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Relative energy dissipation-induced effective attraction
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This paper presents the investigation of the clustering of the intruders in a vertically vibrated granular bed by

means of event-driven simulations. The results indicate that the position of intruders in the vertical direction is not

a key factor for their aggregation. Energy dissipation of the intruders and host particles are calculated in the process

of intruder-host and host–host collisions. The relative energy dissipation of the intruders to that of the host particles

is obtained. We find that clustering of the intruders happens when the relative energy dissipation is negative. The

conclusion is verified when the restitution coefficient, density and diameter of the intruders are varied.
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1. Introduction

Granular materials are collections of discrete
macroscopic solid grains that can move independently.
Despite this seeming simplicity, granular materials ex-
hibit a series of fascinating effects due to the dissi-
pative nature of forces acting on interacting grains,
such as inelastic collisions and friction. Due to their
importance in industries and ubiquitous existence in
our daily lives, in the past two decades, they have at-
tracted a large amount of research attention, and are
becoming one of the most active research fields.[1−3]

Segregation phenomenon exists extensively in
granular materials of different types as described in
Ref. [4]. For instance, in a vibrated granular sys-
tem, depending on subtle variations in physical con-
ditions, large particles can rise to the top or sink to
the bottom, or show other patterns. The first two are
known as “Brazil Nut effect”(BNE) and “anti-Brazil
Nut effect”, respectively.[5−10] Large amounts of fac-
tors, associated with external physical conditions or
particle-specific properties, can play significant roles
in segregation.[11,12]

Clustering phenomenon was first observed in the
system of freely cooling gas in the absence of grav-
ity and energy input.[13] Granular gases tend to spon-
taneously separate into dense and dilute regions af-

ter a number of collisions. When granular gases are
put into a system of two equally sized compartments
separated by a wall of finite height and driven at
a suitable shaking, clustering phenomenon could be
investigated.[14−16]

More recently, clustering phenomenon has also
been observed in sufficiently fluidized beds where the
BNE has been shown to depend only on the density
of intruder particles.[17] Over a wide range of vibra-
tion conditions, the movement of intruders is driven
by buoyancy. In this case, the intruders with similar
density to the bed are not driven to the top or bot-
tom, but fluctuate extensively around a mean height
approximately half-way up to the bed.[18,19] Simula-
tion and experimental results show that the neutrally
buoyant intruders tend to cluster.[17,20] The cluster-
ing depends only on the shock waves containing a
peak of kinetic energy, produced by shaking the beds.
While the shock waves propagate upwards through the
bed, the kinetic energy between the intruders is dif-
ferent from that outside them. The gradient of the
kinetic energy leads to attraction of the intruders.[21]

Therefore, the relative size of the attraction and re-
pulsion can be adjusted by the use of a non-sinusoidal
wave form and the restitution coefficient between the
intruder and host particle.[22,23] Both clustering and
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segregation concern interactions of intruder–intruder
and intruder–host particles. Separation of granular
particles may be applied to many industrial processes,
and a completely satisfactory explanation is highly de-
sired. Investigations of clustering phenomenon can
lead to further understanding of the segregation of
granular mixture.

The goal of this paper is to investigate the gran-
ular clustering by varying the restitution coefficient,
density and diameter of the intruder respectively. The
paper is organized as follows. Section 2 is devoted to
the description of the model. In Section 3, the sim-
ulation results are analysed, and the relative energy
dissipation of the intruders is introduced to explain
clustering of the intruders. The conclusions are given
in Section 4.

2. Description of the system

We adopt an event-driven algorithm[24,25] to sim-
ulate a system of Ns = 1000 small grains (host parti-
cles) and Nl = 11 large grains (intruders). The density
and diameter of the host particle are denoted by ρs and
Ds respectively. Here ρs = 1 g/mm2 and Ds = 2 mm.
The density and diameter of the intruder ρl and Dl

can be changed. The present work focuses on the case
Ns À Nl, i.e., the intruder model system. The par-
ticles are restricted to move in x–y plane, with grav-
ity acceleration g acting in the negative y direction.
They are enclosed in a rectangular box with height
Ly = 400 mm in y direction and width Lx = 200 mm
in x direction with periodic boundary conditions.

