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The existence of two types of generalized synchronisation is studied. The model considered here includes three

bidirectionally coupled chaotic systems, and two of them denote the driving systems, while the rest stands for the

response system. Under certain conditions, the existence of generalised synchronisation can be turned to a problem

of compression fixed point in the family of Lipschitz functions. In addition, theoretical proofs are proposed to the

exponential attractive property of generalised synchronisation manifold. Numerical simulations validate the theory.
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1. Introduction

Since the pioneer work of Pecora and Carroll,!
chaos synchronisation has attracted much attention
due to its potential applications in various fields.2—
At present, several types of chaos synchronisation
have been revealed, such as complete synchronisa-
tion (CS), phase synchronisation (PS), lag synchro-
nisation (LS), anticipated synchronisation (AS) and
generalized synchronisation (GS). GS therein is an in-
teresting and more important topic, which includes
many synchronisation phenomena observed in labora-
tory experiments.'%11 In 1995, Rulkov et al.'? first
described the GS phenomenon and presented the idea
of mutual false nearest neighbours to detect the GS.
In 1996, Abarbanel et al.l'3 suggested the auxiliary
system method to study GS in driving-response sys-
tems, and the theory about this method was given
in Ref. [14]. Recently, Hramov et al.l'®! proposed a
modified system approach to study the GS.

Based on the modified system method, we
have presented some theoretical results about GS in
Refs. [16]-[20], however, the models in these references
included only two chaotic systems. In this paper,
we will further consider the existence of GS, and the
model investigated here consists of three bidirection-
ally coupled chaotic systems Y, Z, and X. Because
this kind of model is close to the dynamical network,

which exists everywhere in the real world, the research
of the GS of three systems is more valuable. The pa-
per proposes theoretical results about two types of
GS, when the modified systems Y and Z are chaotic,
and system X collapses to an asymptotically stable
equilibrium or asymptotically stable periodic orbits.

2. The existence of the GS mani-
fold

Consider the following three bidirectionally cou-
pled chaotic systems:

% = Ay +gly) + Ki(z—y)+ Kl (2 —y), (1)
% = Asz + f(z) + Ks(y — ) + K5(z — 2), (3)

where y € Ry}, z € R, x € Ry, g(y), h(z) and f(z)
are smooth vector functions, 4;, K;, K/, (i =1,2,3)
are m X n constant matrices.

Definition 1['3 Given two dynamical systems
X and Y, if there exists a manifold S = {(X,Y), X =
&(Y)}, which includes at least one attractor, then X
and Y carry out GS, and @ is called the GS map.

For three dynamical systems X, Y and Z, there
are two expressions of GS manifold. One is X =
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&(Y, Z), in this case Y and Z are the driving systems,
X is the response system; the other is X = @(Y'), and
Z =¥(Y), while Y is the driving system, and X and
Z are the response systems.

According to the dynamical property of the mod-
ified Y and Z systems, one has

dy

5 = Aw+gy) — (K + Ky, (4)
dz /
i Aoz + h(z) — (K + Kj)z, (5)

and the modified X system

Lo At f) - (Ks + Ko (6)
The existence of two kinds of GS is theoretically
proved, when the modified Y and Z systems are
chaotic, and the modified X system collapses to an
asymptotically stable equilibrium or asymptotically
stable periodic orbits. Based on the above, the GS
manifold here is expressed as X = &(Y, Z).

2.1. The first kind of GS

Without loss of generality, suppose the system (6)
has an equilibrium point g = 0 (If 29 # 0, we will use
linear transformation to make 0 to be its equilibrium
point), and the systems (4) and (5) are chaotic. Then
the system (6) can be rewritten as

where B = A; — K3 — K} + f/(0), F(z) = f(z) —
f/(0)z. In addition, all the eigenvalues of matrix B
have the negative real part.
Now the system (3) can be denoted as follows:
dz

E:Bm—i—F(m)—&—Kgy—kKéz. (7)

Firstly, we introduce a useful lemma given in
Ref. [21].

