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In the case where the knowledge of goal states is not known, the controllers are constructed to stabilize unstable

steady states for a coupled dynamos system. A delayed feedback control technique is used to suppress chaos to unstable

focuses and unstable periodic orbits. To overcome the topological limitation that the saddle-type steady state cannot be

stabilized, an adaptive control based on LaSalle’s invariance principle is used to control chaos to unstable equilibrium

(i.e. saddle point, focus, node, etc.). The control technique does not require any computer analysis of the system

dynamics, and it operates without needing to know any explicit knowledge of the desired steady-state position.
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1. Introduction

The problem of controlling chaos has attracted

great interest among physicists over the past decade.

The unique interest of physicists in this subject started

with an observation that chaotic motion can be con-

verted to any of a large number of periodic motions via

the stabilization of unstable periodic orbits (UPOs)

embedded in a chaotic attractor.[1] Various methods

of controlling the chaotic system have been proposed

in recent years. These methods can be divided into

two broad categories: nonfeedback control and feed-

back control. To the feedback control, there are the

Ott–Grebogi–Yorke (OGY) method, adaptive control,

delayed feedback control (DFC), linear feedback con-

trol, nonlinear feedback control, alterable structure

control, fuzzy control and so on. The nonfeedback

control methods include weak periodic parametric per-

turbation, addition of weak periodic pulses, addition

of weak noise signal, etc.[2−6] In Refs. [5] and [6],

two control methods of periodic impulse and periodic

pulses added have been well studied and applied suc-

cessfully. Each method has its advantages and disad-

vantages. A suitable technique will ensure effectual

chaos control.

Many studies have achieved the coupled dynamos

system. In Ref. [7], the feedback (linear feedback and

dual-feedback) techniques were used to control the dy-

namical system of coupled dynamos to unstable equi-

librium points and limit cycles, and the numerical sim-

ulations showed that the controlling techniques were

valid. Unfortunately, the knowledge of desired goal

steady states for the chaotic system must be known

accurately. In the present paper, the controlling idea

in Ref. [7] is further extended. Without explicit knowl-

edge of the steady-state position, controlling chaos

to unstable periodic orbits and unstable equilibrium

points can be realized by using DFC and adaptive con-

trol techniques. Numerical simulation results show the

control process of the different methods.

2. System of coupled dynamos

The system of coupled dynamos is a nonlinear dy-

namical system which is capable of displaying chaotic

behaviours. The system consists of two dynamos

connected together so that the current generated by

any one of them produces the magnetic field for

another.[7−9] In Ref. [7], the coupled dynamos chaotic

system is described by the following system of differ-
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ential equations:


ẋ1 = −µx1 + x2(x3 + α),

ẋ2 = −µx2 + x1(x3 − α),

ẋ3 = x3 − x1x2,

(1)

where µ and α are positive control parameters. When

µ > 1/2, the divergence of the flow (1) is given by

∇ · F =
∂F1

∂x1
+

∂F2

∂x2
+

∂F3

∂x3
= −2µ+ 1 < 0,

where F = (F1, F2, F3) = (−µx1+x2(x3+α),−µx2+

x1(x3 − α), x3 − x1x2).

Then, system (1) is a forced dissipative system

similar to the famous Lorenz system, but not equiv-

alent to it topologically. Thus solutions of system

(1) are globally bounded for all t ≥ 0 and con-

tinuously differentiable with respect to time. Sys-

tem (1) is invariable through the transformation of

(x1, x2, x3) → (−x1,−x2, x3), from which it follows

that the system (1) is symmetrical, with the x3 axis

regarded as its symmetrical axis.

2.1.Analysis of chaotic dynamics

In this section, the dynamics behaviour of the cou-

pled dynamos system (1) is analysed at µ = 2 and

α = 3. Figure 1(a) shows a three-dimensional image

of the chaotic attractor for the coupled dynamos. Fig-

ure 1(b) shows the points of trajectories by section of

x1 = 0. These points on the Poincaré section form a

pattern with a certain shape and self-similar structure.

