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Phase diffusion of a two-component Bose—Einstein
condensates: exact and short-time solutions for
arbitrary coherent spin state*
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We investigate phase diffusion of a two-component Bose-Einstein condensates prepared initially in arbitrary coher-

ent spin state |0g, ¢o). Analytical expression of the phase-diffusion time is presented for 6y # 7/2 case. In comparison

with the symmetrical case (i.e., g = 7/2), we find that the diffusion process becomes slow due to the reduced atom

number variance.
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Phase diffusion of Bose—Einstein condensates
(BECs),['=7 aroused from atom-atom interactions
destroys phase coherence, and thus sets a limit to the
applications of the condensates in high-precision mea-
surement and quantum information processing. The
phase diffusion is observable by measuring fringe vis-
ibility in atomic interference experiments.®='? For a
two-component BECs prepared initially in a coherent
spin state (CSS) |0, ¢o) with g = 7/2 [see Ref. [13],
or Eq. (2)], it has been shown that the single-particle
coherence (or fringe visibility) decays exponentially
with the time scale ytq = (N/2)~'/2[2=5 depen-
dent upon atom number N and the self-interaction
strength x ~ (a11 + a2z — 2a12)/2. Here, a;; and a;;
(i # j) denote intra- and inter-species s-wave scatter-
ing lengths, respectively. In this paper, we generalize
previous works by considering arbitrary initial CSS,
ie., Oy # m/2. Exact and short-time solutions of the
single-particle coherence are obtained. In comparison
with the 8y = 7/2 case, we find that the diffusion be-
comes slow due to the relatively narrow atom number
variance.

Considering a two-component BECs with inter-
nal states |1) and |2) confined in a deep potential,
we adopt a single-mode approximation (SMA),[ i.e.,
keeping the condensed-mode wave function ®¢(r) for

the two components, so the total system can be well

described by a second-quantized Hamiltonian (% = 1):

H = w1y + waha + uiafn iy
Uil 2 U22 2 2

+ 7(51)2(51)2 + 7(53)2(@)2’ (1)

where b;, IA);r7 and n; (= IA)IIA)Z) are the annihilation, cre-

ation, and number operators for the internal states

t = 1,2, respectively. In addition, w; are single-

particle energies, and

uij = (47T(lij/M)/d3T|@0(7')|4

are atom-atom interaction strengths. Particle num-
ber operator N = n1 + no is a conserved quantity
and is set to the ¢ number N. Hamiltonian (1) can
be rewritten as H = 6.J, + XJE, where the detuning
0 = wg — wy + (ug2 — u11)(IN — 1)/2, and the self-
interaction strength y = (u11+u22—2u12)/2. The spin
operators J; = (J_)f = lgl;l and J, = (R — n1)/2,
obeying SU(2) algebra.
been proposed to prepare spin squeezed state

The nonlinearity Xj 2 has
[15—17]
and also quantum entangled state.['®1%] Note that the
model considered here with nonzero § can be also used
to study the BECs in an asymmetric double-well.[2’]
Squeezing via coupling of the BECs in a double-well
potential with a cavity light field has been investigated
in Ref. [21].

Besides the spin squeezing, mean-field interaction
xJ? also leads to phase diffusion in the two-component
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BECs,!'=712 which can be illuminated schematically
by Husimi @ function Q(0, ¢;t) = |(0, ¢|¥(¢))|?, where

10, 6) = exp{i0(J, sing — J,cos )} 5)  (2)

is arbitrary CSSIl and [#(¢)) = e~ if{|W(0)) is a
state vector at any time ¢. For an initial state |¥(0)) =
|60, ¢o), analytic expression of the @ function reads!'’!

Q(0,$;0) = {8, 9|60, do)|?
_ {1 + cos@] %

: (3)

where cos®@ = cosfcosby + sinfsin by cos(¢p — ¢p).
The @ function can be plotted in three-dimensional

(15.16] o1 alternatively,

phase space (i.e., Bloch sphere),
in a two-dimensional phase space (¢, s,) via a mapping
s, = jcos .0217:22] As shown in Figs. 1(a) and 1(b),
the density of Q(6, ¢; 0) is distributed isotropically, in-
dicating the minimal uncertainty relationship of the
initial CSS. Under the government of nonlinear inter-
action x.J2, the system will evolve into a spin squeezed
statel'®] with anisotropic distribution of the @ func-
tion [see Fig. 1(c)]. As time increases, the spin sys-
tem is over-squeezed[!5:23] and shows a spread of the Q
function along the ¢ axis, which simulates an increased
relative phase fluctuation (i.e., phase diffusion),'? as

shown in Fig. 1(d).