Lemma 1[21

Suppose ¢(t), ¥(t), and w(t)
are continuous functions defined on [a,b], w(t) > 0,
while ¢(z) is a monotonous non-negative and non-

decreasing function. If

then
d(z) < 1p(z) efd w()ds,

Lemma 2 Suppose g(y) and h(z) in the
systems (1) and (2) satisfy Lipschitz condition,
e 9(u1) — g(wa)| < Lyt —al, 1h(z1) — hz)] <
L|z; — 23], where L is a positive constant, | e |

denotes vector norm; He(Al_Kl_Ki)tH < M et
He(ATK?_K/?)tH < Mjet, where ¢ >0, t >0, || o]
denotes matrix or operator norm.

When t < 7,y(r) = n,2(7) = x, the solutions
y(t) = y(& 7, x,2(.)), 2(t) = 2(t; 7,1, x,2(.)) of the

e i e 0 e 1) e et
= Bz + F(x), 7,7, %, X, z,x’, the following formulae are satisfied:
|
ly(t;mn,x2() =y (&0 X 2'()]
< My ST | — | + My /tT ULy — | + | Kl [« — @' + | K] |2 = 2'[}ds,
|2t 7, x, 2() = 2 (7' ) 2 ()]
< Myes U= |n — | + My /tT oS CT Lz — 2| + || Kol |& — 2’ + | K3 [y — v/} ds. (8)
Proof If
dy

— =Aw+gy) + Ki(z—y)+ K'i(z—y),

dt

/

dt

then we have
d(y —y')
dt
y(r) =y (1) =n—1n".

d
YAy +9) + K@ =) + K1 (2 —y),

y(r) =,

= (A -K - K'1)(y—y)+9) —9() + Ki(z —2') + K'1(z = &),
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The solution of the equation can be described as follows:

y—y = e K TKDE=D 0 gy 4 / eAKI=KDE=0[(g(y) — g(y)) + Ki(z — 2') + K'1 (2 — 2/)]ds.
t

Consequently, we have
=y <MDyl 4 0y [ eI Ly g LKl = o] - s
t

Another inequality in formulae (8) will be attained as the same.

Based on the above, we first present the theoretical result about the existence of the first kind of GS
manifold as Theorem 1.

Theorem 1 Suppose the following conditions are satisfied: in the systems (1), (2), and (7) y € R}, z €
R%,and x € Ry, F': Ry — Ry, g: Ry — Ry, h: R} — R7 are sufficiently smooth functions, and

|F(z) + K3y + K'32 — F(2') — K3y — K'32'| < N[|Jx — 2| + [y —¢/| + |z — '], (9)
F(a) + Ky + K32 < N, (10)
Pt < Me™ ", (11)

when t < 7,y(7) = n € Ry, we have t < 7, 2(7) = x € R}. Based on Lemma 2, the solutions y(t) =
y(t;7,m, x,x), 2(t) = y(t; 7,m, x, ) of the systems (1) and (2) exist on (—oo, 7). For any 1,7, x, X', the inequality

(8) holds. Additionally,

AM(1 + A)My ([ Ky || + ([ Ko )/<
B4e—M(L+[KA+[K:f A+ K 2l

e/ <D, MN/B<D, AM/B+ <1,

AM (1 + A)M,

< A, 12
B+e¢—M(L+ K| A+ || Kzl A+ [[Ki2) e

where X\, M, My, N, 8,6, D, A are all non-negative constants, || K’12| = max{|| K’1]|, | K’2||}. Then there exists
a GS manifold among systems (1), (2), and (7):

S=A{(z,y,2)lx=0(y,2), —c0o<t<oo, yeRy 2R}, (13)

which satisfies |o(y, 2)| < D, and |o(y,2) — o(v',2")| < A(ly — ¥'| + |z — 2'|).
Proof Suppose Fp 4 is a family of Lipschitz function satisfying

lo(y,2)l < D, |o(y,z) —o(y, )| < Aly = /| + |z = &) (14)

Define the distance ||o; — 02| = Supycpn zeRrr lo1(y, z2) — o2(y, 2)|. It is easy to verify that Fp A is a
complete metric space. Let ¢ < 7, and y(7) = n € Ry, then the solutions y(t) = y(t; 7,7, x) and 2(t) = 2(¢; 7,71, x)
of the systems (1) and (2) exist on (—oo, 7).

