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New equation for deriving pure state density operators
by Weyl correspondence and Wigner operator∗
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By virtue of the completeness of Wigner operator and Weyl correspondence we construct a general equation for

deriving pure state density operators. Several important examples are considered as the applications of this equation,

which shows that our approach is effective and convenient for deducing these entangled state representations.
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1. Introduction

Density operator is an important conception in

quantum mechanics, quantum optics[1−6] and quan-

tum information.[7−13] Pure state density operator ρ

is usually expressed as ρ = |Ψ⟩ ⟨Ψ | , whose average

value is always positive-definite. In this work we shall

construct a new equation as follows:

1

π

∫
dp′dq′δ [α−A(q′, p′)]∆(q′, p′) = |α⟩ ⟨α| , (1)

where A(q′, p′) is the Weyl correspondence of Weyl

ordered operator ···· A(Q̂, P̂ ) ···· , |α⟩ is the eigenvector

of ···· A(Q̂, P̂ ) ···· with the eigenvalue α, ∆(q, p) is the

Wigner operator. Using this equation, we can effec-

tively and conveniently derive some pure state density

operators of continuum variables that may span com-

plete quantum mechanical representation, especially,

some pure entangled state density operators. We shall

employ the Weyl correspondence and the Wigner op-

erator to realize our goal. This paper is organized

as follows. In Section 2 we briefly review the recent

development of Wigner operator theory with Weyl or-

dering. In Section 3, with the help of the completeness

of Wigner operator and Weyl correspondence, we con-

struct a new equation in Eq. (1) from the single-mode

case to the multi-mode case. Several important exam-

ples are considered as the applications of this equation

in Section 4.

2. Brief review of the Wigner op-

erator

The Wigner operator is introduced as[4,14,15]

∆(q, p) =
1

2π

∫ ∣∣∣q − v

2

⟩⟨
q +

v

2

∣∣∣ e−ipvdv. (2)

By virtue of the technique of integration within an

ordered product of operator,[16,17] the integration in

Eq. (2) can be performed and the result is an explicit

operator[18]

∆(q, p) =
1

π
: e−(q−Q̂)2−(p−P̂ )2 : , (3)

where : : denotes normal ordering. The Wigner oper-

ator serves as an integral kernel of the Weyl rule[19]

which is a quantization scheme connecting classical

function h(q, p), where q, p are coordinate and mo-

mentum, with its quantum correspondence operator

H(Q̂, P̂ ), here Q̂ and P̂ are coordinate and momen-

tum operators corresponding to q and p, respectively.

This quantization scheme has the form∫
dqdph(q, p)∆(q, p) = H(Q̂, P̂ ). (4)

On the other hand, due to Eq. (3), using the proper-

ties of the Gaussian integration within normal order-

ing one can perform the integration over dpdq as∫
dpdq∆(q, p) =

1

π

∫
dpdq : e−(q−Q̂)2−(p−P̂ )2 : = 1.

(5)
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Further, there are∫
dp∆(q, p) =

1√
π
: exp[(q − Q̂)2] : = |q⟩ ⟨q| , (6)

and ∫
dq∆(q, p) = |p⟩ ⟨p| , (7)

i.e., the one-side integral of the Wigner operator re-

spectively gives the single-particle’ position projection

operator and the momentum projection operator. In

Ref. [20] we have derived the Weyl ordering form of

the Wigner operator

∆(q, p) = ···· δ(p− P̂ )δ(q − Q̂) ···· , (8)

where the symbol ····
···· denotes Weyl ordering, within

which P̂ and Q̂ are commutative.

3. Constructing new equation for

deriving pure state density op-

erators

3.1. Single-mode case

Our departure point is very fundamental, let op-

erator Â = A(P̂ , Q̂) obey the eigenvector equation

Â |α⟩ = α |α⟩ , (9)

where α = α(p, q) is the eigenvalue of the operator

Â, satisfying orthogonal relation ⟨α′| α⟩ = δ (α− α′).