Figure 1(c) shows the continuous power spectrum of

x3(t). Figure 1(d) shows a chaotic time series chart of

x3(t).

Using the method of singular-value decomposi-

tion, as t → ∞, three Lyapunov exponents of the

system (1) are obtained to be λ1 = 0.4493, λ2 = 0,

and λ3 = −3.4493. According to Kaplan and Yorke

speculation,[10] the Lyapunov dimension of chaos at-

tractors of Eq. (1) can be derived to be

de = j +
1

λj+1

j∑
i=1

λi = 2 +
λ1 + λ2

|λ3|
= 2.1303. (2)

System (1) has a fractional dimension. Consequently,

all the analysis above shows that the behaviour of the

dynamical system (1) is chaotic at µ = 2 and α = 3.

Fig. 1. Chaotic behaviours of system (1) at α = 3 and µ = 2. (a) chaotic attractor; (b) Poincaré section; (c)

power spectrum of x3(t); (d) time series of x3(t).
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2.2. Stability analysis of equilibrium

states

Setting F = 0, the mathematical model equations

for this system (1) are

− µx1 + x2(x3 + α) = 0,

− µx2 + x1(x3 − α) = 0,

x3 − x1x2 = 0. (3)

The equilibrium points of the system (1) are

E0 = (0, 0, 0), E1 = (−β2, β1,−γ),

E2 = (β2,−β1,−γ), E3 = (β1, β2, γ),

E4 = (−β1,−β2, γ), (4)

where β1 =
√
γ(γ + α)/µ, β2 =

√
γ(γ − α)/µ, and

γ =
√

α2 + µ2.

When the equilibrium state is expressed as

E(x̄1, x̄2, x̄3), the Jacobian of the linearized system

about the equilibrium state E is

J(E) =


−µ x̄3 + α x̄2

x̄3 − α −µ x̄1

−x̄2 −x̄1 1

 .

The equation with the eigenvalues is

λ3 + (2µ− 1)λ2 + (α2 + µ2 − 2µ+ x̄2
1 + x̄2

2 − x̄2
3)λ

+ (µx̄2
1 + µx̄2

2 + x̄2
3 + 2x̄1x̄2x̄3 − α2 − µ2) = 0.

Lemma 1 As µ = 2 and α = 3, the equilibrium

solution E0 = (0, 0, 0) of the uncontrolled system (1)

is an unstable saddle point.

Proof As µ = 2 and α = 3, the eigenvalues of

the first equilibrium state E0 are λ1 = 1, λ2 = −2+3 i

and λ3 = −2− 3 i. Since λ1 is a positive real number,

λ2 and λ3 are a pair of complex conjugate eigenval-

ues with negative real parts, it follows that E0 is an

unstable saddle point.

Lemma 2 As µ = 2 and α = 3, these equilib-

rium solutions (E1 ∼ E4) of the uncontrolled system

(1) are unstable focuses.

Proof As µ = 2 and α = 3, the eigenvalues of

the equilibrium solution E1 = (−β2, β1,−γ) are λ1 =

−4.0, λ2 = 0.50+ 3.5706 i, and λ3 = 0.50− 3.5706 i.

Since λ1 is a negative real number, λ2 and λ3 are

a pair of complex conjugate eigenvalues with positive

real parts, it follows that E1 is an unstable focus. Sim-

ilar calculation shows that the others (E2 ∼ E4) with

the same eigenvalues are also unstable focuses for sys-

tem (1).

Obviously, these unstable equilibrium states

(E1 ∼ E4) with uniform stability are symmetrical.

The chaotic attractor of Eq. (1) is not only com-

mon to a low-dimensional chaotic system, but also

has more complex folding and stretchable trajectories,

thereby showing Eq. (1) to be more locally unstable

than the low-dimensional chaotic system. The cou-

pled dynamos system has five equilibrium points, but

the Lorenz system has only three. Figure 1(a) shows

that the unstable saddle point E0 is in the middle of

the chaotic attractor which takes the x3 axis as a sym-

metrical axis. It is surrounded by four circular regions

around an unstable focus separately, forming a spiral

chaotic multi-attractor. Therefore, it is totally differ-

ent from the Lorenz system, and its complexity will

greatly increase the difficulty in controlling the chaos.

