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The energy—momentum tensor, which is coordinate-independent, is used to calculate energy, momentum and

angular momentum of two different tetrad fields.

Although, the two tetrad fields reproduce the same space-time

their energies are different. Therefore, a regularized expression of the gravitational energy—momentum tensor of the

teleparallel equivalent of general relativity (TEGR), is used to make the energies of the two tetrad fields equal. The

definition of the gravitational energy—momentum is used to investigate the energy within the external event horizon.

The components of angular momentum associated with these space—times are calculated. In spite of using a static

space—time, we get a non-zero component of angular momentum! Therefore, we derive the Killing vectors associated

with these space-times using the definition of the Lie derivative of a second rank tensor in the framework of the TEGR

to make the picture more clear.
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1. Introduction

Quantum mechanics and general relativity are
two very successful and well validated theories within
their own domains. The problem is that there is no
way to unify them into a single consistent theory. One
of the most promising models of unification is string
theory. Two classes of strings are the closed and
open strings. Gravity is described by closed strings
and matter is described by open strings. In non-
perturbative string theory there exist extended ob-
jects known as D-branes. These are surfaces where the
open strings must start and finish. This provides an
alternative to Kaluza-Kleinl approach, where mat-
ter penetrates the extra dimensions, leading to strong
constraints from collider physics.

A model that captures some of the essential fea-
tures of the dimensional reduction of 11-dimensional
supergravity proposed by Horava and Witten? is
introduced.® The gravitational field on the brane is
defined by the modified Einstein equations given by
Shiromizu, Maeda and Sasakil* from 5-dimensional
gravity using the Gauss and Codazzi equations!”!
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where Ay is the 4-dimensional cosmological constant
expressed in terms of the 5-dimensional cosmological
constant As, G, is the Einstein 4-dimensional ten-
sor, o is the brane tension, k3 = 817Gy = gK?Z/67 is
the 4-dimensional gravitational constant, G is the
Newton’s constant of gravity, 7}, is the stress energy
tensor of matter confined on the brane, II,,, is a ten-
sor quadratic in T}, obtained from the 5-dimensional
metric across the brane

T2
211, = T,°Ts" — TT,” —4,” (T,,ET“ — ) . (2)

where T is the trace of the stress energy tensor of mat-
ter and £, is the electric part of the 5-dimensional
Weyle tensor projected onto the brane. In proper 5-
dimensional coordinate E,, = 6," 5, Cynirnnt
where M, N ...

the unit normal to the brane.l) Here we are going

are 5-dimensional indices and n™ is

to select a class of spherically symmetric black holes
without specifying F,,,.

Among various attempts to overcome the prob-
lems of quantization and the existence of singular so-
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lution in Einstein’s general relativity (GR), gauge the-
ories of gravity are of special attractive, as they based
on the concept of gauge symmetry which has been very
successful in the foundation of other fundamental in-
teractions. The importance of the Poincaré symmetry
in particle physics leads one to consider the Poincaré
gauge theory (PGT) as a natural framework for de-
scription of the gravitational phenomena.l”=13] Basic
gravitational variables in PGT are the tetrad field e?,

and the Lorentz connection A%, which are associ-

s
ated to the translation and Lorentz subgroups of the
Poincaré group, respectively. These gauge fields are
coupled to the energy—-momentum and spin of mat-
ter fields, and their field strengths are geometrically
The

space-time of the PGT turns out to be Riemann—

identified with the torsion and the curvature.

Cartan space Uy, equipped with metric and linear,
metric compatible connection.

General geometric arena of PGT, the Riemann—
Cartan space Uy, may be a priori restricted by im-
posing certain conditions on the curvature and the
torsion. Thus, Einstein’s GR is defined in Riemann
space Vy, which is obtained from Uy by the require-
ment of vanishing torsion. Another interesting limit
of PGT is the teleparallel or Weitzenbock geometry
T4. The vanishing of the curvature means that par-
allel transport is path-independent. The teleparallel
geometry is, in sense, complementary to Riemannian:
curvature vanishes, and torsion remains to character-
ize the parallel transport. Of particular importance
for the physical interpretation of the teleparallel ge-
ometry is the fact that there is a one-parameter family
of teleparallel Lagrangians which is empirically equiv-
alent to GR.[12:1415] For the parameter value B = 1/2
the Lagrangian of the theory coincides, modulo a four-
divergence, with the Einstein—Hilbert Lagrangian, and
defines (TEGR).

The search for a consistent expression for the
gravitating energy and angular momentum of a self-
gravitating distribution of matter is undoubtedly a
long-standing problem in GR. It is believed that the
energy of the gravitational field is not localizable, i.e.,
defined in a finite region of the space. The gravi-
tational field does not possess the proper definition
of an energy—momentum tensor and one usually de-
fines some energy-momentum and angular momen-
tum as Bergmann'® or Landau-Lifschitz['”) which are
pseudo-tensors and depend on the second derivative of

Dspace—time indices p, v, ...
and a = (0), (¢).

the metric tensor. These quantities can be annulled by
an adequate transformation of coordinate. They[16:17]
justify the results as being consistent with Einstein’s
principle of equivalence. In this principle, it can al-
ways find a small region of space-time, where it pre-
vails Minkowski space-time. In such a space—time,
energy of the gravitational field is null. Therefore, it
is only possible to define the energy of the gravita-
tional filed in whole space-time region and not only
in a small region. The Einstein’s GR can also be refor-
mulated in the context of teleparallel geometry.['8—27]
In this geometrical setting the dynamical field quan-
tities correspond to orthonormal tetrad field e® Ml) (a,
w are SO(3,1) and space-time indices, respectively).
The teleparallel geometry is a suitable framework to
address the notions of energy, momentum and angu-
lar momentum of any space—time that admits a 3 + 1
foliation.[?8] Therefore, we consider the TEGR.