The system is subject to sinusoidal excitation of
the container base with amplitude A and frequency f ,
i.e., the height of the base varies as y = A sin(2πft).
The base has a maximum acceleration with respect to
gravity Γ = Aω2/g, where ω = 2πf . The particles are
fluidized by colliding with the vibrating base that os-
cillates with high frequency and low amplitude. Here
the vibration parameters A = 1 mm and f = 30 Hz
are selected.

Particles are modeled as smooth inelastic hard
disks with different restitution coefficients characteriz-
ing their inelastic collisions. The restitution coefficient
for intruder–intruder collisions is el, for host–host col-
lisions is es, and for intruder–host collisions is denoted
by els. To facilitate the research, we assume es is fixed
at 0.9 and el = els = e. We mainly investigate effects
of restitution coefficient e on clustering of intruders.

3. Simulation results

The horizontal aggregation of eleven intruders in
the granular bed is studied by changing the intruder–
intruder and intruder–host coefficients of restitution.
To clarity the cluster extent, we introduce an aggre-
gation parameter

Φ =
1

N(N − 1)

N∑

i

N∑

j 6=i

|ri − rj |

as defined in Ref. [22]. The quantity ri is the posi-
tion of the intruder from the centre of the bed and N

is the number of the intruders. Φ means a measure
of the average distance between two intruders. It has
recently been shown that neutrally buoyant intruders
in a two-dimensional granular bed attract each other
over a distance of up to five intruder diameters.[17] In
this consideration, if Φ is smaller than five intruder
diameters, the intruders cluster, otherwise they will
not aggregate.

First, we study effects of restitution coefficient on
clustering of intruders, as shown in Figs. 1 and 2. In
the process of simulations, the eleven intruders are
placed randomly in the bed, but do not be overlapped.
The aggregation parameter Φ is measured when the
bed is vibrating and the height of the base is y = 0.
To obtain accurate results, simulation results are cal-
culated by averaging over 300 seconds and 10 differ-
ent initial configurations of the bed when the system
is in the steady state after initial 200 seconds. Fig-
ure 1 indicates that the aggregation parameter Φ de-
creases with the increase of e when the intruder den-
sity ρl = 1 g/mm2 and the diameter Dl = 6 mm.
Figure 2 shows typical configurations of the granular
bed for different values of e. For e = 0.9 and e = 0.85,
the intruders form a tightly bound cluster and remain
bunched over the period of the measurement. For
e = 0.8, the tendency for the intruders to cluster is
much reduced. However, for e = 0.75, there is no ten-
dency for the intruders to cluster. Comparing Fig. 1
with Fig. 2, it is clear that the intruders attract to
each other when the aggregation parameter is smaller
than five intruder diameters (Φ = 30) corresponding
to the cases of e = 0.9 and e = 0.85. But when the
aggregation parameter is larger than five intruder di-
ameters for e = 0.8 and e = 0.75, the intruders wander
in the bed. And no cluster is observed.
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Fig. 1. The aggregation parameter Φ (in units of radius

of host particles) as a function of the restitution coeffi-

cient e for the intruder diameter Dl = 6 mm, and density

ρl = 1 g/mm2. Φ is measured twice every period of vi-

bration of the container basis. To obtain accurate results,

simulation results are calculated by averaging over 300 sec-

onds and 10 different initial configurations of the bed when

the system is in the steady state after initial 200 seconds.

Fig. 2. Four typical configurations of a bed for different

values of e: (a) e = 0.9, (b) e = 0.85, (c) e = 0.8, and (d)

e = 0.75.

In Fig. 3, we plot the ratio of 〈hl〉/〈hs〉 as a func-
tion of restitution coefficient e when the intruder den-
sity ρl = 1 g/mm2 and diameter Dl = 6 mm. 〈hl〉
and 〈hs〉 are the time-averaged vertical positions of
the intruders and the host particles, respectively. As
shown in Fig. 3, the average position of the intrud-
ers in the vertical direction decreases as e becomes
smaller. These results are not unexpected as described
in Refs. [26] and [27], where it is argued that the seg-
regation is produced when the particles have differ-
ent restitution coefficients. As we know a key fac-
tor for the intruders to cluster is that the intruders
must locate around the mid-bed height in the vertical
direction.[17] For intruders with small restitution coef-
ficient, they sink to the bottom, and the reverse Brazil

Nut effect comes out, so clustering becomes impossi-
ble. We propose an assumption that intruders with
small restitution coefficient would cluster if their av-
erage height is about half of the bed.

