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The entanglement of two moving atoms interacting with
a single-mode field via a three-photon process*
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In this paper, the entanglement of two moving atoms induced by a single-mode field via a three-photon process is

investigated. It is shown that the entanglement is dependent on the category of the field, the average photon number N,

the number p of half-wave lengths of the field mode and the atomic initial state. Also, the sudden death and the sudden

birth of the entanglement are detected in this model and the results show that the existence of the sudden death and

the sudden birth depends on the parameter and the category of the mode field. In addition, the three-photon process

is a higher order nonlinear process.
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1. Introduction

It is well known that entanglement plays an im-
portant role in quantum information theory. Quan-
tum entanglement (QE) provides strong tests of quan-
tum non-locality!” and it is of great importance to
create and manipulate an entangled state for quan-
tum information application. Recently, this sub-
ject has become one theme of researches connected
with the realization of many quantum information
protocols, including quantum cryptograpy,? quan-
tum teleportation® and quantum computations,

and so on. For future applications such as quan-

Bl it is cru-

tum networks and the quantum repeater,
cial to achieve entanglement between separated quan-
tum processors like atoms and photons which forms
the interface between atomic quantum memories and
photonic quantum communication channels.[®7 The
entanglement of two two-level atoms induced by a
single-mode thermal field has been studied by Kim
et al.,[® and the same problem through a two-photon
process with or without dipole-dipole interaction[®1%!
has been studied. Considering the motion of the
atoms, the T-C model with two moving atoms has

(111 and the authors have shown

been investigated
the sudden death and sudden birth of entanglement
called ESD and ESB,'2~18 have been also experi-

mentally observed for entangled photon pairs!*?) and

atom ensembles.l?%! In addition to the single-photon
process and two-photon process, people are also inter-
ested in studying multi-photon treatment. Recently,
in practical applications, three-photon transition in
the hydrogen atom immersed in Debye plasmas has
been investigated, ') where the hydrogen atomic mo-
tion has been neglected. Considering the actual situ-
ation, our attention is mainly paid to the study of the
QE of two moving atoms interacting with a single-
mode field via a three-photon process.

The structure of this article is arranged as fol-
lows: the model is given in Section 2. T'wo cases of the
single-mode field are discussed and the analysis of the
induced atom-entanglement for different initial states
of moving atoms and the parameters of the mode field
are given. Also the ESD and ESB are investigated in
Section 3. Finally, the conclusion is given in Section
4.

2. The model

In this model, we consider two identical moving
atoms interacting with a single-mode field in the cav-
ity through a three-photon process. In the rotating

wave approximation, the Hamiltonian can be written
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as (set hi=1):
H = wa'a + wy Z St
i=A,B
+9 Y feo@®Si+ash), (1)
i=A,B

where af and a are the creation and annihilation op-
erators of the field, Sﬁr and S? are the rising and
lowering operators for the i-th atom. w, wg are the
Our

discussion is focused on the resonant case (wy = w),

frequencies of the field and atom, respectively.

g is the atom—field coupling constant, and the atomic
motion is restricted in the z-axis direction so that only
the z-dependent field-mode function needs to be con-
sidered. f(z;) (i = A, B) denotes the mode structure
of the i-th atom, which can be specified as

Fe) = s =sn (T20). @

where p represents the half-wave number of the field

in a cavity of length L, v; is the i-th atomic velocity.

l

c1(n) = 2[(a’a +6)(a'a + 5)(aTa + 4)
ca(n) =2[(a'a+3)(a’a +2)(aTa + 1)
cs(n) = 2[(a'a)(a'a — 1)(aTa — 2) + (aTa —
ca(n—3)=cn), c2(n—3)=cs(n), ci(n-
upp =1 ()

U1z = U1z =

1
U] = U3zl = —1
Vea(n)
1
U3 = Uzg = 5[—1 + cos(gQ(t)\/Q(inm’

ug = %[—1 + cos(gO ) v/es(n))]a™®,

2a’a(ata — 1)(a’a — 2)

cs(n)

ugy = 1+

with

t L s
= /0 flut)dt' = m(l — cos Z;Ut) (5)

Let the atomic velocity v = gL/7 (it can be realized
in experiment), then 6 will become

O = 19[1 — cos(pgt)]. (6)

1 .
— i ——=—=sin(gO ) \/ci(n))a’,
vei(n)
sin(g0 ) v/ ca(n))al

U4 = U34 = —1

1
Ugy = Ugg3 = —1
Ves(n)

-1+ cos(g6 1)

For simplicity, we consider that the two atoms have

f(zB).