TEGR, in
30]

Hamiltonian  formulation  of
Schwinger’s time gauge,!?) has been established.!
This formulation is an alternative teleparallel geomet-
ric description to Einstein GR theory. An essential
feature of this Hamiltonian formulation is that one
can define energy of the gravitational field by means
of an adequate interpretation of the Hamiltonian con-
straint. Several configurations of the gravitational en-
ergy were investigated with success.3%31) TEGR can
be understood as a gauge theory for the translation
group.?” In this approach, the gravitational interac-
tion is described by a force similar to the Lorentz force
equation of electrodynamics, with torsion playing the
role of force. Regge and Teitelboim[®? obtained a
Hamiltonian formalism for GR that is manifestly in-
variant under Ponicaré transformations at infinity
by introducing ten new pairs of canonical variables,
which yield ten surface integrals to the total Hamil-

The subsequent analysis given by York!33]

tonian.
showed that a proper definition for the gravitational
angular momentum requires a suitable asymptotic be-
haviour of the spatial components of the Ricci tensor.
A careful analysis of the exact form of the boundary
conditions needed to define the energy, momentum
and angular momentum of the gravitational field has
been carried out by Beig and O Murchadhal®¥ and
by Szabados!®® who found the necessary conditions
that yield a finite value for the above quantities. In
these analysis the Poincaré algebra is realized at the

spacelike infinity. These are transformations of the

and SO(3,1) indices a, b ...run from 0 to 3. Time and space indices are indicated to p = 0,1,
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Cartesian coordinates in the asymptotic region of the
space—time.

The Hamiltonian formulation of an arbitrary
teleparallel theories using Schwinger’s time gauge is
established.[3%:37) In this formulation it is shown that
the TEGR is the only viable consistent teleparallel
theory of gravity. Maluf and Rochal®®) established a
theory in which Schwinger’s time gauge has not been
incorporated in the geometry of absolute parallelism.
In this formulation, the definition of the gravitational
angular momentum arises by suitably interpreting the
integral form of the constraint equation 1'** = 0. This
definition has been successfully applied to the gravita-
tional field of a thin, slowly rotating mass shelll®¥ and
for the three-dimensional BTZ black hole.l*? Shanx-

(1] have calculated the energy of general 4-

ian et al.
dimensional (4D) stationary axisymmetric spacetime
in the teleparallel geometry.

Definitions for the gravitational energy in the con-
text of the TEGR have already been proposed in the
literature. An expression for the gravitational energy
arises from the surface term of the total Hamiltonian
is given in Ref. [42]. In Ref. [43], a similar quantity
is suggested. Both expressions are equivalent to the
integral form of the total divergences of the Hamil-
The three ex-

pressions yield the same value for the total energy of

tonian density developed in Ref. [38].

the gravitational field. However, since these three ex-
pressions contain the lapse function in the integrand,
non of them is suitable to the calculation of the irre-
ducible mass of the Kerr black hole because the lapse
function vanishes on the external event horizon of the
black hole.[*’] The energy expressions of Refs. [42] and
[43] are not to be applied to a finite surface integra-
tion; rather they yield the total energy of the space—
time. 30

The
momentum remains an important problem in GR.

localization of gravitational energy—
Using the standard methods many famous researchers
each found their own expression. None of these ex-
pressions is covariant, they are all reference frame-
dependent (referred to as pseudotensors). This fea-
ture can be understood in terms of the equivalence
principle: gravity cannot be detected at a point, so it
cannot have a point-wise defined energy—momentum
density. Now there is another way to address this
difficulty. The new idea is the quasi-local energy—
momentum is associated with a closed-2 surface sur-
rounding a region. A good quasi-local approach is in
terms of the Hamiltonian.[?5] Then the Hamiltonian

boundary term determines the quasi-local quanti-
ties. In fact this approach includes all the traditional
pseudotensors.[2>44 They are each generated by a su-
perpotential which can serve as special type of Hamil-
tonian boundary term. A good energy—momentum
expression for gravitating systems should satisfy a
variety of requirements, including giving the stan-
dard values for the total quantities for asymptoti-
cally flat space and reducing to the material energy—
momentum in proper limit. No entirely expression
has yet been identified. Omne of the most restric-
tive requirements is positivity. A general positivity
proof is very difficult.!*®! For more details of the topic
of quasi-local approach a very nice review article is
given in Ref. [46].

The definition of P% is invariant under global
SO(3,1) transformations.
elsewherel*”! that it makes sense to have a dependence

It has been argued

of P* on the frame. The energy-momentum in clas-
sical theories of particles and fields does not depend
on the frame, and it has been asserted that such de-
pendence is a natural property of the gravitational
energy—momentum. The total energy of a relativis-
tic body, depends on the frame. It is assumed that a
set of tetrads fields is adapted to an observer in the
space-time determined by the metric tensor g, .

We investigate the irreducible mass M;,, of the
It is the total mass of the
black hole at the final stage of Penrose’s process of

brane world black holes.

energy extraction, considering that the maximum pos-
It is also related to the
energy contained within the external event horizon
E(ry) of the black hole (the surface of the constant
radius 7 = 74 defines the external event horizon). Ev-

sible energy is extracted.

ery expression for local or quasi-local gravitational en-
ergy must necessary yield the value of E(ry) in close
agreement with 2M;,.., since we know beforehand the
value of the latter as a function of the initial angu-
lar momentum of the black hole.[*8] The evolution of
2M;,, is a crucial test for any expression for the gravi-
tational energy. F(ry) has been obtained by means of
different energy expressions in Ref. [49]. The gravita-
tional energy used in this article is the only one that
yields a satisfactory value for E(ry) and that arises in
the framework of the Hamiltonian formulation of the
gravitational field.

It is the aim of the present paper to find asymp-
totically flat solutions with spherical symmetry in the
TEGR for the gravitational field such that A4 =T, =
0. In this case we can treat Eq. (1) as conventional
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FEinstein equations with an effective stress energy ten-
sor T uv- Using the energy-momentum tensor, 39 we
calculate the energy, momentum, angular momentum
We also derive the
Killing vectors related to these solutions to discuss

associated with these solutions.

the different results of energy, momentum and angu-
lar momentum.