Fig. 3. The ratio of 〈hl〉/〈hs〉 as a function of the resti-

tution coefficient e for the intruder diameter Dl = 6 mm,

and density ρl = 1 g/mm2.

To compensate the descending of intruders with
smaller restitution coefficients, we try to verify their
density. Figure 4 denotes the ratio of 〈hl〉/〈hs〉 as a
function of the intruder density ρl when the restitution
coefficient e = 0.75. From Fig. 4, we can find that the
reducing of the intruder density does raise the height
of the intruders. As the intruder density ρl = 0.9 , the
ratio 〈hl〉/〈hs〉 is around 1, the intruders locate near
the middle of the bed on the average. With further
decreasing of the intruder density, the intruders can
rise to the top of the bed. The conclusion is consis-
tent with the results of Ref. [18]. Therefore, figures
3 and 4 demonstrate that both the restitution coef-
ficient and buoyancy control vertical segregation for
fluidized beds.

Fig. 4. The ratio 〈hl〉/〈hs〉 as a function of the intruder

density ρl for the intruder diameter Dl = 6 mm, and the

restitution coefficient e = 0.75.

Figure 5 shows the parameter Φ as a function of
the intruder density ρl when the restitution coefficient
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e = 0.75 and the intruder diameter Dl = 6 mm. In
Fig. 5, the value of the parameter Φ fluctuates around
50 mm when the intruder density varies. It is obvi-
ously shown that the cluster does not appear even if
the height ratio 〈hl〉/〈hs〉 is around 1. Therefore, the
relative average height of the intruders is not a deter-
mining factor for the intruders to cluster.

Fig. 5. The aggregation parameter Φ as a function of the

intruder density ρl for Dl = 6 mm and e = 0.75.

In the granular system, particles lose energy while
they are colliding with other particles due to inelastic
collisions. When the two particles lose little energy in
the process of collisions, they will be relatively active
and push each other far away, as if there is an effective
repulsive force between them. However, if their energy
dissipation is large, they will lack vitality, and seem
to be effectively attracted to each other. Therefore,
if the energy dissipation for the intruder–host particle
collisions is smaller than that for the host–host parti-
cle collisions, the intruders can be effectively pushed
away by the host particles and tend to form one clus-
ter. To describe the energy dissipation quantitatively,
the energy dissipation η = (∆El −∆Es)/∆El is in-
troduced. ∆El = ml(v2

l0− v2
l )/2 is the average energy

loss of the intruder in the process of the intruder–host
collision, where ml is the mass of the intruder, vl0 and
vl are the velocities before and after the collision sep-
arately. ∆Es = ms(v2

s0 − v2
s )/2 is the average energy

loss of one host particle in the process of the host–host
collision. For the host particle, the meanings of ms,
vs0 and vs are similar to those for the intruder. The
parameters ∆El and ∆Es are obtained by averaging
over 280 seconds. The term ∆El − ∆Es denotes the
relative energy dissipation of the intruder to that of
the host particle when they collide with one host parti-
cle respectively. To get a non-dimensional parameter,
we divide the term by ∆El.

Figure 6 shows how relative energy dissipation of
the intruders η evokes clustering of intruders as the
restitution coefficients for host–host and intruder–host
vary when the intruder density ρl = 1 g/mm2 and di-
ameter Dl = 6 mm. The values of η decrease with
the increase of the restitution coefficient e as shown in
Fig. 6. For example, when the restitution coefficient
e = 0.75 or 0.8, the value of η is positive. But when
e = 0.85 or 0.9, the value of η is negative. Comparing
Fig. 1 with Fig. 6, we can find that when η > 0, the
intruders cannot form cluster. However, when η < 0,
the intruders can congregate.

Fig. 6. The relative energy dissipation of the intruders

η as a function of the restitution coefficient e for Nl = 1,

Dl = 6 mm and ρl = 1 g/mm2.

For fluidized beds, particles collide with each
other frequently. In the process of the intruder–host
and host–host collisions, when η > 0, the energy loss
of the intruders ∆El is larger than that of the host
particles ∆Es. The host particles can effectively at-
tract the intruder and gather around the intruders.
Thus the cluster of the intruders cannot be observed.
However, when η < 0, the energy loss of the intruders
∆El is smaller than that of the host particles ∆Es.
In this case, the effectively attractive force between
the host particles makes the intruder cluster possible.
And once the intruders get together, they will never
move apart.

