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Consistency of the directionality of partially coherent
beams in turbulence expressed in terms of the angular

spread and the far-field average intensity∗
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Under the quadratic approximation of the Rytov’s phase structure function, this paper derives the general closed-

form expressions for the mean-squared width and the angular spread of partially coherent beams in turbulence. It

finds that under a certain condition different types of partially coherent beams may have the same directionality as

a fully coherent Gaussian beam in free space and also in atmospheric turbulence if the angular spread is chosen as

the characteristic parameter of beam directionality. On the other hand, it shows that generally, the directionality of

partially coherent beams expressed in terms of the angular spread is not consistent with that in terms of the normalized

far-field average intensity distribution in free space, but the consistency can be achieved due to turbulence.
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1. Introduction

It was shown theoretically[1,2] and verified

experimentally[3,4] that in free space partially coherent

beams such as Gaussian Schell-model (GSM) beams

may have the same far-field radiant intensity distri-

bution as a fully coherent laser beam. It means

that full spatial coherence is not a necessary con-

dition for highly directional light beams. On the

other hand, it is very important to study the prop-

agation of laser beams through atmospheric turbu-

lence for many practical applications such as the re-

mote sensing and atmospheric optical communication,

etc.[5] Much work has been carried out concerning

the spreading of laser beams propagating through at-

mospheric turbulence, and it was shown both theo-

retically and experimentally that partially coherent

beams are less affected by turbulence than fully co-

herent ones.[6−12] Recently, Wolf and his collaborators

have extended the result in Refs. [1] and [2] from free

space to atmospheric turbulence, and showed that un-

der a certain condition there exist the equivalent GSM

beams which may have the same directionality (i.e.,

the same angular spread) as a fully coherent Gaussian

laser beam.[13] Furthermore, very recently we demon-

strated that, besides the GSM beams, there also ex-

ist other partially coherent beams such as partially

coherent Hermite-cosh-Gaussian beams, partially co-

herent Hermite–Gaussian (H–G) beams and partially

coherent annular flat-topped beams which may have

the same angular spread as a fully coherent Gaus-

sian beam both in free space and in turbulence.[14−16]

Thus, an interesting question arises: does the result

hold true for general partially coherent beams?

On the other hand, as usual, it is recognized

that the directionality of beams can be expressed in

terms of the far-field divergence angle (i.e., the an-

gular spread), or equivalently, in terms of the far-field

radiant intensity distribution.[1,2,13,17] However, it has

recently been shown that, unlike GSM beams, the di-

rectionality of partially coherent cosh-Gaussian beams

expressed in terms of the far-field divergence angle is

not consistent with that in terms of the far-field radi-

ant intensity distribution in free space.[18] Therefore,

another interesting question may arise: does the direc-

tionality of general partially coherent beams expressed

in terms of the far-field divergence angle be consistent

with that in terms of the far-field radiant intensity

distribution in turbulence?

In this paper, the angular spread is chosen as the

characteristic parameter of beam directionality, and

the directionality of general partially coherent beams
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propagating through atmospheric turbulence is stud-

ied. In addition, the consistency of the directionality

of general partially coherent beams expressed in terms

of the angular spread and of the normalized far-field

average intensity distribution is also examined, and

some interesting results are obtained.

2. Directionality expressed in

terms of the angular spread

The cross-spectral density of a partially coherent

beam at the source plane z = 0 can be expressed as[19]

W0(x
′
1, x

′
2) =

√
I0(x′1)

√
I0(x′2)µ0(x

′
2 − x′1), (1)

where I0(x
′) is the average intensity and µ0(x

′
2 − x′1)

is the spectral degree of coherence of the partially co-

herent beam at the plane z = 0.

Based on the extended Huygens–Fresnel princi-

ple, the average intensity of the partially coherent

beam propagating through atmospheric turbulence at

the plane z is given by the expression[5]

⟨I(x, z)⟩

=
k

2πz

∫
dx′1

∫
dx′2W0(x

′
1, x

′
2)

× exp

{(
ik

2z

)[
(x′

2
1 − x′

2
2)− 2(xx′1 − xx′2)

]}
× Cψ(x

′
1, x

′
2, x, x, z), (2)

where the angle brackets denote averaging over the

field ensemble, k is the wave number related to the

wave length λ by k = 2π/λ, and[20]

Cψ(x
′
1, x

′
2, x, x, z) = ⟨exp[ψ∗(x′1, x, z) + ψ(x′2, x, z)]⟩m

∼= exp

[
− (x′1 − x′2)

2

ρ20

]
, (3)

where ⟨ ⟩m denotes averaging over the ensemble of

the random medium, ψ(x′, x, z) is the phase func-

tion which depends on the properties of the medium.