The paper is organized as follows. In Section
2, we briefly review the TEGR theory, the energy—
momentum tensor and the angular momentum. The
two different tetrad fields with two unknown functions
are studied in Section 2. In Section 3, we use the
regularized expression for the gravitational energy—
momentum to recalculate the energy. In Section 4,
we derive explicitly the Killing vectors related to these
two tetrad fields, using the definition of the Lie deriva-
tive of a second rank tensor in the framework of the
TEGR, to discuss the different results we obtained for
the energy and angular momentum. Final section is

devoted to discussion and conclusion.

2. The TEGR for gravitation, en-
ergy, momentum and angular

momentum

In a space—time with absolute parallelism the par-
allel vector fields e,* define the nonsymmetric affine
connection

™, Lere,, (3)

where eq;,, = &,eau.Q) The curvature tensor defined
by I”\W, given by Eq. (3), is identically vanishing.
The metric tensor g, is defined by

def.
9uv = nabeauebl/v (4)

(=1,41,41,+1) is the metric of
Minkowski space-time.

where 74 =

The Lagrangian density for the gravitational field
in the TEGR, in the presence of matter fields,*? is
given by?)

EG = 6LG
abce abce
_ _i T Tabc T Tbac N TaTa _ Lm
167 4 2
e
= ——yaber — L, 5
16m i (5)

2>spaceftime indices u, wv,...
and a = (0), (¢).

where e = det(e®,,). The tensor X is defined by

Eabc dgf. i (Tabc + Tbac o Tcab)
1
4= (nach o 77aLch) ) (6)

2

T and T are the torsion tensor and the basic vector
field defined by

def.
T = e“,\TA,“, = 0ue”, — 0,e”y,
def.
a vra
T%: = ebuec T Nz

7o 4 pbya (7)

The quadratic combination X%¢T%¢ is proportional
to the scalar curvature R(e), except for a total diver-
gence term.[?% L, represents the Lagrangian density
for matter fields.

The gravitational field equations for the system
described by Lg are the following

1
ea,\ebu&, (eZb/\”) — € (Z‘byaTby‘u - 4eaHTdeZde>

1
= iﬁeTw, (8)
where 5L
Soan = elg,.

It is possible to prove by explicit calculations that the
left-hand side of the symmetric field equations (8) is
exactly given by[?’!

e

1
5 [Banle) = Sew )

2
The axial-vector part of the torsion tensor a, is de-
fined by
au = éemeWw = %ewpg,yl/p07 (9)

where €,,p0 def. vV=90,0p0, and 6., being com-
pletely antisymmetric and normalized as §p123 = —1.

In the context of Einstein’s GR, rotational phe-
nomena is certainly not a completely understood issue.
The prominent manifestation of a purely relativistic
rotation effect is the dragging of inertial frames. If
the angular momentum of the gravitational field of
isolated system has a meaningful notion, then it is
reasonable to expect the latter to be somehow related
to the rotational motion of the physical sources.

and SO(3,1) indices a, b ... run from 0 to 3. Time and space indices are indicated to u = 0,1,

3)Throughout this paper we use the relativistic units, ¢ = G = 1 and x = 8.
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The angular momentum of the gravitational field
has been addressed in the literature by means of dif-
ferent approaches. The oldest approach is based on
pseudotensors,['%17 out of which angular momentum
superpotentials are constructed. An alternative ap-
proach assumes the existence of certain Killing vector
fields that allow the construction of conserved inte-
gral quantities.[®®) Finally, the gravitational angular
momentum can also be considered in the context of
Poincaré gauge theories of gravity,®!] either in the La-
grangian or in the Hamiltonian formulation. In the
latter case it is required that the generators of spa-
tial rotations at infinity have a well-defined functional
derivatives. From this requirement a certain surface
integral arises, whose value is interpreted as the grav-
itational angular momentum.

The Hamiltonian formulation of TEGR is ob-
tained by establishing the phase space variables. The
Lagrangian density does not contain the time deriva-
Therefore, this
quantity will arise as a Lagrange multiplier.®?) The

tive of the tetrad component egyq.

momentum canonically conjugated to e,; is given by
I = §L/6¢éq;.
tained by rewriting the Lagrangian density in the form

The Hamiltonian formulation is ob-

L =p ¢— H, in terms of eq;, I* and the Lagrange
multipliers. The Legendre transformation can be suc-
cessfully carried out and the final form of the Hamil-
tonian density has the form![28l

H =¢,0C* + Ozik[‘ik + ,kak, (10)

plus a surface term. Here «;; and (i are Lagrange
multipliers that are identified as

g, = §(ka +Troi) and By = Toor, (11)
The

Poisson brackets between any two field quantities F’

and C%, I''* and I'* are first class constraints.

and G are given by
{F,G}

- [ @ (s st ~ s ) 02

Fkl( )}

We recall that the Poisson brackets {F”
reproduce the angular momentum algebra.[?’o}
The constraint C® is written as C® = —9;II* +
h®, where h® is an intricate expression of the field vari-
ables. The integral form of the constraint equation
C* = 0 motivates the definition of the gravitational

energy—momentum P% four-vector!3°l

—/ d3z0, 1T, (13)
\4

where V is an arbitrary volume of the three-
dimensional space. In the configuration space we have

% = —4k/—g 50 (14)

with 9, (v/—gX*) = /—ge, (t** + T*)/4x where
M =g (42b6)‘Tbcp’ — g)\uZ‘deTbcd) .

