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In this paper, we propose a simple model that can generate small-world network with community structure. The

network is introduced as a tunable community organization with parameter r, which is directly measured by the ratio of

inter- to intra-community connectivity, and a smaller r corresponds to a stronger community structure. The structure

properties, including the degree distribution, clustering, the communication efficiency and modularity are also analysed

for the network. In addition, by using the Kuramoto model, we investigated the phase synchronization on this network,

and found that increasing the fuzziness of community structure will markedly enhance the network synchronizability;

however, in an abnormal region (r ≤ 0.001), the network has even worse synchronizability than the case of isolated

communities (r = 0). Furthermore, this network exhibits a remarkable synchronization behaviour in topological scales:

the oscillators of high densely interconnected communities synchronize more easily, and more rapidly than the whole

network.
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1. Introduction

Many real-life systems are often described by

networks.[1,2] Commonly cited examples include the

Internet, WWW, metabolic networks, protein net-

works in the cell, co-author networks, to name a few.

The empirical studies have revealed that many of these

networks exhibit complex structure properties such as

the small-world property characterized by short aver-

age path length and high clustering,[3] and the scale-

free property characterized by a power-law connectiv-

ity distribution.[4] Besides the properties mentioned

above, recently, it has been determined that a wide va-

riety of networks also show community structure.[5,6]

A community in a network is a set of nodes, where

the edges inside are much denser than those connect-

ing the nodes belonging to this set and the rest of the

network. Examples of community structures are nu-

merous in biological systems,[7] internet,[8] society[9]

and food webs.[10] And now, the investigation of com-

munity structures has been one of the most important

problems in the field of complex networks and has at-

tracted an exceptional amount of attention.[11−15]

These new discoveries have inspired researchers to

develop a variety of models and mechanisms to depict

complex networks. A considerable number of models

and mechanisms, which can represent processes more

realistically taking place in real-life systems, have been

proposed.[16,17] However, a large variety of networks

may exhibit more than one statistical property in the

real world. In particular, a lot of real-life networks

have been actually demonstrated to possess the small-

world property with clear community. It is common in

society that people are divided into different groups by

their sex, age, interests and so forth, and each group

can be considered as a community. The social network

is also an obvious small-world network simultaneously.

Recently, Pan et al.[18] proposed a simple modular net-

work model where the small-world property arises di-

rectly as a result of the modular configuration of such
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networks. The analytical investigations of this net-

work model show that, under a certain condition (see

Subsection 2.2), it it more like a random network with

community structures than a small-world network. As

a matter of fact, some similar network models with the

modular network can also be found in earlier papers.

For instance, Kanovsky et al. in Ref. [19] presented

an extension of Watts and Strogatz small-world model

for validating their proposed approach (i.e. a very

fast iterated cluster recognition algorithm) for com-

munity detection in complex networks. And Huang et

al. in Ref. [20] presented a random clustered network

model for investigating an abnormal synchronization

phenomenon of community networks, which is almost

identical to the modular network model in Ref. [18]

in reality. Following these network models, we intro-

duce one possible model with unifying ideas from the

two fields of small-world and community structure to

address the ubiquity of coexistence of the small-world

property with community structure in many real-life

systems.

In a different scenario, one of the most signifi-

cant aims of studies on complex networks is to under-

stand the effects of network structure on the dynami-

cal processes,[20−28] among which the synchronization

of coupled oscillators is one of the most popular ways.

Generally, the process of convergence to full synchro-

nization exhibits temporally varying patterns which

are intrinsically related to the underlying connection

topology of complex networks.[21,22] In particular, it

has been shown that the connecting patterns of com-

munities or hierarchical organizations have great ef-

fects on the synchronization process.[20,23−28] In the

synchronization process, the oscillators of high densely

interconnected groups synchronize more easily and

more rapidly than those with sparse connections. In

this paper, based on the proposed small-world network

with community structure, we shall investigate a fun-

damental connection between the community struc-

ture and dynamical behaviour occurring on such the

networks with the help of Kuramoto model.[29]

This paper is organized as follows. In Section 2,

the network construction, its structure properties and

corresponding analyses are introduced. In Section 3,

we will give the investigation of synchronization prop-

erties of Kuramoto oscillators on the proposed net-

works. And the conclusion remarks are drawn in Sec-

tion 4.