The ρ0 = (0.545C2
nk

2z)−3/5 is the coherence length

of a spherical wave propagating through atmospheric

turbulence; C2
n is the structure constant of refrac-

tive index, which describes how strong the turbulence

is. It is noted that a quadratic approximation of

Rytov’s phase structure function is used instead of

the 5/3 power law in Eq. (3) to obtain an analyti-

cal expression for the average intensity in Section 3.

This quadratic approximation has been shown to be

reliable[20,21] and has been used widely.[8,9,14,15,20−22]

We do test the validity of the quadratic approximation

once more in numerical calculations (not presented

here to save space), and find that the difference be-

tween the numerical result obtained with and without

this quadratic approximation is quite small, and they

give the same trends.

It is to be noted that Cψ depends only on the

difference between x′1 and x′2, so we may write

Cψ(x
′
1, x

′
2, x, x, z) = Cψ(x

′
1 − x′2, 0, z)

= Cψ(u, 0, z), (4)

where u = x′1 − x′2.

The mean-squared beam width is defined as[6]

w2(z) =

∫
x2 ⟨I(x, z)⟩ dx∫
⟨I(x, z)⟩ dx

. (5)

By using the formulae for free space propa-

gation[23] and the definition of the effective source[6]

we can write Eq. (5) as

w2(z) = σ2
I +

[
σ2
J − 1

k2
∇2
uCψ(u, 0, z) |u=0

]
z2, (6)

where

σ2
I =

∫
x2I0(x)dx∫
I0(x)dx

, (7)

σ2
J =

∫
s2xJ(s)dsx∫
J(s)dsx

, (8)

J(s) = 2πkW̃0(−ksx, ksx), (9)

where J(s) is the power radiated by the source

per unit solid angle around the s direction[19] and

W̃0(−ksx, ksx) is the spatial Fourier transform of the

cross-spectral density at the source plane, i.e.,

W̃0(f1, f2) =
1

(2π)2

∫∫
W0(x

′
1, x

′
2)

× exp [−i (f1x
′
1 + f2x

′
2)] dx

′
1dx

′
2.

(10)

Using Eq. (3), we may evaluate the second expres-

sion in the square brackets of Eq. (6) , which is given

by

− 1

k2
∇2
uCψ(u, 0, z) |u=0

=
2

k2ρ20
= 2(0.545C2

n)
6/5k2/5z6/5. (11)

Substituting Eq. (11) into Eq. (6) we get

w2(z) = σ2
I + σ2

Jz
2 + 2(0.545C2

n)
6/5k2/5z16/5. (12)

Equation (12) is the mean-squared width of gen-

eral partially coherent beams propagating through at-

mospheric turbulence if the quadratic approximation
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of the Rytov’s phase structure function is adopted,

which is one of the main analytical results obtained

in this paper. Equation (12) indicates that the spread

of partially coherent beams due to atmospheric turbu-

lence is contained within the third term, the first two

terms represent the effect of the diffractive spread-

ing of partially coherent beams in free space. It is

mentioned that there are some differences between

Eq. (12) in this paper and Eq. (30) in Ref. [6]. The

reason is that a quadratic approximation of the Ry-

tov’s phase structure function is used in this paper,

which results in z16/5 occurring in the third term of

Eq. (12) in this paper, while z3 appearing in Ref. [6].

From Eq. (12), the angular spread of general par-

tially coherent beams in turbulence turns to be

θsp(z) ≡ lim
z→∞

w(z)

z

=
√
σ2
J + 2(0.545C2

n)
6/5k2/5z6/5. (13)

Equation (13) shows that σJ is a measure of the

far-zone angular spread of beam in free space, while

the second term denotes the effect of turbulence on

the angular spread. It can be seen that in free space,

different types of partially coherent beams with the

same value of σJ will generate the same directionality

expressed in terms of the angular spread. Further-

more, the result is valid in atmospheric turbulence if

the wavelength λ is kept fixed, which is assumed to be

fulfilled in this paper.