The emergence of total divergences in the form of
scalar or vector densities is possible in the framework
of theories constructed out of the torsion tensor. Met-
ric theories of gravity do not share this feature. By
making A = 0 in Eq. (14) and identifying IT* in the
left side of the latter, the integral form of Eq. (14) is
written as

Pt = / d3z/=ge, (" +T) . (15)
v

Equation (15) suggests that P® is now understood as
the gravitational energy-momentum.??! The spatial
component P() forms a total three-momentum, while
temporal component P(®) is the total energy.['”]

It is possible to rewrite the Hamiltonian density
of Eq. (10) in the equivalent form[3l

1
H = eaoca + éAabFaby (16)

where Ay, = — Ay are the Lagrangian multipliers that
are identified as \;p = g, and Ao = —Ako = Bi. The
constraints[28! b —

I'** and I'* by means of the relations

—I'* embodies both constraints

I'k = e te,k et and I'* = 1'% = ¢,%,* 1. (17)
The constraint I'*® can be read as
e = M + dry/=ge) (22O - £20) . (18)

Similar to the definition of P%, the integral form
of the constraint equation I'*® = 0 motivates the new
definition of the space—time angular momentum. The
equation I'® = 0 implies

M = —4ry/=ge 0 (D% — X0 (19)
Maluf et al.13939 defined
L% = / d3ze, e, P MM, (20)
14

as the 4-angular momentum of the gravitational field
for an arbitrary volume V of the three-dimensional
(3D) space.
also appear constraints that satisfy the Poisson

In Einstein—Cartan type theories there
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bracket as given by Eq. (12). However, such con-
straints arise in the form I7(4 = 0, and so a defi-
nition similar to Eq. (20), i.e., interpreting the con-
straint equation as an equation for the angular mo-
mentum of the field, is not possible. Definition (20)
is a 3D integral. The quantities P* and L% are sepa-
rately invariant under general coordinate transforma-
tions of the 3D space and under time reparametriza-
tions, which is an expected feature since these defini-
tions arise in the Hamiltonian formulation of the the-
ory. Moreover, these quantities transform covariantly
under global SO(3, 1) transformations. "]

We will consider two simple configuration of
tetrad fields and discuss their physical interpretation
as reference frames. The first one in quasi-orthogonal

coordinate system can be written as[>3!

6?0) =A4, e =0Cz% e = Dx“,

e = 09B 4 Fx"2® + €40552", (21)

where A, C, D, B, F, and S are unknown functions of
r. It can be shown that the functions D and F' can be

eliminated by coordinate transformations,®4-%%]

ie.,
by making use of freedom to redefine ¢ and r, leav-
ing the tetrad field (21) having four unknown func-
tions in the quasi-orthogonal coordinates. Thus the
tetrad field (21) without the functions D and F' and
also without the two functions C' and S will be used
in the following discussion for the calculations of en-
ergy, momentum and angular momentum but in the
spherical coordinate. Therefore, the tetrad field (21)
can be written in the spherical coordinates without
the functions D, F, C' and S asl55:56]

(elaﬂ)

1 0 0 0

A

0 ESin@COS(b cos f cos ¢ B Sil.lqb
N rsinf

= ) . (22)

B .. cosfsing cos¢

0 ——sinfsin ¢ -
T r rsinf

B in 6
0 —=cosd o 0

N T

The other configuration of tetrad field that has a

simple interpretation as a reference frame can has the

form
L 0 0 0
A
0 B 0 0
()= | V7 (23)
0 O - 0
1
0 0 0
rsin 6

The space—time associated with the two tetrad
fields (22) and (23) is the same and has the form

ds? = —A2de2 + édﬂ
+ 7r%(d#? + sin? d¢?), (24)

and the non-vanishing components of the effective
stress energy—momentum tensor associated with the
space—time given by Eq. (24) are

o . 1-2BB
o= P= K3r2
1. rA—B*A-2rA)
Tl = Prad = :‘@217’314. )
73 =1
= [)tang
B (AB —2rAB’ —rBA’ —2r2BA" — 2r2A’B’)

2K3r3 A

The two tetrad fields satisfy the field equations
(8). Now we are going to calculate the energy, mo-
mentum and angular momentum associated with the
two tetrad fields (22) and (23). For asymptotically flat
space-times P? yields the ADM energy.[*” In the con-
text of tetrad theories of gravity, asymptotically flat
space—times may be characterized by the asymptotic
boundary condition

1
ea/t = na,u, + iha,u(l/r)v (25)

and by the condition d,e%, = O(1/r?) in the asymp-
totic limit r — oo. An important property of tetrad
fields that satisfy Eq. (25) is that in the flat space-
time limit one has e®,(t,z,y,2) = 6%, and therefore
the torsion tensor 1, = 0.

We apply Eq. (13) to the tetrad field (22) to cal-
culate the energy content. Calculations are performed
in the spherical coordinate. Equations (22) and (23)
assumed that the reference space is determined by a
set of tetrad fields e®,, for the flat space-time such that
the condition T, = 0 is satisfied. Using Eq. (7) in
Eq. (22), the non-vanishing components of the torsion
tensor are given by

7@, - W =B e (26)

rB

A’
7Oy ==
01 A )
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and the non-vanishing component of the tensor 7(®)

is given by

B(rBA' —2A{\/r — B})
r2A '

The axial vector associated with Eq. (22) is vanish-

ing identically due to the fact that the tetrad field of

Eq. (22) has a spherical symmetry.[>l

W = (27)

Now we are going to apply Eq. (6) to the tetrad
field (22) using Egs. (26) and (27) to calculate the
energy content. We perform the calculations in the
spherical coordinate. The only required component of
XA g

(001 _ _sinf{r — \/;"B}
4
Further substituting Eq. (28) into Eq. (13) we obtain

(28)

PO = E

= — }{ .Sy, 11 OF
S—o0

== 1 dSkeZ(O)Ok

am S—o0

= {r— B} . (29)

Let us apply expression (13) to the evaluation of the
irreducible mass by fixing V' to be the volume within
the r = r4 surface where r is the external horizon,
i.e., B = 0. Therefore,

