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Bohmian mechanics to high-order harmonic generation
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This paper introduces Bohmian mechanics (BM) into the intense laser-atom physics to study high-order harmonic

generation. In BM, the trajectories of atomic electron in an intense laser field can be obtained with the Bohm—Newton

equation. The power spectrum with the trajectory of an atomic electron is calculated, which is found to be irregular.

Next, the power spectrum associated with an atom ensemble from BM is considered, where the power spectrum becomes

regular and consistent with that from quantum mechanics. Finally, the reason of the generation of the irregular spectrum

is discussed.
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1. Introduction

An atom interacting with the intense laser field
(ILF) can absorb more than one photon and then
emits photons at harmonics of the laser frequency,
which is well known as high-order harmonic genera-
tion (HHG).!'~3] The harmonic spectrum has the fol-
lowing characteristics as a function of increasing fre-
quency: a rapid decrease in harmonic intensity at first,
followed by a plateau region with the harmonics hav-
ing similar intensities; and then a rapid drop in har-
monic strength beyond the plateau region. Recently,
lots of theoretical works have studied this multiphoton
phenomenon, including solving the time-dependent
Schrédinger equation,!'#8) the semiclassical trajec-
tory methods, such as the three-step modell® and the
Feynman’s path-integral approach in the strong field
approximation, =12l and even the classical trajectory
method.[?!

Bohmian mechanics (BM),[14~16]

or quantum tra-
jectory method,'”! is another alternative formalism
of quantum mechanics. In the early years, BM has
been used to study some fundamental quantum phe-
nomena such as the scattering by a square potential
barrier!'®19 and the diffraction through two slits.[2"!
Recently, it has been applied to study and analyse
many different processes and phenomena in physics
and chemistry, such as atom-surface scattering,21:22l

(23]

electron transport in mesoscopic systems,'**! photodis-
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sociation of NOCI and NO,** and the chemical
reactions.[?5] Also, BM in terms of quantum trajectory

has been considered to study chaos.[26—2

Recently,
it has been successfully applied to intense laser-atom
physics to study the dynamics of the above-threshold
ionization (ATT) photoelectron by authors. 3%

In this paper, BM is introduced to intense laser-
atom physics to study HHG, which BM allows us to
follow the time evolution of individual electron trajec-
tory in atomic systems first. We then calculate the
power spectrum with the electron trajectory and find
that the corresponding spectrum is irregular. Next,
we consider the power spectrum associated with an
atom ensemble. In the atom ensemble, harmonic gen-
eration is determined by the Maxwell equation, where
the electronic polarization of the atom ensemble plays
a key role for the harmonic generation. We will show
that the electronic polarization of the atom ensemble
gained from BM is equivalent to that obtained from
quantum mechanics. On this condition, the power
spectrum from BM is regular and consistent with that
obtained from quantum mechanics. Finally, we will
briefly discuss the reason why an individual electron
trajectory generates the irregular spectrum.

This paper is organized as follows. We will briefly
introduce quantum trajectory method first. Then we
show the Hamiltonian for the hydrogen atom in ILF.
In Section 4, we calculate the harmonic spectrum from

a single electron trajectory, following by harmonic
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generation associated with an ensemble of atoms inter-
acting with the ILF in Section 5. Finally, we briefly
discuss the reason of the generation of the irregular
spectrum with an individual electron trajectory and
then conclude.

2. Quantum trajectory formalism

of Bohmian mechanics

Quantum trajectory method comes from the
following transformation of the time-dependent

[14.35] Pirgtly a wave func-

Schrédinger  equation.
tion can be written in the polar form ¢ (r,t) =
R(r,t)exp(iS(r,t)/h). Secondly w(r,t) is substi-
tuted into the time-dependent Schrédinger equation.
Then the real part of the resulting equation is

a8 (VS)?

o om

and the imaginary part has the form

+V+Q=0, (1)

ap _
5 T Viv) =0, (2)
where p(r,t) = R%(r,t), v = VS(r,t)/m, and
h* V2R
Q(r’t> - _% R .

These two equations look like the classical Hamilton—
Jacobi equation and the equation of continuity, re-
spectively, except equation (1) has an extra term @
which is usually called quantum potential in BM.
Thus equation (1) is called the quantum Hamilton—
Jacobi equation governed by an external potential V'
and the quantum potential ). The motion of parti-
cle is guided by Bohm—Newton equation of motion,
md?r/dt? = —V(V + Q), or, equivalently, by

dr/dt = VS(r,t)/m. (3)

In practice, we solve the time-dependent Schrodinger
equation to obtain ¢ (r,t), and then S(»r,t). In this
way, the quantum trajectory of the particle can be
gained by integrating Eq. (3).