Now let the density operator of the single-mode
field be ps(0) = |¥£;(0))(¥4;(0)] and the two atoms
enter the cavity with the state |¥,(0)), so the initial

the same velocity, as a result, f(z4) =

density operator of the system is

P(f-a)(0) = [War (0))(Wat (0)| @ py(0). (3)

Using the Hamiltonian of Eq. (1) in the interact-
ing picture and the standard techniques, we can obtain
the exact time evolution operator Uy (t) for this system
in the atomic basis {|ee), |eg), |ge), |gg) }:

U1 U2 U3 U4
U21 U2 U223 U224
Ur (t) = ,

U3l U2 U33 U34

Ug1  Uq2 Ug3  Ugg

where

+ (a'a +3)(a’a + 2)(aTa + 1)],
+ (a'a)(a'a — 1)(a'a - 2)],
fa —3)(a'a — 4)(ala - 5)],

) = C3(1’L),

2(afa + 3)(afa +2)(aTa + 1) [—1 + cos(gO M)L

s = 1+ con(gB0Ver )
S[1+cos(9O)V/ca(n))],
sin(gO 1) v/ c2 (n))a3

U22 = U33 =

1
vea(n)

sin(gO 1) v/ c3 (n))aT?’ ,

cz(n))] (4)

\
The density operator of the atom—field system at time
tis

UiOp—aO)TI®.  (7)

In order to investigate the entanglement between these

Pif—a)(t) =

two moving atoms, we should obtain the atom-atom
density operator and then trace over the field variables

020309-2



Chin. Phys. B Vol. 19, No. 2 (2010) 020309

pa(t) =Trglp(s—a)(t)]
p11(t) p12(t) prs(t) pra(t)
_ | 22 (®) p22(t) p2s(t) p2u(t) | ®
p31(t) p32(t) p3s(t) paa(t)
pa1(t) paa(t) paz(t) paal(t)

A convenient measure of the entanglement for a two-
qubit system is the concurrence C,[*? introduced by
Wootters, and given by

C:max{ov\//\il_\/g_\//\i_\/xh (9)

where \; are the positive eigenvalues, in a decreasing
order, of the matrix p(o, ® 0y)p*(0y ® o), where p is
the density matrix of the atomic subsystem, p = p,(t),
and o, is the Pauli matrix.

3. Entanglement induced by a

single-mode field

3.1. Entanglement induced by a thermal
field

The cavity field is initially in a single-mode ther-
mal state at temperature T', and its density operator
is represented by

= Paln)(nl, (10)

1 7 \"
Pn: — p— 5
1+n\1+n

and the mean photon number @ = (%% — 1)1, 5 =
1/(ksT), kp is the Boltzmann constant.
If the atoms are initially in the atomic state |ee),

where

leg), |ge) or |gg), the density operator of the atoms
can be expressed as

p11(t) 0 0 0
pu(t) = 0 p2a(t) pas(t) O o
0 p3a(t) p33(t) 0
0 0 0 pa(t)

For a atomic system described by the density matrix
(11), the concurrence has a simple form

) =2vpu(t)pas(®)}y.  (12)

We present numerical results of the concurrence

C' = max{0, 2| pas(t

C given by Eq. (12) for different parameters of this

system in Fig. 1.
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Fig. 1. The time evolution of the C for the moving atom—
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atom entanglement with the initial atomic state |eg). (a)
n=1,p=1;(b)an=1,p=5;(c) n=10,p=1.

First, we discuss the influence of the half-wave
number p on the entanglement when the atomic state
is initially in the |eg) state. As shown in Figs. 1(a)
and 1(b), the concurrence evolves with the period
of T = 2r in Fig. 1(a) while it evolves with the
period of T = 2xn/5 in Fig. 1(b).
ity stems from the fact that, from Eq. (6), we have
90 = (1/p)[1 — cos(pgt)], it is observed that g
is a periodical function on the scaled time gt with pe-
riod 27/p. At the time gt = mT (m = 0,1,2...),

the concurrence is zero, otherwise the concurrence is

This periodic-

not zero any more. The maximum of the concurrence
is only 0.068 roughly, which means that the weakest
entanglement is shown. The conclusions are given be-
low: it is found that the atom—atom entanglement is
substantially increased at some specific time, and the
larger the p, the smaller the periodicity is. However
the maximum values of the entanglement are almost
the same.