Using the property of Dirac delta function we have

|α⟩ =
∫

dα′δ(α−α′) |α′⟩ =
∫

dα′δ(α−Â) |α′⟩ . (10)

Obviously, the adjoint operator of Eq. (10) is

⟨α| =
∫

dα′ ⟨α′| δ(α− Â). (11)

Note Â = Â†. On the other hand, according to

Eqs. (5)–(7) we see

Q̂ = Q̂

∫
dpdq∆(q, p) =

∫
dqq |q⟩ ⟨q|

=

∫
dqdpq∆(q, p), (12)

and

P̂ =

∫
dpdqp∆(q, p). (13)

When A(P̂ , Q̂) operator is in Weyl ordering,

A(P̂ , Q̂) = ···· A(P̂ , Q̂) ···· , based on Eq. (8), equations

(12) and (13) can be generalized as

A(P̂ , Q̂) = ····

∫
dpdqA(p, q)δ(p− P̂ )δ(q − Q̂) ····

=

∫
dpdqA(p, q)∆(q, p). (14)

Using Eqs. (11) and (14)

⟨α| =
∫

dα′ ⟨α′| δ(α− Â)

=

∫
dα′ ⟨α′|

∫
dp′dq′δ [α−A(q′, p′)]∆(q′, p′)

=

∫
dα′ ⟨α′| ···· δ(α− Â) ···· . (15)

Due to∫
dα′ ⟨α′| α⟩ ⟨α| =

∫
dα′δ(α− α′) ⟨α| = ⟨α| , (16)

so from Eq. (15) we infer∫
dp′dq′δ [α−A(q′, p′)]∆(q′, p′) = |α⟩ ⟨α| , (17)

where |α⟩ ⟨α| is pure state density operator. This is

a new equation for constructing the pure state. To

further get the explicit form of |α⟩ ⟨α|, using Eq. (3)

we can rewrite Eq. (17) as

1

π

∫
dp′dq′δ [α−A(q′, p′)] : e−(q′−Q̂)2−(p′−P̂ )2 :

= |α⟩ ⟨α| . (18)

We can also see that the eigenvector |α⟩ spans a com-

plete set,∫
dα |α⟩ ⟨α|

=

∫
dα

∫
dp′dq′δ [α−A(q′, p′)]∆(q′, p′)

=

∫
dp′dq′∆(q′, p′) = 1. (19)

3.2.Multi-mode case

Supposing there are n Weyl ordered n-mode op-

erators

Âi ≡ Ai(P̂1, Q̂1; P̂2, Q̂2; . . . ; P̂n, Q̂n)

= ···· Ai(P̂1, Q̂1; P̂2, Q̂2; . . . ; P̂n, Q̂n)
···· , (20)

and
n∏

i=1

Âi =
····

n∏
i=1

Âi
····,
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where i = 1, 2, . . . , n, which can be simultaneously

measured, i.e., satisfying the commutation relation

[Âi, Âj ] = 0, i, j = 1, . . . n. Thus operators Âis have

their common eigenstate, denoted as |α1,α2, . . . , αn⟩,

Âi |α1,α2, . . . , αn⟩ = αi |α1,α2, . . . , αn⟩ . (21)

By virtue of the property of Dirac function we have

|α1,α2, . . . , αn⟩

=

∫ n∏
i=1

dα′
iδ(αi − α′

i)
∣∣α′

1,α
′
2, . . . , α

′
n

⟩
=

∫ n∏
i=1

dα′
iδ(αi − Âi)

∣∣α′
1,α

′
2, . . . , α

′
n

⟩
. (22)

On the other hand, the n-mode Wigner operator is

∆n(q1, p1; . . . ; qn, pn)

=
n∏

i=1

∆i(qi, pi)

=
1

πn

n∏
i=1

: e−(qi−Q̂i)
2−(pi−P̂i)

2

: . (23)

Do the same procedures as in the one-mode case, we

can obtain the pure state density operators

|α1,α2, . . . , αn⟩ ⟨α1,α2, . . . , αn|

=

∫ n∏
i=1

dp′idq
′
iδ [αi −A(q′i, p

′
i)]∆n(q

′
1, p

′
1; . . . ; q

′
n, p

′
n)

=
1

πn

∫ n∏
i=1

dp′idq
′
iδ [αi −A(q′i, p

′
i)]

× : exp
[
−(q′i − Q̂i)