3. Controlling chaos

In this section, the chaos of the dynamical system

(1) is controlled to unstable equilibrium solutions and

UP0s. Delayed feedback control method and adaptive

control method are used to achieve this goal.

3.1.Delayed feedback control method

DFC method is indeed capable of stabilizing not

only UPOs, but also unstable steady states. It in-

volves a control signal formed from the difference be-

tween the current state of the system and the state

of the system delayed by one period of the UPOs, so

that the control signal vanishes when the stabilization

of the desired orbit is attained. The proposed delayed

feedback controller D(t) with time consists of the cur-

rent state x(t) and the delayed state x(t − τ) in the

form of D(t) = x(t)− x(t− τ), where D(t) is the i× i

matrix and τ is the delay time which is the adjusted

parameter. In the controlled system, the controller

D(t) converges to zero when the trajectories converge

to one of UPOs (or equilibrium solutions) with peri-

odic τ , then the controlled and uncontrolled systems

have the same solutions naturally.

The DFC method is applied to system (1). Gen-

erally, the dimension of the proposed controller is re-

duced. In this case, D(t) only disturbs the third equa-

tion of system (1), and the result of controlled system
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has the following forms:
ẋ1

ẋ2

ẋ3

 =


−µx1 + x2(x3 + α)

−µx2 + x1(x3 − α)

x3 − x1x2

−KD(t)


0

0

1

 ,

(5)

hence,

D(t) = x3(t)− x3(t− τ), (6)

where K is the feedback gain. Experimentally, stabi-

lization is achieved by fitting two parameters τ and

K in such a way as to minimize the amplitude of the

perturbation KD(t). The method is not very sensi-

tive to the variation of K. If τ is chosen correctly,

there exists a finite interval of values of K achieving

stabilization.[11] In the present paper, K is set to be

0.7.

However, an experimental fitting of the delay time

τ is more complicated and requires a very thorough

adjustment, because the amplitude of the perturba-

tion has a resonance-type dependence on τ with pro-

nounced minima at τ coinciding with the periods of

the UPOs. To provide the small amplitude of the per-

turbation, the delay time must be fitted to be as close

as possible to the period Tk of the desired UPO. The

search for the correct value of τ is particularly difficult

for autonomous systems, because the periods of their

UPOs are a priori unknown.

The correct value of τ can be found by observing

the variation of D(t) with τ . For the changes in the

parameter of τ , the value of D(t) is obtained by av-

eraging over 6000 calculation results or more to elim-

inate ‘butterfly effect’. In order to avoid neutralizing

effect of the D(t) deviating from zero, the variation of

D2(t) with τ is studied here. At the same time, D2(t)

is square mean of D(t) except for the initial transient

data.[12] The correct value τ can be chosen arbitrar-

ily when D2(t) ≈ 0. Figure 2 shows the variation of

Fig. 2. Variation of ⟨D2(t)⟩ with τ .

D2(t) with τ in controlled systems (5) and (6). When

τ is chosen to be one of the following values: 0.9, 1.96,

2.62, 4.04, the value of D2(t) will be on the verge of

zero. Sympathetic vibration occurs between delayed

feedback and inherent UPO (or unstable equilibrium

state), and the chaotic system (1) is stabilized to UPO

or unstable fixed point accurately.

The controlled system of ordinary differential

equation (5) and the control system (6) are integrated

by using the fourth-order Runge–Kutta method with

time steps of 0.01. The parameters µ and α are taken

to be 2 and 3 respectively, i.e. µ = 2 and α = 3, to

ensure the existence of chaos in the absence of the con-

trol. The K = 0.7, τ = 0.9 and the initial conditions

(x1, x2, x3)t=0 = (−1,−1,−1) are chosen. The un-

stable focus E1(−1.045, 3.451,−3.606) of system (5)

is stabilized when the control is activated at t = 70.