On the other hand, the mean-squared width and

the angular spread of fully coherent Gaussian beams

specified by subscripts ‘Gs’ in turbulence are ex-

pressed as[15]

w2(z)
∣∣
Gs

=
w2

0Gs

4
+

z2

k2w2
0Gs

+ 2(0.545C2
n)

6/5k2/5z16/5, (14)

and

θsp(z) |Gs =

√
1

k2w2
0Gs

+ 2(0.545C2
n)

6/5k2/5z6/5. (15)

From a comparison of Eqs. (13) and (15) we con-

clude that a general partially coherent beam will have

the same directionality (i.e., the same angular spread)

as a fully coherent Gaussian beam both in free space

and in atmospheric turbulence if the condition

σJ =
1

kw0Gs
(16)

is satisfied.

Based on the general formulae Eq. (12) and (13),

the analytical expressions for the mean-squared width

and the angular spread of two types of partially co-

herent beams are derived as follows, and a numeri-

cal example is given to illustrate the results obtained

above.

(i) Partially coherent flat-topped beam

The cross-spectral density function of partially co-

herent flat-topped beams at the source plane z = 0 is

written as[24,25]

W0(x
′
1, x

′
2) =

M∑
m=1

M∑
m′=1

αmα
′
m exp

[
−

(
mpm

x′
2
1

w2
0

+m′pm′
x′

2
2

w2
0

)]
exp

[
− (x′1 − x′2)

2

2σ2
0

]
, (17)

where M is beam order of partially coherent flat-topped beams, and[24]

αt = (−1)t+1 M !

t!(M − t)!
, pt =

M∑
t=1

αt
t

(t = m,m′). (18)

Substituting Eq. (17) into Eqs. (7) and (8), recalling the integral formulae∫
exp[−βx2 + γx]dx =

√
π√
β
exp

[
γ2

4β

]
, (19)

and ∫
exp[−βx2]x2dx =

√
π

β3/2
, (20)
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after straightforward integral calculations, we obtain

σ2
I1 =

M∑
m=1

M∑
m′=1

αmαm′w2
0

2 (mpm +m′pm′)
3/2

M∑
m=1

M∑
m′=1

αmαm′
√
mpm +m′pm′

, (21)

σ2
J1 =

2
M∑
m=1

M∑
m′=1

αmαm′
√
mpm +m′pm′

[
1

2σ2
0

+
mpmm

′pm′

w2
0 (mpm +m′pm′)

]
k2

M∑
m=1

M∑
m′=1

αmαm′
√
mpm +m′pm′

. (22)

From Eqs. (21) and (22), the mean-squared width and the angular spread of partially coherent flat-topped

beams turn to be

w2
1(z) = σ2

I1 + σ2
J1z

2 + 2(0.545C2
n)

6/5k2/5z16/5, (23)

and

θsp1(z) =
√
σ2
J1 + 2(0.545C2

n)
6/5k2/5z6/5. (24)

For M = 1, equations (23) and (24) reduce to the expressions for the mean-squared width and the angular

spread of GSM beams, which are given by

wGSM(z) =
w2

0

4
+

(
1

w2
0

+
1

σ2
0

)
z2

k2
+ 2(0.545C2

n)
6/5k2/5z16/5, (25)

θspGSM(z) =

√(
1

w2
0

+
1

σ2
0

)
1

k2
+ 2(0.545C2

n)
6/5k2/5z6/5. (26)

(ii) Partially coherent annular Gaussian beam

The partially coherent annular Gaussian beam is modeled as the difference between two Gaussian beams

with different values of the waist width w0 and εw0, where 0 < ε < 1. The cross-spectral density function of

partially coherent annular Gaussian beams at the source plane reads as[26]

W0(x
′
1, x

′
2) =

{
exp

[
−x

′2
1

w2
0

]
− exp

[
− x′

2
1

ε2w2
0

]}{
exp

[
−x

′2
2

w2
0

]
− exp

[
− x′

2
2

ε2w2
0

]}
exp

[
− (x′1 − x′2)

2

2σ2
0

]
. (27)

Similarly, we can obtain the mean-squared width and the angular spread of partially coherent annular

Gaussian beams, which are given by

w2
2(z) = σ2

I2 + σ2
J2z

2 + 2(0.545C2
n)

6/5k2/5z16/5, (28)

and

θsp2(z) =
√
σ2
J2 + 2(0.545C2

n)
6/5k2/5z6/5, (29)

where

σ2
I2 =

w2
0

4


1 + ε3 − 25/2ε3

(1 + ε2)3/2

1 + ε− 23/2ε√
1 + ε2

 , (30)