The influence of the mean photon number 7 on
the QE is displayed in Figs. 1(a) and 1(c). Compared
Fig. 1(a) to Fig. 1(c), the evolution of the entangle-
ment does not change greatly, it is similar to the above
analysis. When 7 increases from 1 to 10, the maxi-
mum values of the entanglement change from 0.068 to
0.055, accompanied by the different number of average
photon. That is to say, when the temperature of the
thermal field becomes higher, the entanglement can
also be induced at high temperature of this system.

Our numerical results show that, there is no en-
tanglement when atomic initial state is |ee) or |gg).
But in Ref. [9] the authors studied the two-photon
process with static atoms and found the entanglement
at some interval in the initial state |gg).
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3.2. Entanglement induced by a coher-
ent field

The cavity field is initially in the coherent mode
field [7,(0))

Z5:(0)) = D fuln), (13)
n=0

where
N Nn/2
fn = exp <—2> ﬁ eXp(i T) 5
and N is the average photon number and YT is the
phase angle of the field, here, T = 0. Then it is easy

to get the elements of p,(t):

pra(t) = cos®(r/2) > fruaa|n)(nlusy + cos(r/2)sin(r/2) > fruraln)(njuss

n

n

+cos(r/2)sin(r/2) Y frun|n)(nfuis+sin®(r/2) ) fruialn) (nfuiy,

n

pra(t) = cos®(r/2) ) faun|n)(nfus, + cos(r/2)sin(r/2) Y frura|n)(nlus,

+cos(r/2) sin(r/2) Y fruni|n)(nlugy+sin®(r/2) Y fruna|n) (nlug,,

prat) = cos®(r/2) 3 furs|n) (nfusfy + cos(r/2)sin(r/2) S f2uraln) (nfu;

+ cos(r/2) sin(r/2) Z F2upq|n) (njuj,+ sin?(r/2) Z FPura|n) (nfuly,

n

n

paa(t) = cos*(r/2) Y fruzi|n)(nlu3 + cos(r/2) sin(r/2) Y frusaln)(nluz,

+ cos(r/2) sin(r/2) Z FPugr|n) (n|ub,+ sin(r/2) Z FPuga|n) (nlub,,

paa(t) = cos*(r/2) Y fruzi|n)(nluiy + cos(r/2) sin(r/2) Y frusaln)(nluf,

+ cos(r/2) sin(r/2) Z FPugr|n) (n|uj,+ sin(r/2) Z FPugg|n) (nlul,,

n

n

paa(t) = cos®(r/2) Y frun|n)(nfuly + cos(r/2)sin(r/2) Yy frusaln)(nfui,

n

n

+cos(r/2)sin(r/2) Y frua|n)(nfuy+sin®(r/2) Y fruaaln) (nful,

The numerical results of the concurrence C' given
by Egs. (9) and (14) for different parameters of this
system with different initial atomic states are pre-
sented in Fig. 2.

Compared with the above part, this part shows
that the atom entanglement can be generated in the
initial state with the coherent state of the cavity. As
shown in Figs. 2(a) and 2(b), the atomic initial state
is in the state |ee), the concurrence evolves with the
period of 7 = m in Fig. 2(a) while it evolves with

the period of 7 = 27/5 in Fig. 2(b). As the same

n

@), par(t) = pra (D). (14)

to the above section, this periodicity stems from the
fact that, we have gy = (1/p)[1 — cos(pgt)], it is ob-
served that gO ) is a periodical function of the scaled
time gt with period 27/p. The maximum values of the
concurrence are 0.18 in Fig. 2(a) and 0.1 in Fig. 2(b),
respectively. The results show that the larger the p is,
the smaller the maximum value of the concurrence is.
Secondly, the time evolution of the concurrence with
the initial state |gg) is shown in Figs. 2(c) and 2(d),
the periodicity is also 27 /p. The maximum of the con-
currence is 0.33 in Fig. 2(c) and 0.22 in Fig. 2(d). It is
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found that the maximum QE with the initial state |gg)
is larger than that in |ee). Thirdly, in Fig. 2, it can
be seen that no matter how the initial atomic state is,
the concurrence of the entanglement is zero not only
at n(27/p) (n = 0,1,2...) but also in some special
continuous short-lived time, which means that there
is no entanglement between the two moving atoms.
Fourthly, the situation when the atoms initial state is
leg) is similar. We would like to emphasize that the
atom—atom entanglement induced by coherent-mode
field is larger than that induced by a thermal field,
that is to say, the entanglement is dependent on the
category of the field.
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Fig. 2. The time evolution of the concurrence for the
moving atom—atom entanglement with the initial atomic
state |W,¢(0)) = cos(r/2)|ee) + sin(r/2)|gg) with N =5
()1 =0,p=2 (b) r = 0,p=5 (c) r = m,p = 2 (d)
r=m,p=>5.