2 − (p′i − P̂i)
2
]
: , (24)

and we also have∫ n∏
i=1

dαi |α1,α2, . . . , αn⟩ ⟨α1,α2, . . . , αn| = 1. (25)

4. Application of Eqs. (17) and

(24)

4.1. Explicit form of the eigenvector of

quadrature µQ̂ + νP̂

In the quantum optics theory, µQ̂+ νP̂ (µ and ν

are real numbers) represents all possible linear combi-

nations of quadratures Q̂ and P̂ of the oscillator field

and can be measured by the homodyne measurement

just by varying the phase of the local oscillator. Ob-

viously,

µQ̂+ νP̂ = ···· µQ̂+ νP̂ ···· (26)

is a Weyl ordered operator, so its classical Weyl cor-

respondence is µq+νp, according to Eqs. (3) and (17)

we can construct∫
dp′dq′δ [q − (µq′ + νp′)]∆(q′, p′)

=
1

π

∫
dp′dq′δ [q − (µq′ + νp′)] : e−(q′−Q̂)2−(p′−P̂ )2 :

= |x⟩µ,νµ,ν ⟨x| , (27)

where |x⟩µ,ν is the eigenstate of the quadrature µQ̂+

νP̂ ,

(µQ̂+ νP̂ ) |x⟩µ,ν = x |x⟩µ,ν . (28)

Carrying out the integration in Eq. (27) we can obtain

the explicit form of the state vector

|x⟩µ,νµ,ν ⟨x| = [π(µ2 + ν2)]−1/2 exp

[
− x2

2(µ2 + ν2)
+

√
2x

µ− iν
a† − µ+ iν

2(µ− iν)
a†2

]
|0⟩

× ⟨0| exp

[
− x2

2(µ2 + ν2)
+

√
2x

µ+ iν
a− µ− iν

2(µ+ iν)
a2

]
, (29)

so

|x⟩µ,ν = [π(µ2 + ν2)]−1/4 exp

[
− x2

2(µ2 + ν2)
+

√
2x

µ− iν
a† − µ+ iν

2(µ− iν)
a†2

]
|0⟩ , (30)

where we have used : exp(−a†a) : = |0⟩ ⟨0| , Q̂ = (a+ a†)/
√
2 and P̂ = (a− a†)/i

√
2.

4.2.Common eigenvectors of two particles’ relative position and total momentum

Recently, quantum entanglement and entangled states have been paid much attention to because of their

potential uses in quantum computation and quantum communication.[21−23] The bipartite entangled state rep-

resentation is constructed in Refs. [24]–[26], which is enlightened by Einstein–Podolsky–Rosen’s argument that
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two particles’ relative coordinates Q̂1−Q̂2 and P̂1+P̂2

are commutable and can be simultaneously measured.

It seems that introducing entangled state representa-

tion is inevitable since many entangled problems can

only be clearly explained by using it.

Having experienced how to find the above eigen-

state |x⟩µ,ν , we now search for the common eigenvec-

tor |p, q⟩ of Q̂2 + Q̂1 and P̂1 − P̂2, i.e.,

(Q̂1 + Q̂2) |p, q⟩ = q |p, q⟩ ,
(P̂1 − P̂2) |p, q⟩ = p |p, q⟩ . (31)

We now search what is the Weyl ordered form of

(Q̂2 + Q̂1)(P̂1 − P̂2). Recall that Weyl has given the

quantization scheme

qmpr →
(
1

2

)m m∑
l=0

m!

l!(m− l)!
Q̂m−lP̂ rQ̂l, (32)

the right-hand side is in Weyl ordering, so(
1

2

)m m∑
l=0

m!

l!(m− l)!
Q̂m−lP̂ rQ̂l = ···· Q̂

m P̂ r ···· , (33)

for example,

···· Q̂P̂ ···· =
1

2

(
Q̂P̂ + P̂ Q̂

)
, (34)

so

(Q̂2 + Q̂1)(P̂1 − P̂2)

= Q̂1P̂1 − Q̂2P̂2 + Q̂2P̂1 − Q̂1P̂2,

(P̂1 − P̂2)(Q̂2 + Q̂1)

= P̂1Q̂1 − P̂2Q̂2 + Q̂2P̂1 − Q̂1P̂2. (35)