The operator G is defined as follows:

Glo(mn) = /T PTIE (o (y(s), 2(s))) + Kay(s) + K'sz(s)]ds,

— 00

where y(s) = y(s; 7,1, x) and z(s) = z(s; 7,7, X)-
We will prove that the G maps Fp o on Fp a, and it is a contraction map:

! MN
|G(o(r,m))| < / e BT NI Nds = 5 < D.

— 00

Suppose o, 0" are two maps satisfying formulae (14), 7, 7" € Ry. Let y(t) = y(t; 7,1, x), ¥'(t) = y(&; 7,7, X');
from expression (8), we have

ly—y'| < MyesCY In—n'|+M1/ TN Ly —y| + | Kull |z — 2’| + | K1 ]| |2 — ="} ds
t
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IN

MyesT 0y of |4 My [ LI~ el + Kl lo(.2) — o' (0,2 + [ KA |2 = 2]} ds
t

IN

My e |n — | + Ml/ ULy —yo| + | K|l [Jlo — o'
t
Ally =¢'| + |z = 2D + |1 K1l [ — 2| }ds
My e | — |+ My || K |lo — o eC(H)/CJFMl/ e CTHL[y1 — po
t

HIEL Ay = '+ 12 = 2) + [ K] ]|z = 2'[}ds.

IN

Then we obtain

Uy —y/| < My|n—n| + My || K| IIU—U’||/<+M1/ TNy — /|
t
+ 1K1 || A(ly = ¢'| + 12 = 2']) + | K'1]| [z = 2'| }ds. (15)

Similarly, we also have

Uz — 2| < My |x = X+ My | K|l lo = o'l /s + M /T e T{L|z — |
t
B Ay — '+ |2 = 2']) + 1Kzl Iy — o/} ds. (16)
Adding formula (15) to formula (16) yields
U (|ly =y + [z —2'|) < Ma(ln —:7/| +Ix = XD + Mi(| K| + [ Kzl [lo = o'l /<
+ M, /t CTL(ly — | + |z = 2) + (1K | + 1 K2 DAy — /| + |2 = 2/])
+ 1K 2]l |z = 2| + [ K 12|l [y — ¢/ }ds,

where [[K"12|| = max{|[K"1], [ K2||}.
Based on Lemma 1, the following formulae are satisfied

S (y -y | + |2 — 7))
< My (= +1x = X']) + Mi(| K| + [| K)o — o|| /s } e EFIK AR At ][ K 12 [1r—0)
ly —y'| + |z — 2]
< AMi(In—n'| +1x = X']) + Mi(| K| + [|Kz]) [lo = o|| /s } M EHIKIAHIRz A+ K sz =)r—),

Consequently, the following expression can be obtained

) = G(o' (1,7))]
‘/ ePTIF(a(y(s), 2(s))) + Kay(s) + Kaz(s) — F(o'(y/(5),2'(5))) — Ksy'(s) — K'32(s)]ds

< | M olu(o), ) = o061 )]+ o) — o )]+ o) — o)

<A [ eI — o (14 A)(lys) — 5] + [ s) = (9l

< 2o — o+ a0t +2) [ eI+ =) + D+ Kl o =)/
[Ml(L+HK1HA+HK2HA+||K’12H A5 g g

: % o=+ R A1 TR A ey M )

+ My (| K + 1 Kz llo = o] /s

Then the operator G is a Lipschitz contraction map on Fp_a, and has a fixed point, i.e., there exists a GS
manifold S = {(o(y, 2),y, 2)}.
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In addition, the manifold S is invariant. Suppose (xg, Yo, 20) € S, 2o = o(¥o, 20), for equations

d
chf = Ay +g(y) + Kilo(y, z) —y| + K'1[z — y], y(to) = vo,

d
é = Apz + h(2) + Kalo(y, 2) — 2] + K'aly — 2], 2(to) = 20

Let x(t) = o(y(t), 2(t)); there exists the unique solution of Eq. (7)

xp(t) = / eBt=9) [F(o(y(s),2(s))) + Kay(s) + K'22(s)]ds.