σ2
J2 =

1

w2
0

(
1 +

1

ε
− 25/2ε

(1 + ε2)3/2

)
+

1

σ2
0

(
1 + ε− 23/2ε

(1 + ε2)1/2

)
k2
[
1 + ε− 2

√
2ε√

1 + ε2

] . (31)

It is mentioned that equation (28) is essentially in agreement with Eq. (16) in Ref. [16], which is derived in

different way.
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From Eqs. (15), (24) and (29) it can be seen that,

whether in free space or in atmospheric turbulence

a partially coherent flat-topped beam and a partially

coherent annular Gaussian beam will have the same

angular spread as a fully coherent Gaussian beam if

the condition

σJ1 = σJ2 =
1

kw0Gs
(32)

is fulfilled.

It is noted that, in the limiting case σ0 → ∞ the

mean-squared width and the angular spread of the two

partially coherent beams mentioned above reduce to

those of the two corresponding fully coherent beams.

Figure 1 gives the mean-squared width w(z) of

partially and fully coherent beams which satisfy the

condition (32) and the corresponding fully coherent

Gaussian beam propagating both in free space and

in atmospheric turbulence, where λ = 1.06 µm is kept

fixed, and the other beam parameters are listed in Ta-

ble 1. As can be expected, the fully and partially co-

herent flat-topped beams (i.e., “b” and “c”), the GSM

beam (i.e., “d”), and the fully and partially coherent

annular Gaussian beams (i.e., “e” and “f”) exhibit the

same directionality (i.e., angular spread) as the corre-

sponding fully coherent Gaussian beam (i.e., “a”) not

only in free space but also in atmospheric turbulence.

Fig. 1. Mean-squared width w(z) versus propagation dis-

tance z. The calculation parameter is λ = 1.06 µm, and

the other parameters are listed in Table 1, where con-

dition (32) is satisfied. line a: fully coherent Gaussian

beam; lines b and c: fully and partially coherent flat-

topped beams; line d: GSM beam; lines e and f: fully

and partially coherent annular Gaussian beams. dash line

for C2
n = 0; solid line for C2

n = 10−14 m−2/3.

Table 1. Beam parameters corresponding to Fig. 1.

M w0/mm σ0/mm ε

a (fully coherent Gaussian beam) 11.90 ∞

b (fully coherent flat-topped beam) M = 12 15.81 ∞

c (partially coherent flat-topped beam) M=10 26.12 14.70

d (GSM beam) 35.00 12.71

e (fully coherent annular Gaussian beam) 21.30 ∞ 0.7

f (partially coherent annular Gaussian beam) 22.29 258.10 0.9

3. Consistency of the directional-

ity expressed in terms of the

angular spread and of the nor-

malized far-field average inten-

sity distribution

The partially coherent annular Gaussian beam is

taken as a typical example of general partially coher-

ent beams, the consistency of the directionality ex-

pressed in terms of the angular spread and of the nor-

malized far-field average intensity distribution is ex-

amined in this section.

Substituting Eqs. (3) and (27) into Eq. (2), after

very tedious but straightforward integral calculations

we obtain the average intensity of partially coherent

annular Gaussian beams, i.e.,

⟨I(x, z)⟩ = I1(x, z)+I2(x, z)−I3(x, z)−I4(x, z), (33)

where

I1(x, z) =
k

2zβ1β2
exp

[
− k2

2z2β2
1β

2
2

· x
2

w2
0

]
, (34)
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I3(x, z) =
k

2zβ1β5
exp

[
− k2

4z2β2
1β

2
5

· (1 + ε2)x2

ε2w2
0

]
, (35)

β2
1 =

1

w2
0

+
1

2σ2
0

+
1

ρ20
− i

k

2z
, (36)

β2
2 =

1

w2
0

+
1

2σ2
0

+
1

ρ20
+ i

k

2z
− η2

β2
1

, (37)

β2
3 =

1

ε2w2
0

+
1

2σ2
0

+
1

ρ20
− i

k

2z
, (38)

β2
4 =

1

ε2w2
0

+
1

2σ2
0

+
1

ρ20
+ i

k

2z
− η2

β2
3

, (39)

β2
5 =

1

ε2w2
0

+
1

2σ2
0

+
1

ρ20
+ i

k

2z
− η2

β2
1

, (40)

β2
6 =

1

w2
0

+
1

2σ2
0

+
1

ρ20
+ i

k

2z
− η2

β2
3

, (41)

η =
1

2σ2
0

+
1

ρ20
. (42)

I2 (x, z) can be obtained if β1, β2 and w0 are replaced

by β3, β4 and εw0 in Eq. (34); I4 (x, z) can be obtained

if β1 and β5 are replaced by β3 and β6 in Eq. (35).

