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Employing the two-state model and the time-dependent wave packet method, we have investigated the influences

of the parameters of the intense femtosecond laser field on the evolution of the wave packet, as well as the population of

ground and double-minimum electronic states of the NaRb molecule. For the different laser wavelengths, the evolution

of the wave packet of 61Σ+ state with time and internuclear distance is different, and the different laser intensity brings

different influences on the population of the electronic states of the NaRb molecule. One can control the evolutions of

wave packet and the population in each state by varying the laser parameters appropriately, which will be a benefit for

the light manipulation of atomic and molecular processes.
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1. Introduction

In recent years, with the rapid development of

ultrashort and ultrastrong laser pulse techniques,

the light–matter interaction (LMI) has been demon-

strated experimentally and studied theoretically.[1−3]

An excellent review on the LMI is given in Ref. [4]

and the references therein. When molecules are sub-

jected to an intense laser field, many interesting phe-

nomena have been observed, such as above-threshold

ionization,[5−7] bond-hardening,[8] bond-softening,[9]

ac-Stark shift,[10,11] Rabi oscillation,[12] etc.

Many alkali metal dimers have double-minimum

potential states, such as 21Σ+
u state of Na2, 6

1Σ+ state

of NaK , 61Σ+ state of NaRb, and so on.[13−18] Meier

et al.[13] studied the electron kinetic energy distribu-

tion obtained from femtosecond pump/probe ioniza-

tion of Na2, which reflects details of the vibrational

dynamics. And later, Assion et al.[14] mapped the

molecular dynamics of Na2, employing the kinetic

energy time-of-flight mass spectroscopy in combina-

tion with the femtosecond pump-probe and molecu-

lar beam techniques. Yu et al.[15] reported the fem-

tosecond pump-probe photoelectron spectra and the

wave packet dynamics of the double-minimum poten-

tial 61Σ+ state of NaK in intense femtosecond laser

field, using the time-dependent wave packet method.

Korek et al.[16] calculated the potential energy over

a wide range of internuclear distances for the 28 low-

est electronic states of LiRb and NaRb molecules, us-

ing an ab initio method based on non-empirical pseu-

dopotentials, parametrized l-dependent polarization

potentials and full valence configuration interaction

calculations. Docenko et al.[17] studied the potential

energy of the ground state X1Σ+ of NaRb by the

Fourier-transform spectroscopy, and an accurate po-

tential energy curve was derived from more than 8800

transitions in isotopomers 23Na85Rb and 23Na87Rb.

Kortyka et al.[18] studied the double-minimum 61Σ+

state of NaRb, employing the polarization labeling

spectroscopy technique.

To the best of our knowledge, the potential en-

ergy curves of the ground state X1Σ+ and the double-

minimum state 61Σ+ of NaRb were studied in detail,

but the wave packet dynamics of 61Σ+ state of NaRb

in intense femtosecond laser field has not yet been in-

vestigated theoretically.

This paper is organized as follows: In Section

2, the theoretical model is introduced and the time-

dependent Schrödinger equation is solved using the
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“split-operator Fourier-transform” method of wave

packet propagation, and the expression of population

in each electronic state is given. In Section 3, the evo-

lution of the wave packet of 61Σ+ state of NaRb is dis-

cussed in detail for different laser wavelengths of the

pump pulse. The influence of the laser intensity of the

pump pulse on the population in both the ground and

the double-minimum states of NaRb is also obtained.

In Section 4, the main conclusions are summarized.

2. Theoretical treatment

In the calculation, the two-state model is em-

ployed: the ground state X1Σ+ and the double-

minimum state 61Σ+ of the NaRb molecule. The

relevant potential energy curves are shown in Fig. 1.

The data of potential energy curves are taken from

Refs. [16]–[18]. For convenience, the X1Σ+ and 61Σ+

states of NaRb are abbreviated to G and E, respec-

tively.