2. Small-world network with

community structure

2.1.The model and structure properties

The simple network proposed in this paper starts

from m isolated ring lattices with Nc = N/m nodes in

which every node is connected to its first 2z neigh-

bours (z on either side), and there are no connec-

tions among different lattices at the earliest or original

state. Here, each ring lattice can be regarded as a com-

munity. Then connect every pair of nodes at random.

The connection probability between nodes belonging

to the same community is p1, and that for those be-

longing to different communities is p2. Thus, one of

the parameters defining the model is the ratio of inter-

to intra-community connectivity p2/p1 = r ∈ [0, 1].

For r → 0, the network is fragmented into isolated

regular clusters, while as r → 1, the network ap-

proaches a homogeneous or random network approx-

imately. Clearly, a smaller r corresponds to sparser

external edges thus a stronger community structure.

Hence, we can generate a simple small-world network

with community structure, which is quite distinct from

the models related to the WS network proposed by

Watts and Strogatz[3] (see Fig. 1). To characterize the

structure properties of the networks, we investigate its

degree distribution, clustering coefficient, communica-

tion efficiency and modularity, respectively.

Fig. 1. Schematic diagrams of WS network (left) and the

proposed network (right), with communities indicated by

broken circles.

Distribution function P (k) gives the probability

that a randomly selected node has k edges.[1,2] For the

proposed network, because the edges are uniformly

added at random besides the inherent edges in the

original ring lattices, the nodes should have the ho-

mologous degree approximately, close to the average

degree ⟨k⟩, and it is not hard to achieve the average
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degree

⟨k⟩ = 2z +
p1
m

[(N −m) + rN(m− 1)]. (1)

Considering the influence of original ring lattices,

in fact, P (k) is equivalent to the probability that a

randomly selected node has exactly k−2z added edges

besides the inherent 2z edges. Here, all the k − 2z

added edges form a random network. Thus with a

good approximation the degree distribution of this

network is an approximate Poisson distribution with

a peak at P (⟨k⟩)

P (k) ≈ λk−2z

(k − 2z)!
e−λ, (2)

where λ = ⟨k⟩ − 2z = (p1/m)[(N −m) + rN(m− 1)].

And in Fig. 2, the degree distribution is shown for

the network with the given different parameters both

practically and theoretically. As can be seen the prac-

tical and theoretical distributions are comparatively

consistent, and exhibit a Poisson distribution approx-

imately.

Fig. 2. Degree distribution P (k) of the network in the sta-

tistically stationary state with N = 1024, z = 4, m = 16,

p1 = 0.1 and r = 0.1.

We also quantify the clustering within local neigh-

bourhoods by measuring the clustering coefficient C =

(1/N)
∑

i2Ei/ki(ki−1),[3] where ki and Ei are the de-

gree and the number of links between the neighbours

of node i, respectively. From another point of view,

the clustering coefficient Ci can also denote the proba-

bility that the neighbours of node i are also neighbour

nodes. With such the interpretation, the analytical

expression of clustering coefficient can be derived ex-

actly for the proposed network:

C = p′1
[
η21 + (m− 1) η22

]
+ p2 (m− 1)

×
[
2η1η2 + (m− 2) η22

]
, (3)

where, taking the inherent 2z edges into account, p′1
is a revisory connection probability between nodes

belonging to the same community. Due to the

clustering coefficient of original regular lattices is

(3z − 3)/(4z − 2),[1,2] p′1 can be shown as(
2z

(
3z − 3

4z − 2

)
+p21

(
N

m
− 1

))/(
2z + p1

(
N

m
− 1

))
.

In addition,

η1 =

(
2z + p1

(
N

m
− 1

))/
⟨k⟩

and

η2 = p2

(
N − N

m

)/
⟨k⟩

are the probabilities that a node has a neigh-

bour in the same or different community, respec-

tively. Moreover, it is worth while to point

out that the parts of p′1
[
η21 + (m− 1) η22

]
and

p2 (m− 1)
[
2η1η2 + (m− 2) η22

]
in Eq. (3) can be re-

garded as the different contributing factors for clus-

tering coefficient when node’s neighbours are in the

same community or different community, respectively.