PO = E
= - / ds, M
Si

_ _/ d0deIT O (r, 0, ) (30)
S

where the surface S is determined by the condition
r = r,. The expression of IT(O! will be obtained by
considering Eq. (14) using Eq. (6) and Eq. (7). The ex-
pression of IT(O%(r, 4, ¢) for the tetrad field (22) reads

H(O)l _ Sin@{r — \/FB} (31)
4n ’

l

integrate Eq. (31) on the surface of constant radius
r = ry where r; is the external horizon of the black
hole. On this surface the second term of Eq. (31) van-

ishes. Therefore, on the surface r = r1 we get
PO —F =y, (32)
This result is obtained before in Refs. [30] and [46].
Now let us continue to calculate the momen-
tum and angular momentum associated with the first
tetrad field given by Eq. (22). Using Eq. (14) in
Eq. (22) we get
Mt =o. (33)
Substituting Eq. (33) into Eq. (13) we get
PO = [ v 1i(r,6,0)
v
= / dS, T (r,0,¢) = 0. (34)
s

By the same method we obtain

I =,
T3t =,

P2 — 0,
P®) =, (35)
The results of Egs. (34) and (35) are expected results
since the space—time given by Eq. (22) is a spherical
symmetric static space-time. Therefore, the spatial
momentum associated with any static solution is iden-
tically vanishing.[®8]

We have used Egs. (19) and (6) in Eq. (20) to
calculate the components of the angular momentum.
Finally we get

MOE) — e(l)ae(Q)bMab = MG = 6(1)a6(3)bMab = M@G) = 6(2)a6(3)bMab =0,
2 2
MOW — (0 1), prab — _VrA%sin®fcos¢ {r — \/;B}’
47 B
2 . 2, .
MO — (0 (@), yrab — _V/rA%sin ezlng {r— \/773}’
™

2 .
M(O)(S) _ e(o)ae(g)bMab _ _\/’FA sin 0 cos 6 {T' — \/’FB}

47 B

(36)
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Using Eq. (36) in Eq. (20) we get

T p2m™ poo
L) :// / d0dedrM OD (1,0, ¢)
0 JO 0
-0 (37)

by the same method we can get

LO@) _ [0B) — 1)@ _ [()B) — 1)) _

It is of interest to note that the vanishing of L)
L) is due to the appearance of terms like sin ¢
and cos ¢ while the vanishing of L(®®) is due to the
appearance of term like sin # cos 6.

Repeating the same calculations to the second
tetrad given by Eq. (23) and write the necessary com-
ponents of the torsion tensor and the vector field 7(®) |
we get

A/

1
Ty, = a

T® =T 3= —,

r

T(3)23 = —cot 97 (38)

and the only non-vanishing components of the tensor

|

T(%) are given by

o B2{2A+7’A/} T(2) _

cot 0
r2 A ) - 2

T (39)
The only required component of Z#** needed to
calculate the energy is

2(0)01 _ \/’FB sin 0 )

yp (40)

Further substituting Eq. (40) into Eq. (13) we obtain

PO = E

_}{ dSkH(O)k
S—00

_ 1 dSy,ex(0)0k

dr S—o00

= rB.

(41)

By the same method used for the first tetrad given by
Eq. (22) we find that the momentum and angular mo-
mentum associated with the second tetrad field given
by Eq. (23) have the form

M =, P<1>:/ dval(n<1>1(r,9,¢)):/ dS ITMY(r, 0, 6) = 0,
\4 S

o =9, p@ =9, g®=0 PO =y,

(42)

MDR) = M) @), ppab = prMG) = M) G), prab = prRG) = () B preb = prOG) = (0 B) prab =

MOW — ) 1), ypab 7"Ailsin97 MO — (0 (), prab _ 3/2 A2 cosﬁ. (43)
as 8B
\
Using Eq. (43) in Eq. (20) we obtain (1 B 3]\4)
B= 2r (45)

T p2m™ poo
L) :// / d0dedrM OW (1,0, ¢)
0 JO 0

00 ,.3/2 A2
:—/ A G o,
0

. (44)

by the same method we can obtain

L@ _ L0B) — 1)@ _ [()B) — 1)) —

It is of interest to note that the vanishing of L(9(®)
is due to the appearance of terms like cosf. Here
we obtain the component of the angular momentum
LO®) —£ 0, which contradicts the well-known result in
Ref. [58] where the angular momentum of a spherically
symmetric stationary spacetime is vanishing.

Let us give a specific value for the two unknown
functions A and B as follows:

ac i
-2

This is a solution obtained before Casadio et al.l%%
in searching for new brane world black holes and by

Germani et al.[60]

as a possible external metric of a ho-
mogeneous star on the brane. From Eq. (4) using the
tetrad field (22) and Eq. (45) we obtain the associated

metric in the form
(1 —-3M/2r) a2

IM
2 _ == 2
&= (1 r )‘“ T2 = Ao/
+ 7r%(d#? + sin® 0d¢?).

(46)

The Schwarzschild metric is restored in the special
case \g = 3M /2. In the case when Ay > 2M the
metric of Eq. (46) describes a symmetric traversable
wormhole.[%!] If we apply Eq. (13) to the tetrad given

020401-8
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by Eq. (22) using Eq. (45) we get the energy to have
the form
1
P(O)g/ dfdp——sin@ (M + 2\
o 1040 1 s (M +2%0)
M XN
= — 4+ — 47
TR (47)
and when \g = 3M /2 we have
PO =~ ), (48)

which is the ADM.[58] The energy associated with the
second tetrad given by Eq. (23) using Eq. (45) is given
by

which is different from the energy given by Eq. (47).
As we see from Egs. (47) and (49) that the energy
associated with the two tetrad fields given by Egs. (22)
and (23) are different in spite that they reproduce the
same space—time as given by Eq. (46). Definition of
energy as given by Eq. (13) depends mainly on the
definition of torsion and the components of the tor-
sion of both tetrad fields given by Eqgs. (26) and (38)
which are different. The flatness condition given by
Eq. (25) of both tetrad fields are satisfied when A =1
and B = 1. The components of the torsion associated
with the two tetrad fields (22) and (23) are now have
the following form after using Eq. (45). For the tetrad