— 00

Moreover, z,(t) is bounded when ¢t — co. It means that (z(t),y(t), 2(t)) € S, then S is invariant.
Theorem 2 Under the conditions given in Theorem 1, GS manifold is exponentially attractive. Especially,
when x(t), y(t), and z(t) are the solutions of the systems (1), (2) and (7) respectively, then

() — o (y(t), 2(£))] < M |z (to) — o (y(to), 2(to))| e ~FFHNEt),

where M\ < 3.
Proof The solution of Eq. (7) can be written as

t
w(t) = Pt u(ty) +/ P [F(2) + Ksy + K'32]ds,

and on S,
o(y,z) = /_too ePUIF (0 (y(s), 2(s))) + Ksy(s) + K'3z(s)]ds,
then
§t) =a(t) — oy, z) = Pl a(ty) + /t: P F(z) + K3y + K'sz]ds
- /; PR (o (y(s), 2(s))) + Kay(s) + K'sz(s)]ds,
E(t) — ePUTe(tg) = /t: PP (2(s)) = F(o(y(s), 2(s)))]ds.
Consequently,

£(t) = a(t) — o (y(t), =(1)) = ") [¢(to)] +/ PO [F(x(s) — Flo(y(s), 2(s)))]ds,

to
t

(O] < e PETIME(t)| +AM [ e U7 |a(s) — a(y(s), (s))| ds,

to

t
A0 ()] < MIE(to)] + AM [ e 80 |g(s)] ds.

to

Based on Lemma 1, we have e#(t=%0) |£(t)| < M |£(tg)| eMAE=t0) then [£(t)] < M |£(t)| e(—ATMM(E=to),

2.2. The second kind of GS

In this subsection, consider that the modified response system (6) has an asymptotically stable periodic
solution Z(t) = Z(t+T), T > 0; and the systems (4) and (5) are chaotic. We introduce another two lemmas in
Ref. [22] to prove the existence of this kind of GS manifold.

Lemma 322/ For a linear periodic differential equation described as

dzx
i A(t)z, (17)
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where A(t) is a continuous function, A(t +T) = A(¢), T > 0. Then there exists a continuous function Z(t)
with period T, and equation (17) can be transformed into Eq. (18) using w(t) = Z(t)z,
~—— —_B 18
v~ Bu, (15)
where B is a constant matrix.

Lemma 4?2l Suppose the real parts of the eigenvalues of the matrix B in the equality (18) are 81, B2, ..., Bn;
the eigenvalues of (A(t) + A*(t))/2 are o (t), aa(t), ..., an(t); then there exists a unitary matrix S(t) = (S; ;(t))

such that
1 .
_T/O lea 205 (B)dt, i=1,2,....n

Letting e(t) = x(t) — Z(t), we have
d
£ = A3£L’ + f(.’E) — K3£L’ — K/3£L' — [Agff + f((f') — Kg(f — Klii'g] + Kgy + Klgz
= Aze — Kze — K'se + Df(T)e + f(2) — f(Z) — Df(Z)e + K3y + K'32

= A(t)e + F(z,z,e) + K3y + K'3z, (19)

where A(t) = A — K3 — K's+ Df (%), F(z,%,e) = f(x) — f(&) — Df(Z)e.
By using Lemma 3 and e(t) = Z ! (t)w(t), equation (19) is transformed into
‘il‘; — Bu + Z(OF(Z ()w(t)) + Z()(Kay + K's2). (20)

The corresponding GS manifold z(t) = Z(t) + o(y(t), 2(t)) near Z(t) is transformed into

Obviously, the existence of the first kind of GS manifold between the systems (1) and (2), and the system
described by Eq. (21) means the existence of the second kind of GS manifold among the systems (1), (2), and