On the other hand, the most important property

for a small-world network is the average path length,

which means the minimum number of edges connect-

ing a pair of nodes, averaged over all pairs of nodes,

and generally shown as L = 2/[N(N − 1)]
∑

i≥j dij .

However, this definition is problematic in some net-

works that have more than one component.[2] In such

the cases, there exist node pairs that have no connect-

ing path. Conventionally one assigns infinite geodesic

distance to such pairs, but then the value of L also be-

comes infinite. To avoid this problem, an alternative

and perhaps more satisfactory approach is to define

L to be the “harmonic mean” geodesic distance be-

tween all pairs, i.e., the reciprocal of the average of

the reciprocals:[2]

E ≡ L−1 =
2

N(N − 1)

∑
i≥j

1

dij
, (4)

where dij is the shortest distance between nodes i

and j. Generally, this definition can also be a mea-

sure of communication efficiency E, measuring how

efficiently information is exchanged over the network,

which gives a clear physical meaning to the concept of

small-world.[30] In terms of the definition, the small-

world behaviour can also be characterized by the high

communication efficiency and high clustering. Here,

the communication efficiency E of the proposed net-

work is shown in Fig. 3 as a function of parameter

r. We can see that the small-world behaviour results

from the increase of the communication efficiency E

caused by the introduction of a few random connec-

tions (see Subsection 2.2).
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Next, we characterize the community structure

of the network using a measure of modularity. The

modularity itself was originally proposed as a way of

answering thus the question: a network with strong

community structure will have high modularity, and

hence the value of modularity can be used as a qual-

ity function for community structure.[31] For a given

partition of the nodes of a network into communities,

modularity is[31]

Q =

m∑
i=1

[
eii −

( m∑
j=1

eij

)2]
, (5)

where m is the number of communities, eij is the frac-

tion of edges in the network that connects nodes in

community i to those in community j, and eii is the

fraction of edges that connects two nodes inside the

community i. The largest modularity obtained from

all possible partitions of the network is denoted by

Qmax.

An example is shown for a WS network defined

on a ring of N nodes (each connected to 2z nearest

neighbours) where a fraction p of the links has been

rewired,[3] modularity can be obtained

Q ≈ (1−p)

[
2zn−mz(z + 1)

2zn
−

m∑
i=1

( m∑
j=1

eij

)2]
. (6)

Because
m∑
i=1

(
m∑
j=1

eij

)
= 1, if

m∑
j=1

e1j =
m∑
j=1

e2j = · · · =

m∑
j=1

emj ,
m∑
i=1

(
m∑
j=1

eij

)2

can reach the minimum. And

so

Q ≈ (1− p)

(
2N − zm−m

2N
− 1

m

)
. (7)

Making ∂Q/∂m = 0, m∗ =
√
2N/(z + 1), and then

Qmax of the given WS network can be obtained

Qmax ≈ (1− p)

[
1−

√
2(z + 1)

N

]
. (8)

Here, for our proposed network, unlike the WS net-

work, the communities are pre-defined and Q does

not need to be maximized with respect to different

choices for partitioning the network. Due to the con-

cept of modularity (shown as Eq. (5)) and the useful

expressions above, it is not hard to achieve the largest

modularity of the network exactly, and shown as

Qmax ≈
(m− 1)

[
2z +

p1
m

(N −m− rN)
]

2zm+ p1 [N (1− r + rm)−m]
. (9)

2.2.Model analyses

So far, we have discussed exclusively the corre-

sponding characteristic properties of the network an-

alytically and numerically. Here, the variations of the

different properties with r for the proposed network

are also analysed, and shown in Fig. 3. For r = 0

(the isolated regular clusters), we expect the network

to possess the features of the low communication ef-

ficiency E on a global scale and high clustering on a

local scale. The situation is inverted for r = 1 (the

random network). In test, we can see that the small-

world behaviour appears for intermediate values of r.