Adding these two equations and dividing the sum by

2 and noticing
[
Q̂1 − Q̂2, P̂1 + P̂2

]
= 0, we see

(Q̂2 + Q̂1)(P̂1 − P̂2)

=
Q̂1P̂1 + P̂1Q̂1

2
− Q̂2P̂2 + P̂2Q̂2

2
+ Q̂2P̂1 − Q̂1P̂2

= ···· (Q̂2 + Q̂1)(P̂1 − P̂2)
···· , (36)

i.e., (Q̂2 + Q̂1)(P̂1 − P̂2) itself is Weyl ordered, so its

classical Weyl correspondence is (q1+ q2)(p1−p2), we

can use Eqs. (24) and (23) to construct the equation∫
dp′1dq

′
1dp

′
2dq

′
2δ [q − (q′1 + q′2)]

× δ [p− (p′1 − p′2)]∆2(q
′
1, p

′
1; q

′
2, p

′
2)

=
1

π2

∫
dp′1dq

′
1dp

′
2dq

′
2δ [q − (q′1 + q′2)]

× δ [p− (p′1 − p′2)] :
2∏

i=1

e−(q′i−Q̂)2−(p′
i−P̂ )2 :

= |p, q⟩ ⟨p, q| . (37)

After carrying out the integration in Eq. (37) and de-

composing the result we find

|p, q⟩ =
1√
2π

exp

(
−p2 + q2

4
− a†1a

†
2 +

q + ip√
2

a†1

+
q − ip√

2
a†2

)
|00⟩ , (38)

here we have used : exp(−a†1a1 − a†2a2) : = |00⟩ ⟨00| ,
Q̂j = (aj + a†j)/

√
2 and P̂j = (aj + a†j)/i

√
2, j = 1, 2.

Setting ξ = (q + ip)/
√
2, it is obtained that

|p, q⟩ =
1√
2π

exp

(
−|ξ|2

2
+ ξa†1 + ξ∗a†2 − a†1a

†
2

)
|00⟩

≡ |ξ⟩ , (39)

this is an entangled state, which was proposed

before.[18]

4.3.Common eigenstates of two parti-

cles’ center-of-mass coordinates and

mass-weighted relative momentum

In this subsection we go a step further to consider

the common eigenstate of the center-of-mass coordi-

nate Q̂c.m. ≡ µ1Q̂1 + µ2Q̂2 and the mass-weighted

relative momentum P̂r ≡ µ2P̂1 − µ1P̂2, where

µ1 =
m1

m1 +m2
, µ2 =

m2

m1 +m2
(40)

are the reduced masses, and m1 (m2) is the mass of

the first (second) particle. In solving dynamical prob-

lems it is frequently useful to convert from individual

particle coordinates Q̂1 and Q̂2 to centre-of-mass and

relative coordinates (correspondingly, the individual

particle momenta transform to total momentum and

mass-weighted relative momentum)

Q̂c.m. = µ1Q̂1 + µ2Q̂2, Q̂r = Q̂2 − Q̂1, (41)

and

P̂c.m. = P̂1 + P̂2, P̂r = µ2P̂1 − µ1P̂2. (42)

Since [Q̂c.m., P̂r] = 0, it is meaningful to construct

the simultaneous eigenstates of Q̂c.m. and P̂r in terms

of conventional creation and annihilation operators.

Let |χ, p⟩ be the common eigenvecter of the operators

Q̂c.m. and P̂r obeying the eigenstate equations

Q̂c.m. |χ, p⟩ = χ |χ, p⟩ , P̂r |χ, p⟩ = p |χ, p⟩ . (43)
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Due to

···· (µ1Q̂1 + µ2Q̂2)(µ2P̂1 − µ1P̂2)
····

= (µ1Q̂1 + µ2Q̂2)(µ2P̂1 − µ1P̂2), (44)

its classical Weyl correspondence is (µ1q1 +

µ2q2)(µ2p1 − µ1p2). With the aid of Eqs. (24) and

(23) we now construct the following integration∫
dp′1dq

′
1dp

′
2dq

′
2δ [χ− (µ1q

′
1 + µ2q

′
2)]

× δ [ p− (µ2p
′
1 − µ1p

′
2)]∆2(q

′
1, p

′
1; q

′
2, p

′
2)