Figure 2 shows the mean-squared width w(z) of

partially coherent annular Gaussian beams with dif-

ferent values of ε and the corresponding fully coherent

Gaussian beam propagating both in free space and in

atmospheric turbulence, where the condition (32) is

satisfied. The calculation parameters are listed in Ta-

ble 2, and λ = 1.06 µm is taken. Figure 2 shows that

the curves of the mean-squared width w(z) are close

to each other with the increase of the propagation dis-

tance z, which means that the three partially coher-

ent annular Gaussian beams with different values of

ε have the same angular spread as the corresponding

fully coherent Gaussian beam both in free space and

in turbulence.

Fig. 2. Mean-squared width w(z) versus propagation dis-

tance z. The calculation parameter is λ = 1.06 µm, and

the other parameters are listed in Table 2, where condi-

tion (32) is satisfied. a: Fully coherent Gaussian beam; b,

c and d: partially coherent annular Gaussian beams. hash

line for C2
n = 0; solid line for C2

n = 10−14 m−2/3.

Table 2. Beam parameters corresponding to Figs. 2 and 3.

w0/mm σ0/mm ε

a (fully coherent Gaussian beam) 10.11 ∞

b (partially coherent annular Gaussian beam) 22.49 180.00 0.4

c (partially coherent annular Gaussian beam) 20.00 199.80 0.9

d (partially coherent annular Gaussian beam) 28.00 170.11 0.2

Figure 3 gives the normalized far-field average intensity distributions ⟨I(x, z)⟩/⟨I(0, z)⟩ of partially coherent

annular Gaussian beams with different values of ε and of the corresponding fully coherent Gaussian laser beam

in accordance with Fig. 2, where z=20 km is taken, and other parameters are the same as those in Fig. 2.

Figure 3(a) shows that ⟨I(x, z)⟩/⟨I(0, z)⟩ of partially coherent annular Gaussian beams is different from that of

the corresponding fully coherent Gaussian laser beam, and there are differences between ⟨I(x, z)⟩/⟨I(0, z)⟩ of

partially coherent annular Gaussian beams with different values of ε, though they have the same angular spread

in free space (see Fig. 2). In free space, there are several side lobes in ⟨I(x, z)⟩/⟨I(0, z)⟩ of partially coherent

annular Gaussian beams, while ⟨I(x, z)⟩/⟨I(0, z)⟩ of the fully coherent Gaussian laser beam is a Gaussian profile.

However, in turbulence (see Fig. 3(b), C2
n = 10−14 m−2/3) ⟨I(x, z)⟩/⟨I(0, z)⟩ of partially coherent annular

Gaussian beams becomes Gaussian profile, and ⟨I(x, z)⟩/⟨I(0, z)⟩ of partially coherent annular Gaussian beams

is the same as that of the corresponding fully coherent Gaussian laser beam.
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Fig. 3. Normalized far-field average intensity distributions ⟨I(x, z)⟩/⟨I(0, z)⟩ in accordance with Fig. 2, where

z = 20 km and other parameters are the same as those in Fig. 2. a: fully coherent Gaussian laser beam; b, c,

and d: partially coherent annular Gaussian beams. (a) C2
n = 0; (b) C2

n = 10−14 m−2/3.

4. Conclusions

Under the quadratic approximation of the Rytov’s phase structure function, we have derived the general

closed-form expressions for the mean-squared width and the angular spread of partially coherent beams. We

show that different types of partially coherent beams with the same value of σJ will generate the same direc-

tionality both in free space and in atmospheric turbulence. In general, under a certain condition different types

of partially coherent beams may have the same directionality as a fully coherent Gaussian beam in free space

and also in atmospheric turbulence.

On the other hand, from Refs. [1], [2], [13] and [17], it can be seen that for GSM beams, the directionality

expressed in terms of the angular spread is consistent with that in terms of the normalized far-field average

intensity distribution both in free space and in turbulence. However, this paper finds that generally, the

directionality of partially coherent beams expressed in terms of the angular spread is not consistent with that

in terms of the normalized far-field average intensity distribution in free space, while the consistency can be

achieved due to turbulence.
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