In the above study, we have discussed a special
case that the moving atomic system is in a direct prod-
uct state. The study for the case of the atomic state
being an entangled state is presented in Fig. 3. We
can see the periodic death and birth of the entangle-
ment between the atoms interacting with a coherent
field, but we cannot see this phenomenon if the atoms
interact with a thermal field.

The influence of the parameters p and N of the
field on the entanglement between the moving atoms
is shown in Fig. 3. In Fig. 3(a), when the two mov-
ing atoms are initially in the maximal entangled state,
it is found that there are periodic death and periodic
birth of the atom—atom entanglement when N = 5.

However when N = 2, this phenomenon does not ap-
pear but the entanglement only gradually reduces and
increases, as shown in Fig. 3(c). The numerical results
of the concurrence C' also show that the ESB and ESD
disappear when N = 3, as shown in Fig. 3(b). As a
matter of fact, when N > 5, the periodic death and
periodic birth of the atom-tom entanglement can be
detected. Secondly, the periodicity stems from the
fact that g is a periodical function of the scaled
time gt with period 27 /p, thus the period of death
and birth becomes smaller when p becomes larger.
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Fig. 3. The time evolution of the C for the moving

atom—atom entanglement with the initial atomic state
Za0(0)) = (lee) +|99))/V2 with p = 8 (a) N = 5; (b)
N =4; (¢) N=2.

In Fig. 2, atom—atom entanglement induced by
coherent-mode field, is also sudden reduce and in-
crease in some special time, that is to say, there exist
sudden death and sudden birth of the atom—atom en-
tanglement. But in Fig. 1, atom—atom entanglement
induced by thermal field is gradually reduce and in-
crease (expect at some special time the concurrence
is zero), that is to say, there are no sudden death or
sudden birth.

Now let us pay attention to the essential differ-
ences between this paper and Ref. [11] in which the
single-photon process was studied. The differences are
the following: (i) the maximum QE with single-photon
is bigger than that with three-photon. (ii) The os-
cillation of the concurrence in three-photon process
is fiercer than that in single-photon process in a pe-
riod, this situation stems from the fact that the three-
photon process is a higher order nonlinear process.

Can three-photon process be realized? Yes. We
let £y — E; = 3w, where £, and E; are energies of
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initial state and final state, w is the frequency of the
field. three-photon transition in the hydrogen atom
immersed in Debye plasmas has been investigated in
Ref. [21] based on the condition that angular momen-
tum channels are available for three-photon bound-
bound transition of ground state with linearly polar-
ized light as shown in Fig. 4, There are three possibili-
ties for three photon processes (transitions), including
1S—P-D-—nP, 1S-P-S—nP and 1S-P-D-—nF, but three-
photon processes cannot be easily realized.

F
Fig. 4. Angular momentum channels for three-photon

bound-bound transition.

4. Conclusions

The evolution of the entanglement between two
moving atoms interacting with a single-mode field via
a three-photon process is studied. The conclusions

can be obtained as follows. i) As the same for the
two-photon process, the three-photon process which
shows nonlinear behaviour, is similar to the single-
photon process that can induce atom entanglement.
Moreover, we would like to emphasize that the atom—
atom entanglement, induced by a coherent mode field,
is larger than the entanglement induced by a thermal
field. ii) In the case of the thermal field, there is no
entanglement when the atomic initial state in |ee) or
lgg) in a two-photon process with static atoms, the
authors examined the entanglement in some interval
in the initial state |gg); there is entanglement when
atoms are initially in the state |eg), and it evolves pe-
riodically due to the atom motion. Furthermore, it is
shown that the larger the p is, the smaller the peri-
odicity is. iii) In the case of the coherent field, there
is entanglement whatever the atomic initial state in
lee), leg) or |gg). The larger the p is, the smaller the
maximum value of concurrence is, and there is sudden
death and sudden birth of the atom—atom entangle-
ment. iv) If the atoms are in the entangled state ini-
tially, there are no ESD and ESB and the concurrence
is increased or decreased continuously in the thermal
field. However, in the case of the coherent field, there
are ESD and ESB, and when N > 5, the ESD and
ESB can be seen. It is also shown that the larger the
p, the smaller the periodicity is. v) The three-photon
process is a higher order nonlinear process.
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