It results from the increase of the communication ef-

ficiency E caused by the introduction of only a few

random edges (short cuts), which on the other side do

not affect clustering coefficient. With the increasing

of r, i.e. the increasing of fuzziness of the community

structure, the proposed network has a fast increase of

E(r), while C(r) and Q(r) remain almost constant at

its original value, indicating that the network exhibits

both small-world property and clear community struc-

ture fully, which is just the main goal of this model.

Fig. 3. Clustering coefficient C, communication efficiency

E and modularity Q for the proposed network (N = 512,

z = 3, m = 4, p1 = 0.1) as a function of r. And clustering

coefficient C and modularity Q have been normalized by

the values C(0) and Q(0) for the isolated regular clusters

(r=0). Note that the data are averaged over 50 random

realizations.

As mentioned above, some similar network mod-

els can also be found in some earlier papers.[18−20]

By comparison, the extension of Watts and Strogatz

small-world model in Ref. [19] randomized the ring lat-

tices by rewiring edges, while our model randomized

the isolated ring lattices by adding edges, which is sim-

ilar to some extent. Further, in our paper the small-

world network with community structure is not only

presented simply, but the detailed topological and dy-

namics properties of the network are also discussed ex-
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clusively. Another similar network model is the mod-

ular network model in Ref. [18], in which N nodes

are classified into m groups, and each group has N/m

nodes, and a pair of nodes is connected with proba-

bility p1 in a group, and nodes belonging to different

groups are connected with probability p2. For our net-

work model, however, every node in each isolated ring

lattice is connected to its first 2z neighbours (z on

either side) at the earliest or original state, which is

different from the modular network model in Ref. [18].

For the lack of the inherent edges at the original state,

when the connection probabilities are rather small, the

modular network more likes a random network with

community structures than a small-world network to

some extent, and this is a result which one does not

look for. Certainly, with larger connection probabili-

ties, the modular network model should be similar to

our network model with similar characteristic proper-

ties.

3. Phase synchronization on

small-world networks with

community structure

In this paper, we use the coupled phase oscilla-

tors, Kuramoto model,[29] to analyse the dynamical

behaviour occurring on the proposed small-world net-

work with community structure. And we write the set

of equations of motion governing the dynamics of the

N oscillator system (i = 1, 2, . . . , N):

dφi

dt
= ωi +

c

N

N∑
j=1

aij sin(φj − φi), (10)

where φi and ωi are phase variables and intrinsic fre-

quencies of node i, c is the coupling strength, and [aij ]

is the adjacency matrix (aij = 1 if nodes i and j are

connected). Initially, φi and ωi are randomly and uni-

formly distributed in the intervals [0, 2π) and [−0.5,

0.5], respectively.

To measure the synchronized states of the oscil-

lators, an order parameter M is introduced:

M =


∣∣∣∣∣∣ 1N

N∑
j=1

eiφj

∣∣∣∣∣∣
 , (11)

where {·} denotes the time averaging. N is the num-

ber of nodes taken into account. Clearly, M is of

order 1/
√
N if the oscillators are completely uncou-

pled (c=0), and will approach 1 if they are all in the

synchronized states. In our simulation, the dynamical

equations integrate using the Runge–Kutta method

with step size 0.05 to integrate numerically Eq. (10).

The order parameters are averaged over 2000 time

steps, excluding the former 2000 time steps to allow

for the relaxation to a steady state.

Here, based on the proposed network, a small-

world network with 3 communities is taken into ac-

count, and each community contains Nc = 500 nodes,

thus there are totally N = 1500 nodes in the network,

and the other interrelated parameters are z = 30 and

p1 = 0.1. The network is divided into 3 communities

clearly, which are labeled as A, B and C, respectively.

Fig. 4. Order parameter M vs. coupling strength c for

different cases of parameter r. All the data are obtained

by averaging over 30 realizations.

To get the synchronization properties of the net-

work, we firstly investigate how the order parame-

ters M change with the coupling strength c. Figure

4 shows the simulation results. For all the different

r, the corresponding order parameters increase con-

formably with the increasing of coupling strength c.