=
1

π2

∫
dp′1dq

′
1dp

′
2dq

′
2δ [χ− (µ1q

′
1 + µ2q

′
2)]

× δ [ p− (µ2p
′
1 − µ1p

′
2)] :

2∏
i=1

e−(q′i−Q̂)2−(p′
i−P̂ )2 :

= |χ, p⟩ ⟨χ, p| . (45)

After performing the integration, we find

|χ, p⟩

=

√
µ1µ2

π (µ2
2 + µ2

1)
exp

{
− 1

2 (µ2
1 + µ2

2)

(
p2 + χ2

)
+

√
2

µ2
1 + µ2

2

[
(χµ1 + ipµ2)a

†
1 + (χµ2 − ipµ1)a

†
2

]
+
(µ2 − µ1) (a

†2
1 − a†22 )

2 (µ2
1 + µ2

2)
− 2µ1µ2a

†
1a

†
2

µ2
1 + µ2

2

}
|00⟩ .(46)

4.4. Explicit form of the tripartite entan-

gled state

As the last example, we consider a tripartite en-

tangled system by searching for the common eigen-

vector of compatible operators Q̂1 − Q̂2, Q̂1 − Q̂3 and

P̂1 + P̂2 + P̂3, i.e.,

(Q̂1 − Q̂2) |p, χ1, χ2⟩ = χ1 |p, χ1, χ2⟩ ,
(Q̂1 − Q̂3) |p, χ1, χ2⟩ = χ2 |p, χ1, χ2⟩ ,
(P̂1 + P̂2 + P̂3) |p, χ1, χ2⟩ = p |p, χ1, χ2⟩ . (47)

Using the Weyl correspondence

q2p →
(
1

2

)2

(Q̂2P̂+2Q̂P̂ Q̂+P̂ Q̂2) = ···· Q̂2P̂ ···· (48)

and taking the similar method described above we can

deduce

···· (Q̂1 − Q̂2)(Q̂1 − Q̂3)(P̂1 + P̂2 + P̂3)
····

= (Q̂1 − Q̂2)(Q̂1 − Q̂3)(P̂1 + P̂2 + P̂3), (49)

so its classical Weyl correspondence is (q1 − q2)(q1 −
q3)(p1 + p2 + p3). According to Eqs. (24) and (23) we

can obtain∫
dp′1dq

′
1dp

′
2dq

′
2dp

′
3dq

′
3δ [χ1 − (q′1 − q′2)]

× δ [χ2 − (q′1 − q′3)] δ [p− (p′1 + p′2 + p′3)]

× ∆3(q
′
1, p

′
1; q

′
2, p

′
2; q

′
3, p

′
3)

=
1

π3

∫
dp′1dq

′
1dp

′
2dq

′
2dp

′
3dq

′
3δ [χ1 − (q′1 − q′2)]

× δ [χ2 − (q′1 − q′3)] δ [p− (p′1 + p′2 + p′3)]

× :
3∏

i=1

e−(q′i−Q̂)2−(p′
i−P̂ )2 :

= |p, χ2, χ3⟩ ⟨p, χ2, χ3| . (50)

After integrating a tripartite entangled state is easily

derived as

|p, χ2, χ3⟩

=
1√

3π3/4
exp

[
−1

6
p2 − 1

3

(
χ2
1 − χ1χ2 + χ2

2

)
+

√
2

3
a†1 (ip+ χ1 + χ2) +

√
2

3
a†2 (ip− 2χ1 + χ2)

+

√
2

3
a†3 (ip+ χ1 − 2χ2) +

2

3

(
a†1a

†
2 + a†1a

†
3 + a†2a

†
3

)
−1

6

(
a†21 + a†22 + a†23

)]
|000⟩ , (51)

where we have used : exp(−
∑3

i=1 a
†
iai) : = |000⟩

⟨000| .

5. Conclusions

In summary, with the help of the completeness of

Wigner operator and Weyl correspondence, we con-

struct a general equation for deriving pure state den-

sity operators and then extend to the multi-mode case.