(3),
dw
4~ Bw+ZOF (Z7'wt) + ZW)Ksy + Z(t)K'3z. (21)
We derive the following theorem similar to Theorems 1 and 2.
Theorem 3 Suppose the following conditions are satisfied: in systems (1), (2), and (21) y € R}, =z € R

and w € Ry, F': Ry — Ry, g: Ry — Ry, h: R7 — R are sufficiently smooth functions, and

|ZF(Z7 (tyw(t) + ZKsy + ZK sz — ZF(Z7 (' (t)) — ZK3y' — ZK's?|
< Mlw —w'| + |y =y + |z = 2],
|ZF(Z7 (tyw(t)) + ZKsy + ZK'yz| < N,
|eBt| < Me—ﬁt
when t < 7,y(7) =n € Ry; t < 7,2(7)

2(t) = y(t;7,m, %, x) of the systems (1) and
Additionally,

X € R?. Based on Lemma 2, the solutions y(t) = y(¢t; 7,1, X, x),
(2) exist on (—oo, 7). For any 0,7, x, X, the inequality (8) holds.

AM(1+ A) My ([ K || + ([ Ko l) /<

x| <D, MN/B<D, \XM/B+
|z| /B /B B+s—M(L+|K||A+|Ks|| A+ | K'2])

<1, and

AM (1 + A)M,;

<A,
B+ —M(L+ K| A+ Kl A+ | Kf) —

where A\, M, M1, N, 8,5, D, A are all non-negative constants. Then there exists a GS manifold among systems
(1), (2) and (21):

S ={(w,y,2) |w=%(y,2), —00 <t < oo,y € R,z € R}},
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satisfying

[S(y.2)| < DI2(,2) = 2, )| < Ally = o/| + = = 2')).

Then there exists a second kind of GS manifold among systems (1), (2) and (3):

a(t) = () + o (y(t), 2(t)) = 2(t) + Z7'S(y(1), 2(1)).

3. Numerical simulations

(23]

In this section, we take the following unified chaotic system!=>! for illustration.

4= (25a+ 10)(v — u),
0 = (28 — 35a)u — uw + (29a — 1)v,
a+8w

3

W= uv —

(22)

When 0 < a < 0.8, the system (22) is a Lorenz system;[?4 when a = 0.8, it is a Lii system;[??! and when

0.8 < a < 1, it is a Chen system. 2%

We select Lii system and Chen system as the driving systems Y and Z, and take the Lorenz system as the

response system X, which are described as

Y system:
71 = (2502 +10)(y2 — y1) + mar(z1 — y1) + maz(21 — v1),
Y2 = (28 — 35a2)y1 — y1y3 + (292 — 1)ya + ma1(z2 — y2) + maa(22 — y2),
. a 8
Ys = Y12 — —5— U3 +ma1(z3 — y3) + maa2(z3 — y3);
7 system:

Z1 = (253 + 10) (22 — 21) + nu1(z1 — 21) + ni2(y1 — 21),

Zo = (28 — 350[3)21 — 2123 + (29043 — 1)2’2 + 7121(332 — 2’2) + nzg(yg — 22),
4

a3
3

i3 = 2129 — 23 +n3i(xs — 23) + n32(ys — 23),

when ap = 0.8, ag =1, m;; =n;; =0 (i =1,2,3;j = 1,2), systems Y and Z are chaotic.

X system:

&1 = (25a1 + 10)(z2 — 1) + k11 (y1 — 21) + k12(z1 — 21),

5.82 = (28 — 35041)1‘1 — X1T3 =+ (290&1 — 1)1‘2 + kgl(yg — 132) + ]CQQ(ZQ — .’L’Q),

8
w3 + k31(y3 — x3) + ksa(23 — x3),

. «
I3 = T1X2 —

when a1 =0, k;j; =0 (i =1,2,3;5 = 1,2), system X is also chaotic.
From the systems (23), (24) and (25), we have three modified systems:
The modified Y system:

91 = (25a2 + 10)(y2 — y1) + ma1(—y1) + maa(—y1),

Yo = (28 — 35a2)y1 — y1y3 + (2902 — 1)y2 + ma1 (—y2) + maa(—y2),

as + 8
3

U3 = y1y2 — Y3 + ma1(—ys3) + msa(—ys).
The modified Z system:

21 = (250[3 + 10)(22 — Zl) -+ 7111(—21) =+ nlz(—Zl),

Zo = (28 — 350&3)21 — z123 + (29043 — 1)22 + ngl(—22> + ngg(—ZQ),

020511-7
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asz + 8
& zg + n31(—23) + n32(—23). (27)