Figure 3 shows the behaviours of the states x1, x2

and x3 of system (5) and the controller D(t) evolu-

tion with time. The numerical simulations show a

successful stabilization of the equilibrium state with

an asymptotically vanishing perturbation. Choos-

ing a different initial value, other unstable focuses

(E2, E3 and E4) are stabilized. As τ = 2.62 and

(x1, x2, x3)t=0 = (−1, 1, 1), equation (5) is stabilized

at E4(−3.451,−1.045, 3.606) when the control is acti-

vated at t = 70. Figure 4 shows the behaviours of the

states x1, x2 and x3 of system (5) and the controller

D(t) evolution with time. In the same way, chang-

ing the initial value, other focuses are stabilized. As

τ = 1.96 and (x1, x2, x3)t=0 = (−1,−1, 1), the trajec-

tories converge to period-1 orbit. The results of stabi-

lizing period-1 orbit are presented in Figs. 5(a)–5(c).

The perturbation before and after switching on the

control is presented in Fig. 5(d). The amplitude of the

perturbation gradually decreases and the desired UPO

becomes stable. Changing the initial value, the tra-

jectories will converge to another period-1 orbit and

the two period-1 orbits are symmetrical with respect

to x3 axis. As τ = 4.04, the trajectories converge to

period-2 orbit. The results of stabilizing period-2 or-

bit are presented in Figs. 6(a)–6(c). The perturbation

before and after switching on the control is presented

in Fig. 6(d). Similarly, taking a different initial state,

the trajectories will converge to another period-2 or-

bit. Experimentally, no matter how to select the val-

ues of K and τ , system (5) cannot be controlled to

the unstable saddle point E0.
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Fig. 3. The states of the controlled system (5) and the control system (6) response for τ = 0.9 and

(x1, x2, x3)t=0 = (−1,−1,−1).

Fig. 4. The states of the controlled system (5) and the control system (6) response for τ = 2.62 and

(x1, x2, x3)t=0 = (−1, 1, 1).

Stability analysis of the delayed feedback systems is very difficult. Nevertheless, some general analytical

results have been obtained.[13,14] It has been shown that the DFC can stabilize only a certain kind of periodic

orbits characterized by a finite torsion. More precisely, the limitation is that any UPOs with an odd number

of real Floquet multipliers (FMs) greater than unity can never be stabilized by the DFC. Numerical simula-

tions have verified that the unstable saddle point E0 possessing an odd number of real positive eigenvalues in

uncontrolled system (1) cannot be stabilized anyway. Under the circumstances, an adaptive control method is

proposed to overcome this limitation in the next section.
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Fig. 5. The periodic trajectory of period-1 of the controlled system (5) for τ = 1.96 and (x1, x2, x3)t=0 =

(−1,−1, 1). Panels (a)–(c) show the periodic orbits to be stabilized in phase plane; panel (d) indicates D(t)

evolution with t.

Fig. 6. The periodic trajectory of period-2 of the controlled system (5) for τ = 4.04 and (x1, x2, x3)t=0 =

(−1,−1, 1). Panels (a)–(c) show periodic orbits to be stabilized in phase plane; panel (d) indicates D(t) evolution

with t.

3.2.Adaptive control method

Our aim is to stabilize the chaotic system (1) to the unstable focus E0, which the DFC fails to achieve due

to its limitation. An adaptive control based on the LaSalle’s invariance principle makes up for this shortcoming,

and the detailed numerical proof and some interesting remarks on the results can be obtained in a series of

papers.[15−17] In this section, the adaptive control is applied to system (1) to stabilize unstable fixed points.
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Consider an n-dimensional system governed by

the ordinary differential equation ẋ = f(x), the con-

trolled system with controlled perturbation u reads

ẋ = f(x) + u, (7)

where u is an n×n matrix, constructed by a reference-

free feedback perturbation that automatically locates

and stabilizes the fixed point. Such a perturbation

should vanish when the system settles at the fixed

point. Here, according to Ref. [15], a closed-loop con-

troller with variable feedback gain k = k(t) is pro-

posed as follows:

u = −k(x− w), k̇ = ε(x− w)2, (8)

where ε ∈ Rn
+, and the variable feedback gain k(t) ∈

Rn
+ is a nondecreasing positive function which tends

monotonically to its maximum value k∗ when the

desired asymptotically stable equilibrium state x∗ is

reached, x → x∗, k → k∗. The estimated position of

the equilibrium state w is obtained from Ref. [16]

