are initially in
pure states. At the same time, it is worth while not-
ing that in the situation of x < g and the atom is
initially in a mixed state, the partial entropy change
of the field is greater than that of the atom, but op-
posite behaviour occurs when the atom is initially in
a pure state. For the situations of y ~ g or x > ¢
(Figs. 1(b), 1(c), 1(d)-Figs. 4(b), 4(c), 4(d)), whether

085 (1) —r

L e sum of the atom andv the field |

0.6

gt

Fig. 1. Partial entropy changes for different Kerr nonlinear strengths. Initially, the atom is in the ground state
(Cy =1, Ce = 0) and the field is in a weakly excited thermal state (m = 0.1). (a) x/g = 0.01; (b) x/g = 0.5; (¢)

x/g =5; (d) x/g = 10.
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Fig. 2. Partial entropy changes for different Kerr nonlinear strengths. Initially, the atom is in the maximally mixed
state (Ce = Cy = 0.5) and the field is in a weakly excited thermal state (m = 0.1). (a) x/g = 0.01; (b) x/g = 0.5;

(¢) x/9 =5; (d) x/g = 10.

0.6 T T T T

T T T
— field
(a) ----atom
------ sum of the atom and the field 7

0.8

N n
N <
—04t 1
0 2 4 6 8 10 0 2 4 6 8 10
gt gt
T T T T 0.07 T T T T
0.20 el 1 d g
I (C) ....... :ltl(;rllnof the atom and the field | 0.06 ( ) ------- :utr)xllnof the atom and the field 7

0.15 ' N
9 0.10
<

0.05

Fig. 3. Partial entropy changes for different Kerr nonlinear strengths. Initially, the atom is in the mixed state
(Ce = 0.8, Cg = 0.2) and the field is in a weakly excited thermal state (m = 0.1). (a) x/g = 0.01; (b) x/g = 0.5;

(c) x/g =5; (d) x/g = 10.
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gt

T T

(b) — field

----atom
- sum of the atom and the field

AS

0.10

0.08

0.06

AS

0.04

0.02

gt

Fig. 4. Partial entropy changes for different Kerr nonlinear strengths. Initially, the atom is in the excited state
(Ce =1, Cyg = 0) and the field is in a weakly excited thermal state (m = 0.1). (a) x/g = 0.01; (b) x/g = 0.5; (¢)

x/g =5; (d) x/g = 10.

the atom is in a pure state or in a mixed state, the in-
crease of the nonlinear strength can decrease the fluc-
tuation amplitude of the partial entropy change and
shorten its evolution periodicity, and meanwhile the
partial entropy change fluctuates with a distinct and
regular period as compared to the case of y < ¢g. In
addition, we also can find that when the probability
of the atom in the ground state is higher, increasing
the Kerr nonlinear strength also can convert the anti-
correlated behaviour of the partial entropy change to
the positively correlated behaviour. This is because
for high values of the Kerr nonlinearity there is a com-
petition between the atom-field interaction and non-
linearity effect. As a matter of fact, when x < g, the
effect of the Kerr nonlinearity on the entropy evolu-
tion is small as compared with the effect of atom—field
interaction. As y is close to g, both of them play the
crucial part in the partial entropy change. Once the
Kerr nonlinearity dominates over the atom—field cou-
pling, the system goes into a kind of regular evolution,
characteristic of the Kerr-like medium.

Figure 5 depicts the effect of Kerr nonlinear pro-
cess on the entanglement. Our calculation shows that
when the atom is initially in the ground state, the con-
currence is very small. So, we just discuss the case of
the atom is initially in the excited state. When x < g
the atom and the field almost maintain a strong en-
tanglement with a regular periodic time evolution, as
shown in Fig. 5(a). The increase of the nonlinear in-
tensity can lead to the decrease of concurrence and
the destruction of the regular periodic time evolution,
just as shown in Fig. 5(b). Once the Kerr nonlinear-
ity dominates the interaction process, the fluctuation
amplitude of concurrence becomes very small and the
two subsystems are weakly entangled in this case, see
Figs. 5(c) and 5(d). In addition, one can see that the
concurrence decreases with the increase of the mean
photon number m, which is proportional to the tem-
perature. When the temperature (or the mean photon
number) increases to a certain value, the concurrence
can be greatly suppressed and the entanglement nearly

vanishes.
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Fig. 5. Lower bound concurrence for different Kerr nonlinear strengths. Initially, the atom is in the excited state.

(a) x/g = 0.01; (b) x/g = 0.5; (c) x/g9 =5; (d) x/g = 10.

5. Conclusion

We have studied the partial entropy change and the entanglement for the JCM in the mixed state with

the Kerr-like nonlinear process, using the algebraic dynamical approach. It is shown that the partial entropy

changes of the two subsystems and their correlated behaviour depend greatly on the Kerr nonlinear intensity

and initial states of the atom and the mean photon number of the field. The higher the probability of the atom

in the ground state, the easier the anti-correlated behaviour occurs. Meanwhile, the increase of the nonlinear

intensity can lead to the decrease of the partial entropy change and convert the anti-correlated behaviour into

the positively correlated behaviour. On the other hand, the entanglement is greatly influenced by he tKerr-like

nonlinear intensity and the temperature. When the temperature or nonlinear intensity increases to a certain

value, the entanglement of the two subsystems can be greatly suppressed.
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