Fig. 1. Two-state model: a wave packet is pumped into

the excited electronic state 61Σ+. The potential energy

curves of electronic states X1Σ+ and 61Σ+ for the NaRb

molecule are taken from Refs. [16]–[18] (1 Å=0.1 nm).

The rotational motion is ignored in our treat-

ments because the heavy molecule does not ro-

tate essentially on the femtosecond time scale.[13]

Within the Born–Oppenheimer approximation, the

time-dependent Schrödinger matrix equation can be

written as

i h̄
∂

∂t

 ΨG (R, t)

ΨE (R, t)

 =

HGG HGE

HEG HEE

 ΨG (R, t)

ΨE (R, t)

 ,

(1)

where ΨG (R, t) and ΨE (R, t) represent the time-

dependent nuclear wavefunctions for G and E, respec-

tively. Hii (i=G, E) and Hi,j (i, j=G, E) are the

diagonal elements and the off-diagonal elements, re-

spectively. The diagonal elements can be expressed

as

Hii = − h̄2

2m

∂2

∂R2
I + Vii(R), (i = G,E), (2)

where m is the reduced mass of NaRb molecule,

R the internuclear distance, I the identity matrix,

and Vii(R) are the potential matrix elements of the

molecule in absence of laser field.

The off-diagonal elements of the Hamiltonian can

be expressed as

Hij = Hji = Wij = µijE (t) , (i, j = G,E) , (3)

where µij is the transition dipole moment, which is as-

sumed to be a constant because of its little dependence

on the nuclear distance interested in our calculation.

E (t) is the electric field of the laser pulse given by

E (t) = Ef (t) cos [ω (t− t0)]e, (4)

where E is the amplitude of the electric field of the

femtosecond laser pulse, ω the angular frequency, t0
the centre time of the pulse, e the polarization vector.

In the calculation, the polarization of the electric field

is parallel to the nuclear axis.

The envelope shape f (t) of the laser pulse with

the Gaussian function is expressed as

f (t) = exp
(
− (4 ln 2.0) (t− t0)

2/τ2
)
, (5)

where τ is the full width at half maximum (FWHM)

of the laser pulse. The above time-dependent Schrö-

dinger matrix equation can be solved by the split-

operator Fourier-transform method.[19−22] Within the

second-order approximation, the evolution of the wave

packets with time can be expressed as

Ψ (R, t0 +∆t) ≈
[
U

1/2
T (R, t0)UV U

1/2
T (R, t0)

]
× Ψ (R, t0) , (6)

where Ψ (R, t0) is the wave packet at initial time t0,

which is usually chosen as the wavefunction of the

ground vibrational state of the ground electronic state

X1Σ+ of NaRb, ∆t is the time interval, and UT and

UV denote the kinetic and potential energy evolution

operators, respectively. The kinetic energy evolution

operator is given by

UT = exp

[
− i∆t

h̄
TR

]
= F−1 exp

[
− i h̄k2∆t

2µ

]
F, (7)

where F denotes the Fourier transform

F [f ] =
1√
2π

∫ +∞

−∞
dR′ei kR

′
f (R′) . (8)
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The potential evolution operator can be expressed as[20,21]

UV = exp

[
− i

h̄
V∆t

]
= M exp

[
− i

h̄
MTVM∆t

]
MT

= M

 exp (− iλ1∆t/h̄) 0

0 exp (− iλ2∆t/h̄)

MT, (9)

where V is the potential matrix, which can be written as

V (R, t) =

 VGG µE (t)

µE (t) VEE

 , (10)

and M denotes the matrix which diagonalizes V (R, t), the superscript T represents the transpose of the matrix,

and λ1 and λ2 are the eigenvalues of the matrix V .