By making use of the new constructed equations, we

reconstruct typical quantum mechanical states, such

as the eigenstate of quadrature µQ̂ + νP̂ , bipartite

and tripartite continuous variable entangled state, and

so on. It is very clear that our approach is effective

and convenient for deducing these states and prove

their completeness properties. We believe that our

new equations may be interesting for some readers

and useful for deriving some new quantum mechan-

ical representations.

Acknowledgments

The authors acknowledge the helpful discussions

with Dr. Yuan Hong-Chun. We also sincerely thank

the referee for his useful suggestions.

020303–5



Chin. Phys. B Vol. 19, No. 2 (2010) 020303

References

[1] Wely H 1932 Z. Phys. 46 1

[2] Vogel K and Risken H 1989 Phys. Rev. A 40 2847

[3] Agarwal G S and Wolf E 1970 Phys. Rev. D 2 2161

Agarwal G S and Wolf E 1970 Phys. Rev. D 2 2187

Agarwal G S and Wolf E 1970 Phys. Rev. D 2 2206

[4] Walls D F and Milburn G 1994 Quantum Optics (Berlin:

Springer-Verlag)

[5] Smithey D T, Beck M and Raymer M G 1993 Phys. Rev.

Lett. 70 1244

[6] Wu H J and Fan H Y 1997 Mod. Phys. Lett. B 11 544

Fan H Y 2001 J. Opt. B: Quantum Semiclass. Opt. 3 388

Fan H Y and Sun Z H 2000 Phys. Lett. A 272 219

[7] Ahn D, Lee H J and Hwang S W 2003 Phys. Rev. A 67

032309

Ahn D, Lee H J and Hwang S W 2003 Phys. Rev. A 61

052310

[8] Ekert A and Josza R 1996 Rev. Mod. Phys. 68 733

[9] DiVincenzo D P 1995 Science 270 255

[10] Bernett C H, Brassard G and Crepeau C 1993 Phys. Rev.

Lett. 70 1895

[11] Fan H Y and Klauder J R 1994 Phys. Rev. A 49 704

Fan H Y and Fan Y 1996 Phys. Rev. A 54 958

Fan H Y and Chen B Z 1996 Phys. Rev. A 53 2948

[12] Preskill J 1998 Quantum Information and Computation,

Lecture Notes for Physics (Pasadena: California Institute

of Technology) p229

[13] Smithey D T, Beck M, Raymer M G and Faridani A 1993

Phys. Rev. Lett. 70 1244

[14] Wigner E P 1932 Phys. Rev. 40 749

[15] Jiang N Q 2005 Phys. Lett. A 339 255

[16] Fan H Y, Zaidi H R and Klauder J R 1987 Phys. Rev. D

35 1831

Fan H Y 1990 Phys. Rev. A 41 1526

[17] Fan H Y and Hu L Y 2009 Chin. Phys. B 18 902

Fan H Y and Hu L Y 2009 Chin. Phys. B 18 1061

Fan H Y and Hu L Y 2009 Chin. Phys. B 18 611

Fan H Y and Hu L Y 2008 Chin. Phys. B 17 1640

Fan H Y and Hu L Y 2008 Chin. Phys. B 17 697

[18] Fan H Y and Zaidi H R 1987 Phys. Lett. A 124 303

[19] Weyl H 1927 Z. Phys. 46 1

[20] Fan H Y 1992 J. Phys. A 25 3443

[21] Ekert A and Josza R 1996 Rev. Mod. Phys. 68 733

[22] DiVincenzo D P 1995 Science 270 255

[23] Fuchs C A, Gisin N, Griffiths R B, Niu C S and Peres A

1997 Phys. Rev. A 56 1163

[24] Fan H Y and Klauder J R 1994 Phys. Rev. A 49 704

Fan H Y and Fan Y 1996 Phys. Rev. A 54 958

Fan H Y and Chen B Z 1996 Phys. Rev. A 53 2948

Fan H Y and Hu L Y 2009 Chin. Phys. B 18 918

[25] Milburn G J and Braunstein S L 1999 Phys. Rev. A 60

937

[26] Fan H Y 2001 Phys. Lett. A 286 81

Fan H Y and Ye X 1995 Phys. Rev. A 51 3343

Fan H Y 2002 Phys. Rev. A 65 064102

Fan H Y 2002 Phys. Lett. A 294 253

020303–6