M X
PO =y a7 ?0! (49)‘ field (22) we have
M Vr(r = 2M)(r — Xo)(4r — 6M) — 2(r — 2M)(r — Ao)
70 7@ =70 50
N r(r—2M) 2 2r(r — 2M)(r — Ao) 13, (50)
and for the tetrad (23) we have
M 1
7 T@ == =710 T®) g5 = — cot 6. 51
01 r(r — 2M) ) 12 , 135 23 CO (51)

The space—time (46) is a flat space—time when M =0
and A\p = 0 and in this case the components of the tor-
sion tensor of the first tetrad are vanishing identically,
T u = 0 satisfying the flatness condition given by
Eq. (25). The components of torsion given by Eq. (51)
of the second tetrad when M = 0 and \g = 0 do not
vanishing identically contradict the flatness condition
given by Eq. (25). Therefore, in this case we are going
to use the regularized expression for the gravitational
energy—momentum.

3. Regularized expression for the
gravitational energy—moment-

um and localization of energy

An important property of the tetrad fields which
satisfy the condition of Eq. (25) is that in the flat
space-time limit e%,(¢,z,y,2) = §%,, and therefore
the torsion 7 uw = 0. Hence for the flat space-time
it is normally to consider a set of tetrad fields such
that T)‘W = 0 in any coordinate system. However,
in general an arbitrary set of tetrad fields that yields
the metric tensor for the asymptotically flat space—
time does not satisfy the asymptotic condition given
by Eq. (25). Moreover for such tetrad fields the tor-

sion T* uv 7 0 for the flat space—time.[%2 Tt might be
argued, therefore, that the expression for the gravita-
tional energy—momentum (13) is restricted to particu-
lar class of tetrad fields, namely, to the class of frames
such that T’\W = 0 if E," represents the flat space—
time tetrad field.l%?) To explain this, let us calculate
the flat space—time of the tetrad field of Eq. (23) using
Eq. (46) which is given by

(an)

—
O I, O O
o O O

rsin 6

Expression (52) yields the following non-vanishing tor-

sion components

1
T(2)12 - _ -
r

— T(3)137 T®) o = —cot f. (53)

The tetrad field (52) written in the Cartesian coordi-
nate will have the form

(EQCL“ (ta x,Y, Z))

020401-9
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o

S8 o©
Sl ©
Sl

[V}
—
ot
=
S—

= Tz Yz V2 42

In view of the geometric structure of Eq. (54), we
see that, equation (23) does not display the asymp-
totic behaviour required by Eq. (25). Moreover, in
general the tetrad field (54) is adapted to accelerated

observers.[28:30,62]

0
r\/x2+y2 r\/x2+y2 r
Yy T

0 —
Va2 ot P

To explain this, let us consider a

boost in the x-direction of Eq. (54). We find

¥ vy 0 0
v i y z
r r r r
(EQQM(ta x,Y, Z)) = VYT Z Yyxz Yz —/x2 + y2 P (55)
a2 +y2 a2 rya?+y? r
—vYy —Y £
Vatty? Vet ty? o a? P

where v is the speed of the observer and v =
1/v/1 —2.

whose four-velocity is given by u* = (1,0,0,0) we

For a static object in a space-time

may compute its frame components u® = e, u* =
(v, vy /rvywz ) (r /T 4 ), —vry/ A F3P). It
can be shown that along an observer’s trajectory
whose velocity is determined by u® the quantities

¢(])(k) — ’U,i (EZ(k)mazEQ(J)m> ’ (56)

constructed out of Eq. (55) are non vanishing. This
fact indicates that along the observer’s path the spa-
tial axis Fy(q)" rotate.[28:62] In spite of the above prob-
lems discussed for the tetrad field of Eq. (23) it yields
a satisfactory value for the total gravitational energy—
momentum, as we will discussed.

In Eq. (13) it is implicitly assumed that the refer-
ence space is determined by a set of tetrad fields e®,,
for flat space-time such that the condition 7%,, = 0
is satisfied. However, in general there exist flat space—
time tetrad fields for which 7%, # 0. In this case
equation (13) may be generalized?®%2 by adding a
suitable reference space subtraction term, exactly like
in the Brown—York formalism.[63-:64]

We will denote T%,,,(E) = 0,E%, — 0,E*, and
IT1*(E) as the expression of IT% constructed out of
the flat tetrad £¢,. The regularized form of the grav-
itational energy-momentum P? is defined by!28:62]

Pt =— / d?z0), [I1*%(e) — II*M(E)] . (57)
1%

This condition guarantees that the energy—-momentum
The refer-
ence space-time is determined by tetrad fields £¢,,

of the flat space—time always vanishes.

[

obtained from e, by requiring the vanishing of the
physical parameters like mass, angular momentum,
etc. Assuming that the space—time is asymptotically

flat then equation (57) can have the form[?8:62]

po—— }{ dS, [T (e) — T™*(B)],  (58)
S—o0

where the surface S is established at spacelike infinity.
Equation (58) transforms as a vector under the global
SO(3,1) group.*®) Now we are in a position to proof
that the tetrad field (23) yields a satisfactory value for
the total gravitational energy—momentum.

We will integrate Eq. (58) over a surface of con-
stant radius ' = r and require » — oo. Therefore,
the index k in Eq. (58) takes the value k = 1. We

need to calculate the quantity
1
(001 _ ,(0) 57001 _ 5e(o)o(Tom — g%,

Evaluate the above equation we find

-1
H(O)l(e) _ Eez(o)m
1 sinfy/r(r —2M)(2r — 2X)
4 2r —3M
. —sinf (4r — M —2)\g)
= o : (59)

and the expression of IT(Y1(E) is obtained by just
making M =0 and Ao = 0 in Eq. (59), it is given by
-1
IOYE) = —rsin(6). (60)
47

Thus the gravitational energy of the tetrad field of
Eq. (23) is given by

1
= / dOdp——sin O{(—4r + M + 2)\g) + 4r}
r—00 167T
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Ao
5
which is exactly the energy of the first tetrad field
Eq. (22) as given by Eq. (47).