53 = 2129 —
The modified X system:

i’l = (250&1 + 10)(1’2 — 1’1) + ku(—xl) + klg(—l'l),

To = (28 — 35041)%‘1 — X123 + (29@1 — 1)$2 + k‘gl(—xg) + kgg(—l‘g),
ap +8

T3 = T1To — T3 + k31(—l‘3) + /ﬂgg(—ﬂ?g). (28)

We use the auxiliary system approach to verify GS among systems (23), (24) and (25); as a result, the
auxiliary system of X is introduced

X1 = (2501 +10)(Xz — X1) + ki1 (y1 — X1) + kia(21 — X1),
XQ = (28 — 350[1)X1 - X1 X3+ (29&1 — 1)X2 + ]ﬂgl(yz — XQ) + kQQ(ZQ — XQ),

. a; +8
X3 = X1 Xy — — X3+ k31 (ys — X3) + ksa(23 — X3). (29)

In the following simulations, the initial values of  (28) collapses to asymptotically stable periodic orbits,
systems (23), (24), (25), and (29) are chosen to be  and the systems (26) and (27) are chaotic.
(0.1, 0.2, 0.3), (0.4, 0.5, 0.6), (0.5, 1, 1.5) and (1.1, We choose my; = 2, mis = 0.05, mg =
1.2, 1.3), respectively. 1.5, mos = 0.05, m3; = 2, mgs = 0.05, ny; =
The first kind of GS In this case, the system 0.74, nios = 0.05, noy = 1.1, ngy = 0.05, nzy =
(28) collapses to an asymptotically stable equilibrium, 1, nge = 0.05, k11 = 0.19, k13 = 0, ko = 0.01, koo =
and the systems (26) and (27) are chaotic. 0.13, k31 = 0.24, k3o = 0.25. The results are shown
We select mi1 = mia = Mo1 = Moy = M3; = in Figs. 2 and 3.
mgz = 0.1, n1; = ni2 = ng1 = ngg = N3y = N3z =
0.1, ki1 = k1o = ko1 = koo = k31 = k3o = 0.5.
Under the above conditions, we find that the mod-
ified X system (28) approaches the asymptotically sta-
ble equilibrium (-9.2736, -10.2010, 25.8000), while the
systems (26) and (27) are still chaotic. The response

€3

system (25) and the auxiliary system (29) carry out
CS, which is shown in Fig. 1. Based on the auxiliary
system method, we can have that the driving systems

(23), (24), and the response system (25) realize GS. 2015 z

Fig. 2. Graphical representation of the periodic orbit of

W | e—ai-X, the system (28).
0 L

-5 L L L L L 1 1 L L 10

' ' ' ' e =m-Xy
e 0 MAWMWMM
— ex =10 — X2
0 '\]\’\/Ww‘ —10 L L L L L L L L L
0 20 40 60 80 100
—~10 ! ' ! ! ! L L L L 20

0 2 4 6 8 10 ' T " T e =t —Xo
20 ——— 0 mem
0 _20 1 1 1 1 1 1 1 1 1

N T 0 20 40 60 30 100

25 2 4 6 8 10 22 — €3 =23~ X3
. oo
Fig. 1. Graphical representation of errors between the _200 l 2‘() . 4‘0 l éO l 8.0 l 100
systems (25) and (29). t
Fig. 3. Graphical representation of errors between the
The second kind of GS In this case, system systems (25) and (29).
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From the above figures, we can see that the response system and the driving systems achieve two kinds

of GS. It is worth while pointing out that the approach given in this paper can be easily extended to other

complex systems, such as the multi-scroll chaotic systems.[27:28]

4. Conclusions and discussions

The mathematical mechanism of the GS of chaotic systems has been unclear for many years. In the earlier

works, we presented some theoretical results about the GS manifold of two coupled chaotic systems. This paper

further studied the existence of GS manifold of three bidirectionally coupled chaotic systems, and theoretical

proofs are proposed to the exponential attractive property of GS manifold. Future work will be focused on the

analysis of GS of systems in the complex networks.
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