3. Numerical solution of the
time-dependent  Schrodinger

equation

The Schrodinger equation for hydrogen atom in
ILF can be written as (atomic units are used through-

out)

iw = [Ho(r) + V(r,O)]e(r,t).

Here Hy(r) is the field-free Hamiltonian of hydrogen

atom and ‘7(7’7 t) is the intense laser-atom interaction:

N 142 12 1

o =33zt oe T r
V(r,t) = —r- E(t) = —zE(t), where the laser field
is the linearly polarized field (E||z) and E(t) is the
laser field profile. Due to the linearly polarized laser
field, magnetic quantum number m of hydrogen atom
is a good quantum number, so that the problem of
solving the time-dependent Schrodinger equation here
can be simplified into a two-dimensional problem (see
the inset in Fig. 1).
the time-dependent Schrodinger equation (r,t) is

In this work the solution of

obtained by the grid method and the second-order
split-operator method, which has been detailedly in-
troduced by Tong et al.l3¥ The laser field profile is

Tt
Eysin? [ — | si t), 0<t<10T;
() — 0 sin (QOT) sin(wot) <t<

Ey sin(wot), t > 107,

where T' = 27/wg, Fo and wq are the electric field
amplitude and angular frequency, respectively. We
choose Ey = 0.0292 a.u. (i.e., I = 3.0 x 103 W/cm?),
and wog = 0.0587 a.u. (i.e., A = 775 nm). The initial
wave function (7, 0) of the system is in the ground

state of the field-free hydrogen atom.
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Harmonic order/(w/wo)

Fig. 1. Power spectrum of the electron with the initial
position 7o = (1.0 a.u., w/4). The inset shows the di-
rection of the laser beam and the electron coordinate of
atomic system.
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4. Harmonic spectrum associated
with a single electron trajec-

tory

After obtaining the wavefunction ¢ (r,t), we can
follow the time evolution of electron trajectory r(t) by
integrating Eq. (3) with the electron initial position
ro. According to BM,['*~16] the initial electron distri-
bution is |¢(7,0)]2. In this work, ¥(r, 0) is the ground
state of the field-free hydrogen atom. Thus we can
obtain an ensemble of electron trajectories with the
corresponding electron initial positions. For an indi-
vidual electron trajectory, the atomic dipole moment
w2 (t) along the laser polarization direction is 2 - r(t).
The corresponding power spectrum is gained by the

Fourier transformation of the dipole moment:3:32]

1 t o
t —1Ww
te — t; /t, /sz( )e

where t; = 0 and the propagation time ¢¢ is 357 in

2

, (4)

Plw) =

this work.

Explicitly, we take one atomic electron as an ex-
ample with the initial position ro = (1.0 a.u., 7/4)
in polar coordinates. The electron trajectory r(t) is
calculated by integrating Eq. (3). The correspond-
ing power spectrum is shown in Fig. 1 from Eq. (4).
The spectrum has even harmonics, which is dominated
by a Rayleigh scattering component at the laser fre-
quency w = wp. We have obtained lots of electron
trajectories with different initial position ry accord-
ing to the initial electron distribution |¢(r,0)|?. The
corresponding power spectra have the similar charac-
ter described above. In the following, however, we will
show that the even harmonics of the power spectrum
are coherently removed in an ensemble of atoms and
the corresponding power spectrum is consistent with

that obtained from quantum mechanics.

5. Harmonic generation from an
ensemble of atoms interacting

with the intense laser field

The harmonic generation of an atom ensemble can
be gained with the Maxwell equation:3—3

17 oo
2 ot 2 o2’

where Z(7',t) is the electronic polarization of the

V& —

atom ensemble at the point v’ and &(r',t) describes

the electromagnetic field (involving the fundamental
and the harmonic fields).
polarization & (r’,t) plays a key role for the harmonic

Obviously, the electronic

generation from the ensemble of atoms. We will show
that the electronic polarization Z(r’,t) gained from
BM is, approximately, equivalent to that obtained
from quantum mechanics, i.e., both of their harmonic
spectra from the atom ensemble are consistent.

We first assume that the number of atoms is N
in a small volume AV near the point 7’ in the atom
ensemble (AV < d3, where d is the focal spot size
of laser). The electronic polarization Z2(r’) is de-

fined as the atomic dipole moment per unit volume:
N
P(r') = > p;/ AV, where p; is the atomic dipole mo-

ment of ealch atom in the small volume AV. From the
viewpoint of quantum mechanics, the dipole moment
of each atom is p(t) = (¢Y(r,t)|z](r,t)) in the 2 di-
rection, where 7 is the electron coordinate of atomic
system and (7, t) is the electron wavefunction. Thus
the electronic polarization of the atom ensemble ob-

tained from quantum mechanics is
Z(r',t) = Np(t)/AV (5)

in the 2 direction.