(b)
L . J
j =
()
s OF ’ J
(d)
o A
i 0 p!

¢

Fig. 1. Husimi @ function Q(0, ¢;t) for initial CSS |0y = 7/2, ¢o = 0) on Bloch sphere (a), with Bloch vector
s = (J) = j(sinfcos ¢p,sinfsin¢,cosf) and j = N/2 = 30. The Q functions in the phase space (¢,s.) for
various times: (b) t =0, (c) t = ts = 0.0764x !, and (d) t = 2t4 = 0.2651x 1. Time scale xts ~ 31/6(25)~2/3

is for optimal spin squeezing,[15_17] and xtg = j_1/2

by its maximum value.

is phase-diffusion time.[2=5] The @ function is normalized

It was shown that the most sensitive states to the diffusion are the symmetrical CSS with 6y = 7/2,

corresponding to equal populations between the two internal states.[”! The phase-diffusion time scale is ytq =
1/4/7 (with j = N/2).2=% Here, we generalize it for arbitrary initial CSS

J

|¥(0)) = [0, do) = Z Cmlj,m), (4)

where the amplitudes

(25)!

m=—j

/2 0o ' b0\ ..
Cm = ( 3 B > COSJ+m () sin? ~™ <> el(me)dﬁ). (5)
G+ m)(G—m)! 2 9

In single-particle picture, the CSS corresponds to all the atoms occupying a superposed state:!*5] cos(6p/2)|2) +
el %0 sin(fy/2)|1), where the polar angle §y and the azimuth angle ¢y determine atom population and the relative
phase between the two internal states, respectively. In Fig. 2, we plot |c,,|? as a function of m. One can find
that the probability distribution of the CSS can be treated as a Gaussian wave packet [see below Eq. (11)]. At
any time ¢, the spin system evolves into
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J
. 2 .
(1) = > cme” OOy (6)

m=—j
i.e., a superposition of atomic number state |j,m) =

J = m)lj +m)s.
interaction (x #

Due to the presence of atom—atom
0), each number state has different
phase evolution rate, which in turn leads to collapse
and revival of the Rabi oscillation, a phenomenon that
is well known in quantum optics.['4 Similar effect has

24 atom-

[28—30]

been investigated in two-component BECs.

molecular BECs,[2°=27 and exciton emission.

Phase diffusion of the BECs considered here is in
fact collapse of the first-order temporal correlation

function:37!

(1) _ |P12 _ |<j+>|
g12 = (7)
Vel

= (bibi)/N with k,I = 1,2 are the ele-

ments of the single-particle density matrlx.m The co-
1) ;

where p
herence g;5 is observable in experiments by extracting
the visibility of the interference fringes.[¥~12l The ex-
pectation value (.J.) = (&(t)|.J,|¥(t)), reads
) J
(J.) = Y mlem|? = jcosbo, (8)
m=—j

which is a constant for a fixed polar angle of the initial
CSS 6y. This is because of conserved operator J. with
respect to the Hamiltonian H. Similarly, we obtain
the expectation value (J2) = 52 cos® 0y + (j/2) sin? by,
and

. by .
<J+> — el(¢0+5t+xt) cot 50 Z (] _ m) ‘Cm‘Q e2imxt

m=—j
= jel(90F9) 5in By [cos xt + i cos B sin Xt]zjfl ,

(9)

where we have used the relation: ¢, = (5 —
V205 +m + 1)"2cot(0y/2)e~ i%¢,,. Insertin

m) g

Eq. (8 ) and Eq. (9) into Eq. (7), we further obtain
the exact solution of the coherence
j—1/2

935 (1) = [1—sin? (Bp) sin® (xt)” 7, (10)

which shows a decay of the coherence, i.e., phase dif-
fusion. Such a dephasing process depends sensitively
on the self-interaction strength x and the polar angle
0 of the initial CSS; while the detuning § and the
azimuth angle ¢o gives vanishing contribution to the
coherence.

Time scale of the diffusion is determined by short-
time behaviour of the coherence. Following Imamoglu

et al.lBl we treat the initial CSS as a Guassian wave-
packet with its peak located at m ~ <jz> = jcosby,

namely

PO SN IR0 5)
lem|” =~ 27(AJ,)2]1/2 e P[ 2(AJ,)?