And for a given r, parameter M will increase sharply

after a certain critical coupling strength c that ranged

from 6 to 10 (the smaller r, i.e., the stronger commu-

nity structure, commonly corresponds to the greater

critical coupling strength). In addition, for all the

cases with r > 0.001, the strong community structure

(i.e. a smaller r) will hinder global synchronization.

For sufficiently large r (see the cases of r = 0.5 in

Fig. 4), the network can easily get synchronized with a

weak coupling strength; however, for sufficiently small

r (see the cases of r = 0.005 in Fig. 4), the net-

work cannot approach a nearly completely synchro-

nized state even with a very strong coupling strength.

On the other hand, consider a network includ-

ing m isolated (unconnected) communities (r = 0),
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and each community itself can approach a nearly com-

pletely synchronized state. In this case, the order pa-

rameter M of the whole network should be

M(m) =
1

m(2π)m

∫ 2π

0

dϕ1

∫ 2π

0

dϕ2 · · ·
∫ 2π

0

dϕmχ,

(12)

where χ =

√(∑
i sinφi

)2

+
(∑

i cosφi

)2

. Thus the

numerical result M(3) ≈ 0.667 can be obtained. In

Fig. 4, the numerical result M = 0.667 is represented

by a horizontal dash line, and the corresponding curve

for r = 0 shows that M slightly fluctuates around

0.667 for sufficiently large c. This phenomenon is in

accordance with the above numerical result. In ad-

dition, we found an abnormal region r ≤ 0.001, in

which the network has even worse synchronizability

than the isolated (unconnected) case with r = 0 (see

the cases of r = 0.0005 and r = 0.001 in Fig. 4).

Within this region, each isolated community cannot

get harmonized with other communities through its

few external edges. On the contrary, the input signals

containing by these edges disturb the synchronizing

process of this community.

Figure 5 shows the order parameter M vs. pa-

rameter r for different coupling strength c. As men-

tioned above, a strong community structure (i.e. a

smaller r) hinders global synchronization. For each

given coupling strength c, the corresponding parame-

ters increase conformably with the increasing of fuzzi-

ness of community structure. However, when r ≤
0.001, order parameter is always smaller than 0.667

even for very strong coupling strength c.

Fig. 5. Order parameter M vs. parameter r for differ-

ent coupling strength c. All the data are averaged over 30

realizations.

To further understand the underlying mechanism

of synchronization on community networks, we inves-

tigate the partial synchronization within an individual

community. For the i-th community, the correspond-

ing order parameter Mi is defined as

Mi =


∣∣∣∣∣∣ 1

Nc

∑
j

eiφj

∣∣∣∣∣∣
 , (13)

where the sum goes over all the nodes belonging to

the i-th community.

Fig. 6. The order parameter M vs. coupling strength c with different parameters r for the whole network and each community.

Square, circle and diamond curves represent the order parameters of community A, B and C, respectively. And the black triangle

curve represents the order parameter of the whole network. The data were points averaged over 30 realizations.
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In the further investigations, we firstly investigate how the order parameters change with the coupling

strength c in two topological scales, an individual community and the whole network. Figure 6 shows the

simulation results where four plots correspond to the cases of r = 0.0005, r = 0.005, r = 0.01, and r = 0.1,

respectively. The change of r from 0.0005 to 0.1 implies that the community structure becomes weaker and

weaker. For very strong community structure (the cases of r = 0.0005 and r = 0.005 in Fig. 6), with the

increasing of coupling strength c, the order parameter Mi for each community soon approaches 1, indicating

the synchronized state within the community; however, the M for the whole network is much less than that

for individual community. In the case of r = 0.01, when the coupling strength is not too large (c = 10), the

oscillators in the same community will synchronize soon, and with the further increasing of coupling strength

(c = 20), the whole network can also approach the nearly completely synchronized state. For sufficiently large r

(the case of r = 0.1 in Fig. 6), the whole network can approach the nearly completely synchronized state almost

as easily as the individual community. This investigation shows a remarkable relationship between topological

scales: the high densely interconnected communities synchronize more easily than the whole network.