M
= (61)

4. Teleparallel Killing vectors of

the brane-world spacetimes

In this section we are going to calculate the
Killing vectors of the two tetrad space-times, given
by Egs. (22) and (23) to make the picture more clear
about the different results we obtained for the energy
and angular momentum. Using the teleparallel Lie

l

2A" ()€Y (1,0, ¢, t) +
A2
2

A(r)e®,
(r)B2(r)€? (1,6, ¢, 1) — ¢!
(r)E° 5(r 0, ,) — 1262
2(r)€° 5(r,0,¢,t) — r®sin® 6¢*
(2rB'(r) = B(r))€'(r,0,¢,t) — 2rB(r)!
B(r)€*(r,0,,t)(B(r) —
B(r)sin® 606°(r, 0, ¢,)(B(r) —
B(r)&*
& 5(r,0,0,1) +sin 0% ,(r,0,6.4) =0
rB(r) cos 0E2(r, 0, ¢, t) + rB(r) sin 953,

N

Vr)+¢

<

where £

o = 0€%/0x”.

B(r)F(0,¢,t)

7 , o &(r0,9,

eHr,0,0,t) =

o(r,0,9,t) =
o(r,0,6,1)
o(r,0,6,t) =0

o(r,0,6,t) =0,

Vr) 4B ()€,

) =

derivatives of a covariant tensor of rank 2 established
in Ref. [65] which is defined as

def.
= Guv, pgp + gpugp, u + gupfp, v

+ & (geu )7

(£7¢9),,

up + geuTeup (62)

where the comma, denotes the ordinary derivative, &
is a vector field and T, is the torsion tensor defined

by Eq. (7). The teleparallel Killing equation is defined
(65]
as

(63)

Apply Eq. (63) to Eq. (22) we obtain

)

— A(r)B*(r)A'(r)€°(r,0,¢,1) = 0,

1(7“, 97 ¢7 t) = 0;
(0,0, ) + &' o(r,0,6,t) =0
3(r,0,0,t) +7B%(r)sin® 0¢° 1 (r,0,6,t) =0,

)

2(1,0,0,1) + Ve (r, 0, 6,) = 0,

From the first and fifth equations of Eq. (64) we get

2A'(r)B(r)F (0, ¢, t)
A(r)yr

dt+Fl(T505¢)7

-/

using Eq. (65) in the sixth and seventh equations of Eq. (64) we get

& (r,0,¢,1)

\/_ B(T) E2(07¢’ t)

VT — B(r)
rB(r)

ol (

)]
dT+F2(0>¢7t) )

-

&(r,0,9,1t)

Joly-/

rB(r)

\[—B(’I‘) F,3(97¢7

oon

r3/2B(r)

V7 = B(r)

rB(r) >dr} dr + F3(0,6,1) %, (66)

-

a¢)7 ) Fl(ro ¢)

)

2(0

o

¢ t) and Fg(

rB(r)

where F'(6

r3/2B(r)(cos 20 — 1)

, ¢, t) are arbitrary functions to be determined from the remaining

equations of Eq. (64). Using Egs. (65) and (66) in the remaining equations of Eq. (64) we finally obtain

50 (Tv 97 ¢a t) = C()A('f’),

61(7',9, ¢vt) = Oa 62(7.7 97 (b? t) =

ool f b,

Cysin¢g + Cay cos @) ,
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0| e

rsinf

(r,0,¢,t) } (C1cosfcosp — Cycosfsing + Cysind) (67)

where Cy, C1, Cs, and Cj are four constants of integration. Thus

ot

0| e

rsinf

1
exp [ —_— r}
£ = COA(T)Q + /\/iB (r) {C1sing + C5 cos ¢} %

} {C1 cosBcosp — Cycosfsing + Cssin b} % . (68)

Equation (68) gives the 4 Killing vectors of the spacetime given by Eq. (22) in the context of the TEGR as

0
£y = A(T)&’

[ 1
exp /7
§2) = - T\Q;Be(r) <sm 6 cos qb— — cosfsin ¢ 6¢>
exp / % dr
£@3) = - riiig(r) <s1n951n¢ + cosf cos ¢ ¢>
1
exp dr
B 0
v ZION o

%.
Now turn our attention to the derivation of the Killing vector of the second tetrad field given by Eq. (23).
Apply Eq. (63) to Eq. (23) we obtain

24" ()€1 (1,0, 6, t) + A(r)E° o(r.0,6,1) =0,

A2 (r)B2(r)€0 1 (1,0, ¢,t) — 1€l o (r,0,,1) — A(r) B (r) A'(r)€°(r,6, 6, t) = 0,

AX(R)E® 5(r0,0,1) —17€? o(r,0,0,1) =0,

2(r)§o 5(r,0,6,1) — r?sin 053 o(r,0,¢,t) =0,

(2rB'(r) — B(r)) € (r, 0, ¢,t) = 2rB(r)&" 1(r,0,¢,) =0,

B2(r)€%(r,0,,t) +1B>(r)€ 1(r,0,¢,t) + &' 5(r,0,¢,1) =0,

B2(r)sin? 6&3(r, 0, ¢, t) + 517 3(r, 0, ¢,t) +rB*(r)sin? 0{3, 1(r0,6,t) =0,

52, o(r,0,6,t) =0,

52, 5(r,0,6,t) — sin? 9537 o(r, 0, 0,t) + E3(r,0, ¢, ) sinf cos ) = 0,

& 5(r,0,0,t) =0. (70)

)

b

From the first, fifth, eighth and tenth equations of Eq. (70) we obtain

£0.00= "R 0.0.0), @0.060=- [0

62(T707¢7 ) FG(T7¢7t)a 53(T707¢7 t) = F7(T707t)7 (7]‘)

F4(9 (ba )dt + F5(T797¢)7

where Fy (0, ¢,t), F5(r, 0, ¢), Fs(r, ¢,t) and F7(r,0,t) are arbitrary functions to be determined from the remaining
equations of Eq. (70). Using Eq. (71) in the remaining equations of Eq. (70) we finally obtain

Q(n0.0.0=0,  E00on=0, Er0on="  roon=

(72)

rsinf’
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where Cy and Cy are two constants of integration. Thus

Cy 0

r 90

N

rsin@%

Cs 0

(73)

).