After propagating n steps, the wavefunction can be written as

Ψ (R, t0 + n∆t) =

[
n−1∏
k=0

U
1/2
T (R, t0 + k∆t)UV U

1/2
T (R, t0 + k∆t)

]
Ψ (R, t0) . (11)

Once the wave function Ψ (R, t) is determined, the population in each electronic state can be written as

Pi (t) =

∫
dR |Ψi (R, t)|2, i = G,E. (12)

3. Results and discussion

3.1. Influence of the laser wavelength on

the evolution of the wave packet of

61Σ+ state

The electronic state 61Σ+ of NaRb is a double-

minimum potential state. The minima of the inner

and outer potential wells lie at R = 4.34018 and R =

1188856 Å (1 Å=0.1 nm), respectively, and their cor-

responding potential energies are U(R) = 3.08129 eV

and 315539 eV. Whereas the barrier height Eb is

3.34067 eV, which lies at R = 6.71554 Å, and the

energy of the ground vibrational state of the ground

electronic state X1Σ+ is E00 = 6.6 × 10−3 eV. The

intensity and the FWHM of the pump pulse are taken

as 9.0×1013 W/cm2 and τ = 80 fs, respectively. In

the following, three cases will be discussed separately:

Eα < Eb, Eα ≈ Eb and Eα > Eb (E00 + hω = Eα).

Figure 2 shows the evolution of the wave packet with

time and internuclear distance when Eα < Eb, and the

corresponding pump wavelength λ = 403 nm. Two

characteristics can be observed clearly in Fig. 2. First,

the motion of almost all the wave packet takes place in

the inner potential well and is restricted by the clas-

sical turning points, which belongs to the mean en-

ergy of the wave packet. The oscillating period of the

wave packet is about 250 fs. Secondly, a small part of

the wave packet passes through the barrier and moves

away towards larger distance. That is because the ul-

trashort laser pulse has a broad spectral distribution,

some bound states with energies above the barrier are

excited with a small probability.[13] The pump wave-

length is λ = 372 nm for the case Eα ≈ Eb, and

the results are shown in Fig. 3. A pronounced char-

acter can be observed clearly that the wave packet

splits into two parts in the barrier region. This can

be interpreted by the fact that the vibrational states

below and above the barrier are excited with com-

parable probabilities.[13] And, one can see that part

of the wave packet moves into the outer well and is

reflected and then moves back inwards at the outer

turning point (at about 18 Å). Its oscillating period is

about 1600 fs. The other part of the wave packet still

remains in the inner potential well and its oscillating

period is about 600 fs. If the peak energy of the pump

pulse plus the energy of the initial state is increased

to a value larger than the barrier height (Eα > Eb),

e.g. λ = 350 nm , the created wave packet will pass

through the barrier region and only a small part is

reflected as illustrated in Fig. 4. The wave packet

moves towards the larger internuclear distances and is

reflected at the outer turning point and then moves

back inwards hereafter.
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Fig. 2. The evolution of the wave packet of double-

minimum potential state 61Σ+ with time and internuclear

distance for Eα < Eb and λ = 403 nm.

Fig. 3. The evolution of the wave packet of double-

minimum potential state 61Σ+ with time and internuclear

distance for Eα ≈ Eb and λ = 372 nm.

Fig. 4. The evolution of the wave packet of double-

minimum potential state 61Σ+ with time and internuclear

distance for Eα > Eb and λ = 350 nm.

3.2. Influence of the laser intensity on

the population of the electronic

states

In order to investigate the influence of the laser

intensity on population, the intensity is varied from

1.0×1013 W/cm2 to 9.0×1015 W/cm2. All the laser

parameters are fixed except for the laser intensity. In

the calculation, the pulse width τ = 80 fs, the cen-

tre wavelength λ = 403 nm. Figure 5 shows the

changes of population with the evolution time for dif-

ferent laser intensities. Figures 5(a)–5(d) correspond

to those for the pulse intensities of 1.0×1013, 3.0×1013,

6.0×1013 and 9.0×1013 W/cm2, respectively. It can

be seen that when the pulse is present, the population

in each state will take the form of oscillation, which

is often called Rabi oscillation.[23] Three characters

can be seen from Fig. 5. First, the total populations

of the ground state G and the double-minimum state

E of the NaRb are equal to 1. Secondly, for lower

laser intensity, the population of G state is bigger

than that of E state. With the increase of the laser

intensity, the population in G state decreases while

that in E state increases. Finally, the phenomenon

of Rabi oscillation can be observed clearly as docu-

mented in Figs. 5(c) and 5(d). For the laser inten-

sity of the order of magnitude of 1014 W/cm2, the

calculation results are shown in Fig. 6. Figures 6(a)–

6(d) correspond to those for the pulse intensities of

1.0×1014, 3.0×1014, 5.0×1014, and 6.0×1014 W/cm2,

respectively. Four characters can be seen from Fig. 6.