—~

] , (1)

where the width

(AJ.)? = (J2) = (J.)? = (j/2) sin® 6. (12)
A N (= 2j), ma =
= j + J,, and thus atom number vari-
ances (Anp)? = (Ang)? = (AJ,)2.17 In Fig. 2, we
check the validity of Eq. (11
the exact result of |c,,|? [where ¢, is given by Eq. (5)],
and find both results fit with each other. For symmet-
ric BEC with 6y = 7/2, we have (J.) = 0 and atom
= j/2; while for 6y # 7/2,
the variance (width) becomes narrow, as shown in
Fig. 2(b). 1) into Eq. (9), and re-
placing the discrete sum over m by an integral, we

Due to conserved particle number
j—J. and fy

) by comparing it with

number variance (AJ,)2
Inserting Eq. (1

get

ei(Bototxt) 2 )xt ooy 20

<j+> =
pIIl?:LX

[.] - <jz> -
Pmin

x exp[—p® + 21 V2xt(AL)pldp,  (13)

s
[\

V2(AJ.)p)

where we have set
(14)

For 6y ~ m/2 and j — oo (large N limit), the in-
tegral upper limit pmax = +/Jtan(6p/2) — oo and
the lower limit ppin = —v/jcot(6p/2) — —oo. In
the short-time limit (xt < 1), 1 — 2ixtcos?(6p/2) ~
exp{—2ixt cos?(6p/2)}, and thus from Eq. (13) we ob-
tain

(J4+) = jsin(fo) exp{il¢o + 6t + xt(2j — 1) cos Bp]}

x exp[—2x°(A )%, (15)

where two integrals: [~ e=P eiNdp = \/77e’>‘2/‘1 and
1= pe=P ei?dp =i \/Te *'/4/2 have been used in
derivation of the above result. Thus, the short-time

solution of the coherence reads

t?] = exp[—(t/ta)?] (16)
with characteristic time scale of the phase diffusion

1 1
V2(AJ,)  Vjsiny’

(1)

919 (t) =~ eXP[_QXQ(Ajz)2

Xta = (17)
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Obviously, the phase-diffusion time ytq = j~/2 for the initial CSS with 6y = 7/2;13712 while for 6y # 7/2, our
results show that the diffusion becomes slowly due to an enhanced factor sin 6 in the phase-diffusion rate [see

also Fig. 3]. The revival of the coherence occurring later at a time xt, = nl

57 is observable in real experiment,

such as t, = m/x ~ 108.7 microsecond for nonlinearity x ~ 27 x 4.6 Hz and particle number N = 60.112]
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Fig. 2. Probability distribution, |cm|? as a function of m for the initial CSS |0p, ¢o). (a) g = 7/2 and (b)
0o = 7/3. The empty circle is given by Eq. (5), and solid line is given by Eq. (11). The parameter j = N/2 = 30.
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Fig. 3. Time evolution of the first-order temporal coher-
ence gg) (t) for various polar angles: 69 = 7/6 (dotted
line, squares), 7/4 (dashed line, triangles), and 7/2 (solid
line, circles). The empty squares, triangles, and circles are
given by Eq. (10) for corresponding 6y’s, while the curves
are given by Eq. (16). Horizontal grid line gives the value
1/e, vertical lines denote the diffusion times ¢4 for different

0’s. Other parameters are N = 60, x = 27 x 4.6 Hz.[12]

Finally, we note that similar results of Eq. (9) and
Eq. (15) have been obtained in Ref. [31]. However,
the authors focused on the increase of the diffusion
time as x — 0, but not 6y # /2. In addition, we

emphasize that for negative x the so-called phase sep-
aration may take place due to the dynamic unstability
of the BECs.[32-39 Both the phase diffusion and the
phase separation reduce the Ramsey fringes’ visibil-

ity (i.e., the first-order coherence gg)

). However, the
latter effect results from dynamics of spatial degree-
of-freedom, rather than that of the internal states con-
sidered here.

In summary, we have investigated phase diffu-
sion of the two-component BEC for arbitrary initial
CSS. We show analytically that for the CSS with
6o # w/2, the diffusion process is suppressed due
to the reduced atom number variance (AJ,)? below
the standard quantum limit j/2 [see also Egs. (12)
and (17)]. Our analytical results are based upon the
SMA, which works well to describe the condensates
tightly confined in a three-dimensional (3D) trapping

[40]

potential. For lower dimensional cases,*", the coher-

(1)

ence g5 [or the fringe visibility] is expected to de-

cay quicker due to the whole continuum of excitation

modes in confined degrees of freedom.!1241]
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