Equation (73) gives the 2 Killing vectors of the space-time given by Eq. (23) in the context of the TEGR

as

10
§) =50

2) =

1 0

rsinf 0¢ (74)

It is well known that Minkowski spacetime has the Poincaré symmetry algebra with the 10 generators!66:67]

0 0 . ., 0 0 0
50_&’ fl—cosqb%—cotﬂsmgba—(b, §g—sm¢%+co‘50cos¢6—¢, 53—6—(;57
. 2 cos@cosgzﬁg_ csc@singzbg . ) 2 cosﬁsingzﬁg csc9c05¢g
{4—Sm9cos¢6r+ " 20 " 96’ 55—sm95m¢>ar+ " 20 " s
_ 0 sinf 9 o g . ﬁ cos@cosqﬁﬁ csc@sinqﬁﬁ
&;-cos@ar— 50’ &-rbmﬂcosqbat+t{sm0cos¢ar+ . 20 " a(b},

cos 0 sin ¢ 2

cscfcosg O

. .0 . ., 0
&g = rsm@sm(b& +t{s1n951nq§ar +

{ i

where the speed of light ¢ 1 and &y, &4,&5 and
& are the spacetime translations which provide the

0

cos — — sm@g

o sin
r 00

ot

&9 =rcosb

laws of conservation of energy and linear momentum,
£1,&5 and &3 are the rotations which provide the laws
of conservation of angular momentum and &7, &g and
&9 are the Lorentz transformations which provide the
laws of conservation of spin and angular momentum
via Noether’s theorem.[%8 For a spherically symmet-
ric space—time only the 4 generators &y, &1, &2 and &3
apply, yielding only conservation of energy and an-
gular momentum. The generators &4, &5, &g, &7, &8 and
&9 yielding conservation of linear momentum and spin
angular momentum are lost for this space—time.

Let us compare our results with the first four
equations of Eq. (75). For the tetrad field given by
Eq. (22) we obtained the 4 Killing vectors to have the
form given by Eq. (69). These Killing vectors are in
consistence with the first 4 Killing vectors of Eq. (75)
when A(r) =1 and B(r) = /r. Energy, irreducible
mass, momentum and angular momentum associated
with the tetrad field given by Eq. (22) are satisfactory
and in consistence with the previous results.[®® So this
tetrad field has no problem either for the calculations
of energy, irreducible mass, momentum and angular
momentum or for the associated Killing vectors given
by Eq. (69).

The tetrad field given by Eq. (23) has many prob-

00

i)

r

lems: First the energy is not equal to the ADM. Also
the irreducible mass is effected by the horizon and
some components of the angular momentum are not
vanishing. This may be due to the fact that the Killing
vector associated with tetrad field Eq. (23) is not in
agreement with that given by Eq. (75). Since the first
four equations of Eq. (75) are responsible for the con-
servation of energy and angular momentum and these
equations disappear from tetrad field Eq. (23) as is
clearly seen from Eq. (74).

5. Main results and discussion

The main results of this paper can be summarized
as follows:

(i) Two different tetrad fields are used. These
tetrad fields are related by a local Lorentz transforma-
tion which keeps spherical symmetry, i.e., the tetrad
field Eq. (22) can be written in terms of the tetrad
field Eq. (23) using the following local Lorentz trans-

formation

(elau) = AV“ (620,1/> ’ (76)
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where
1 0 0 0
Ak 0 sinfcos¢ cosfcos¢ —sing
Y 0 sinfsing cosfsing cos¢
0 cosf —sind 0

The space-time associated with these tetrad fields is
given by Eq. (24).

(ii) The energy of these tetrad fields is calculated
by using the gravitational energy—momentum tensor,
which is coordinate independent.[??] One of this tetrad
field given by Eq. (22) gives a satisfactory result for
the energy, while the other given by Eq. (23) gives its
associated energy depending on the radial coordinate.

(iii) Calculations of the torsion components asso-
ciated with these two tetrad fields are given. From
these calculations we show that the torsion compo-
nents of each tetrad field are different. This may give
an indication of why the energy of the two tetrad fields
is different.

(iv) We use the regularized expression of the grav-
itational energy—momentum tensor to calculate the
energy associated with the second tetrad field given
by Eq. (23).

(v) After using the regularized expression of the
gravitational energy—momentum tensor we show that
the energy associated with the two tetrad fields is
equal.

(vi) Using the definition of the energy and the an-
gular momentum given by Eqs. (13) and (20) we show
by explicit calculations that the angular momentum
depends on the choice of the frame used.

(vii) The calculations of the irreducible mass is
given within the external horizons. From these calcu-
lations we show that the external horizons do not play
any role on the energy.

(viii) To make the picture clearer we have calcu-
lated the Killing vectors associated with these tetrad
fields using the definition of the Lie derivative of a
second rank tensor in the framework of TEGR.[%5] We
have shown by explicit calculations that the tetrad
fields which show consistent results of energy, irre-
ducible mass, momentum and angular momentum
continue to show consistency for the Killing vector
with GR.[%] The other tetrad fields also continue to
give results of Killing vectors in contradiction with
those of GR. This contradiction clarifies clearly why
the results of energy, irreducible mass, momentum and
angular momentum are not in consistence.
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