First, most of the populations are transferred from

G state to E state with the increase of the laser in-

tensity, resulting in the decrease of population in G

state and the increase in E state. Secondly, when the

pulse is turned off at 230 fs, the Rabi oscillation will

disappear simultaneously, but each state will still be

occupied and unchangeable in the time ranging from

230 fs to 600 fs. Thirdly, the frequency of Rabi oscilla-

tion increases with the increase of the laser intensity,

which is consistent with the results given in Refs. [24]

and [25]. This phenomenon can be rationalized by

the formula P (t) = (E2
0/h̄

2Ω2
R) sin

2
(
1
2ΩRt

)
,[23] where

ΩR =
[
(ωL − ω0)

2
+ E2

0/h̄
2
]1/2

is the Rabi frequency;

ω0, E0 and ωL is the resonance frequency for the re-

lated transition, the amplitude of the electric field and

the centre frequency of the pulse, respectively. Ac-

cording to the formula of the Rabi frequency and the

fact that E0 is proportional to the square root of the

laser intensity, increasing E0 will result in the increase

of Rabi frequency ΩR, so it is easy to understand

the relationship between the laser intensity and the

Rabi frequency. Finally, the residual population in

each state is different when the laser pulse is turned

off. This can be interpreted by the fact that the fre-

quencies of the Rabi oscillation are different with the

change of the laser intensity, which leads to the dif-

ferent population left over in each state. When the

laser intensity increases to 3.0×1015 W/cm2, one can

clearly see the high frequency oscillation riding on the

top of the Rabi oscillation, as presented in Fig. 7. It

can be attributed to the nonrotating wave component

in strong laser fields,[3] because we have not taken

the rotating wave approximation into account in our

calculation.[26]
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Fig. 5. Time evolution of the ground state (solid line) and the double-minimum state (dashed line) populations

for different laser intensities, in unit of W/cm2: (a) 1.0×1013, (b) 3.0×1013 (c) 6.0×1013, and (d) 9.0×1013.

Fig. 6. Time evolution of the ground state (solid line) and the double-minimum state (dashed line) populations

for different laser intensities, in unit of W/cm2: (a) 1.0×1014, (b) 3.0×1014, (c) 5.0×1014 and (d) 6.0×1014.
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Fig. 7. Time evolution of the ground state (solid line)

and the double-minimum state (dashed line) populations

for laser intensity 3.0×1015 W/cm2.

4. Conclusions

In this paper, we have studied theoretically the

influence of laser wavelength on the evolution of wave

packet of the double-minimum potential state 61Σ+

and the influence of laser intensity on the population

of X1Σ+ and 61Σ+ states of the NaRb molecule in

an intense femtosecond laser field, using the two-state

model and the time-dependent wave packet method.

For different laser wavelengths, the evolution of the

wave packet of 61Σ+ state of the NaRb molecule with

time and internuclear distance is different. Further-

more, the wave packet will split into two parts in the

barrier region when the peak energy of the pump pulse

plus the energy of the initial state equals the barrier

energy. The different laser intensity has a different

influence on the population of the electronic states of

NaRb molecule. Rabi oscillation is enhanced with the

proper laser intensity and the high frequency oscilla-

tion riding on the top of the Rabi oscillation when the

laser intensity is higher. The calculated results indi-

cate that one can control the evolutions of wave packet

and the population in each state by varying the laser

parameters, such as the wavelength and the intensity

of the laser pulse, which will be a benefit for the light

manipulation of atomic and molecular processes.
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