On the other hand, we calculate the electronic
polarization of the atom ensemble from BM. Accord-
ing to BM,['*~16] the probability that an electron lies
between r and r + dr in the atomic system at the
time ¢ is given by [¢(r,t)|?dr, where the correspond-
ing atomic dipole moment is = (in atomic units). Then
in the small volume AV of the atom ensemble, the
number of atoms with atomic dipole moment r is
(Nt (r,t)|?>dr). The sum of all kinds of atomic dipole
moments in the volume AV is Y N|i(r;,t)[*dr;r;.

J

Thus the electronic polarization Z(r’,t) at the point

v’ in the atom ensemble is Y N|y(r;,t)|2dr;r;/AV
J

(see Fig. 2). For an atom ensemble, we can replace
the sum by an integral,

N|p(r;, t)[2dr;r; N 2
zj: JAV A RN A—V/W(r,t)\ rdr. (6)

Further, because the laser field is the linearly polarized
field (E||z), the time-dependent wavefunction (7, t)
is symmetrical along 2 axis. Thus in the 2 direction,

N 2 _N 2
E/W)(ﬁt” rdr = AV/|¢(7“,t)| r cos Odr

N 2
— v [P0k @
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where the last term equals Eq. (5). In this way, the
electronic polarization & (7', t) gained from BM is, ap-
proximately, equivalent to that obtained from quan-
tum mechanics, i.e., both of their harmonic spectra
from the atom ensemble are the same. Figure 3 shows
the harmonic spectrum from an ensemble of hydrogen
atoms interacting with ILF (laser confocal parameter
b = 5.0 mm, gas density 10’7 atoms/cm® described
by a truncated Lorentzian in the & direction with
L = 0.5 mm),!®] which has a clear plateau region

and cutoff at the 11th order.

Fig. 2. A small volume AV near the point 7’ in the atom
ensemble, which includes lots of atoms with the differ-
ent dipole moments from the viewpoint of BM. The inset
shows the electron coordinate of atomic system.
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Fig. 3. Harmonic spectrum associated with an ensemble
of hydrogen atoms at the laser field I = 3.0 x 103 W/cm?
and A = 775 nm.

6. Discussion

In BM, the harmonic spectrum from a single elec-
tron trajectory has even harmonics (see Fig. 1), but
they are removed in the spectrum associated with
an ensemble of atoms (see Fig. 3). The reason is
that an individual electron trajectory does not pos-

(13]

sess an inversion centre,''! but the electron trajecto-

ries of the atom ensemble have such a centre. Here

we will numerically show that two electron trajecto-
ries are enough to get rid of the unphysical even har-
monics if the initial positions 7y of the two electrons
are centrally symmetric. Let us take two electrons as
an example with the initial positions r} = (1.0 a.u.,

7/4) and 3 = (1.0 a.u., 57/4), respectively. The
corresponding atomic dipole moment p,(t) along the
L(t)+72%(t)] and the
power spectrum gained from Eq. (4) is shown in Fig. 4

laser polarization direction is 2 [r

(solid curve), which has only odd-order harmonics. In
addition, we calculate the HHG power spectrum in
the length form from the time-dependent Schrodinger
equation (dotted curve in Fig. 4).3Y Note that these
two curves can basically overlap if the value of the
power spectrum from BM is multiplied by a factor of
0.4, i.e., both of them have the same relative inten-
sity. This is an interesting result, but the reason why
HHG power spectra from BM and the time-dependent
Schrodinger equation have the same relative intensity
should be studied in the future.

Harmonic order/(w/wo)

Fig. 4. The solid curve corresponds to power spectrum of
two Bohmian electrons with the centrally symmetric initial
(1.0 a.u, m/4) and r2 = (1.0 a.u., 57/4).
The dot is the HHG power spectrum in the length form

positions: 7’0

from the time-dependent Schrédinger equation (TDSE).

7. Summary

In summary, we introduced BM into intense laser-
atom physics to discuss HHG. It allows us to follow
the time evolution of each electron trajectory in an
atomic system. We find that the power spectrum
from an individual electron trajectory has even un-
physical harmonics. However, the even harmonics are
coherently removed in the ensemble of atoms and the
power spectrum is consistent with that obtained from
quantum mechanics. The reason for the appearance of
the even harmonics is that an individual electron tra-
jectory does not possess an inversion centre, but the
electron trajectories of the atom ensemble have such
a centre.
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