In addition, we investigate how the temporal behaviours of order parameters for the whole network and

individual community change with time evolution in order to reveal the relationship between topological scales

and dynamic time scales. Figure 7 shows the simulation results, and the four plots correspond to the cases of

r = 0.0005, r = 0.005, r = 0.05, and r = 0.1, respectively, corresponding to weaker and weaker community

structure. For the different cases, all the individual communities can easily get synchronized state independently

with very short time evolution, while the whole network will not. In the case of r = 0.0005 and r = 0.005 (strong

community structure), the order parameter M for the whole network is much less than Mi for each community,

and remarkably below 1 even in the long time limit, indicating the external edges among the communities

cannot harmonize all the communities, especially in the abnormal region r ≤ 0.001 (see the case of r = 0.0005

in Fig. 7). When r = 0.05, the external edges among communities increase, and then each community itself

not only can approach a nearly synchronized state, but also can harmonize with other communities in some

extent; therefore, M will continuously increase till a completely synchronized state after Mi gets steady. For

sufficiently large r (see the case of r = 0.1 in Fig. 7), the whole network can approach the nearly completely

synchronized state almost as quickly as the individual community.

Fig. 7. The order parameter M vs. time evolution with different cases of parameter r for the whole network

and each community. Square, circle and diamond curves represent the order parameters of community A, B and

C, respectively. And the triangle curve represents the order parameter of the whole network. The data points

were averaged over 30 realizations, and the coupling strength c = 10 is fixed.

020501-7



Chin. Phys. B Vol. 19, No. 2 (2010) 020501

This investigation reveals a remarkable relation-

ship between topological scales and dynamic time

scales: starting from random initial conditions, those

highly interconnected nodes forming local clusters will

synchronize first and then, in a sequential process,

larger and larger spatial structures also will do it up

to the final state where the whole nodes should be in

the same synchronized states, indicating that the os-

cillators of the high densely interconnected communi-

ties synchronize more rapidly than the whole network

with sparse connections.

4. Conclusions and discussions

Many real-life networks have been actually

demonstrated to possess the small-world property

with clear community. A felicitous network model

seems to be very significant for representing processes

more realistically taking place in real-life systems. In

this paper, a simple small-world network with commu-

nity structure is proposed first. The small-world prop-

erty can arise directly as a result of the community

organization of the network, and the community orga-

nization is tunable by a parameter r, which is directly

measured by the ratio of inter to intra-community con-

nectivity, and a smaller r corresponds to a stronger

community structure. Then, we investigated the pro-

posed network both analytically and numerically. In

particular, the properties, including the degree distri-

bution, clustering, the communication efficiency and

modularity are analysed respectively. The obtained

results show that the network has clear community

structure, and simultaneously possesses a clear small-

world behaviour.

In addition, based on the proposed small-world

network with community structure, we investigated a

fundamental relationship between community struc-

ture and dynamical behaviour occurring on commu-

nity networks with the help of the Kuramoto model,

and found that increasing the fuzziness of community

structure will sharply enhance the network synchro-

nizability, indicating that a strong community struc-

ture (a smaller r) will hinder global synchronization.

However, in an abnormal region (r ≤ 0.001), the

network has even worse synchronizability than the

case of isolated communities (r = 0). Furthermore,

we investigated the synchronization in two scales, an

individual community and the whole network, and

found that the corresponding dynamical behaviour re-

veals a remarkable topological scale: the oscillators of

high densely interconnected communities synchronize

more easily (i.e. with the weaker coupling strength),

and more rapidly (i.e. with the shorter time evolu-

tion) than the whole network. It is also worth while

pointing out that this synchronization behaviour is

highly coincident with that on the other community

networks.[20,23,27,28] The result is not only of theoret-

ical interest, but also significant in practice if one

wants to enhance the synchronizability of a small-

world network with clear communities. Moreover,

the conclusions can also be helpful for the detection

or identification of community in complex networks,

and indeed the observation of dynamical processes has

been proposed as one possible method of community

detection.[24,32]
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