ẇ = λ(x− w), (9)

where w ∈ Rn and λ ∈ Rn
+. This property guarantees

that for any λ > 0 the solution of Eq. (9) is bounded

and moreover w → x∗. The equations of controlled

system are given by Eqs. (7), (8) and (9)[17]

ẋ = f(x)− k(x− w), ẇ = λ(x− w),

k̇ = ε(x− w)2. (10)

However, it was recognized by Pyragas that it could

not stabilize the trivial saddle point with steady-state

estimator λ > 0, but it could with estimator λ < 0.[16]

Generally, the dimension of the proposed con-

troller is reduced instead of full state control. For

instance, only one-dimensional controller is added to

the third ordinary differential equations (1), as a re-

sult, a complete set of equations for the controlled

coupled dynamos system reads
ẋ1 = −µx1 + x2(x3 + α),

ẋ2 = −µx2 + x1(x3 − α),

ẋ3 = x3 − x1x2 − k(x3 − w),

ẇ = λ(x3 − w), k̇ = ε(x3 − w)2 .

(11)

The controlled systems of the ordinary differen-

tial equations are integrated by using the fourth-order

Runge–Kutta method in time steps of 0.01. The pa-

rameters α and µ are taken to be 2 and 3 respectively,

i.e. α = 3 and µ = 2 to ensure chaotic behaviours

in the absence of the control. The initial conditions

(x1, x2, x3, k, w)t=0 = (1, 1, 1, 0, 0) are chosen in all

simulations.

3.2.1. Stabilizing unstable saddle point E0

Setting ε = 0.2, λ = −0.2, and turning the con-

troller on at t = 50, equation (11) is stabilized at E0.

Figure 7 shows the saddle point stabilization.

Fig. 7. Stabilization of unstable saddle point E0 for the coupled dynamos system, with uncontrolled chaotic

evolution t ∈ [0, 50), controlled dynamics t ∈ [50, 100), ε = 0.2, and λ = −0.2.

3.2.2. Stabilizing unstable focuses E1 ∼ E4

If a controller is added to the first expression in Eq. (1), setting ε = 0.2, λ = 0.2, and turning the controller

on at t = 50, the coupled system (1) is stabilized at E1(−1.045, 3.451, −3.606) and shown in Fig. 8. When the

controller is turned on at t = 46, the coupled system (1) tends to another equilibrium state E2(1.045, −3.451,

−3.606).

If a controller is added to the second expression in Eq. (1), setting ε = 0.2, λ = 0.2, and turning the

controller on at t = 47, the system (1) is stabilized around E3(3.4508, 1.0448, 3.6056); When the controller is

turned on at t = 50, the system (1) will be stabilized around E4(−3.4508, −1.0448, 3.6056).
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Fig. 8. Stabilization of unstable focus E1 for the coupled dynamos system, with uncontrolled chaotic evolution

t ∈ [0, 50), controlled dynamics t ∈ [50, 100). ε = 0.2, and λ = 0.2.

4. Conclusions

Two controlling chaos techniques which do not require any computer analytical knowledge of the system

dynamics are appropriately applied to the dynamical system of coupled dynamos. The DFC method suppresses

the chaotic behaviour of system (1) to unstable focuses and unstable periodic orbits. The adaptive control

method has overcome the shortcoming of DFC, and it can stabilize the chaotic system (1) to not only an

unstable saddle state, but also unstable equilibrium states effectively. The validity of these methods has been

verified by numerical simulations.
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