The results of Fig. 5 can also be explained by
the relative energy dissipation of the intruders η, as
shown in Fig. 7 where is shown η as a function of the
intruder density ρl when e = 0.75 and Dl = 6 mm. In
Fig. 7, the values of η are positive, and increase with
the increase of the intruder density ρl. According to
the above discussions of η, the cluster of the intruder
is not obtained. Especially, when the intruder density
ρl = 0.9 g/mm2, the height of the intruders is about
half of the bed (shown in Fig. 4), the intruders cannot
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gather together.

Fig. 7. The relative energy dissipation η as a function

of the intruder density ρl for Nl = 1, Dl = 6 mm and

e = 0.75.

To confirm the effects of the restitution coeffi-
cient on the effective attraction between particles, we
calculate the probability distribution P (r)dr of find-
ing the host particles at a distance between r and
r + dr from the intruder. In simulations, we adopt
one intruder system, i.e., Nl = 1. The distribution
curves of P (r) are calculated by averaging over data
measured during 300 seconds after the system is in
the steady state. The results are shown in Fig. 8.

Fig. 8. The probability density P (r) for host particle

around an intruder as a function of r. The solid line shows

the data for e = 0.9, while the dot line shows the data for

e = 0.75. The intruder diameter Dl = 6 mm, and the

intruder density ρl = 1 g/mm2.

For separations greater than 40 host–particle radius
the probability is roughly constant, indicating the dis-
tribution of the host particles is uniform. For smaller
separations the oscillations in P (r) are exhibited and
indicate correlation effects mediated by the host parti-
cles. In Fig. 8, we observe that the values of the prob-
ability P (r) for the restitution coefficient e = 0.75 are

obviously larger than those for e = 0.9. For smaller
restitution coefficient, more host particles can gather
around the intruder. The situation demonstrates that
the effective attraction between the intruder and host
particle becomes stronger with the decreasing of the
restitution coefficient.

The effect of changing the intruder diameter on
the clustering of the intruders is also investigated,
the results are shown in Fig. 9. Figure 9 indicates
the relations of the relative energy dissipation η with
the diameter Dl. For the diameter of the intruder
Dl = 8 mm, the relative energy dissipation η is nega-
tive. However, when Dl = 4 mm and Dl = 6 mm, the
values of η are both positive. According to the above
discussion, we can deduce that the cluster of the in-
truders is obtained only for the case of Dl = 8 mm.
The results can be verified by the parameter Φ, as
shown in the inset of Fig. 9. The parameter Φ de-
creases with the increase of the intruder diameter Dl.
For the case of Dl = 8 mm, the value of the aggrega-
tion parameter Φ is about 30, and smaller than five
intruder diameters, corresponding to the congregation
of the intruders. But for the cases of Dl = 4 mm and
Dl = 6 mm, larger values of Φ demonstrate that the
intruders do not aggregate. Therefore, figure 9 can
further indicate that the relative energy dissipation of
the intruder is the key factor for clustering.

Fig. 9. The relative energy dissipation η as a function

of the intruder diameter Dl for Nl = 1. The inset shows

the aggregation parameter Φ as a function of Dl. The

restitution coefficient e = 0.8, and the intruder density

ρl = 1 g/mm2.

4. Conclusions

We use an event-driven algorithm to investigate
the collection of the intruder particles in a two-
dimensional granular system by varying the restitu-
tion coefficient, density and diameter of the intruders.
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The results indicate that the intruders can form a clus-
ter when the restitution coefficient e is large enough.
However, for a small restitution coefficient, the cluster
vanishes with the intruders straying horizontally in the
bed, but we find that the mean height of the intruders
decreases with the decreasing of the restitution coef-
ficient when the bed is highly vibro-fluidized. Exper-
imental results indicate that the intruders aggregate
when they remain on average at mid-bed height.[17]

To avoid the effects of the intruder height on the clus-
ter, we make the intruders half way up to the bed by
reducing the density of the intruders. Under the cir-
cumstances the cluster is not observed yet. Therefore,
the relative average height of the intruders is not a
determining factor for the intruders to cluster.

To further investigate the factor which determines
whether the intruders cluster or not, we introduced
the relative energy dissipation η of the intruders in

the process of the intruder–host and host–host parti-
cle collisions. The η demonstrates the relative energy
loss of intruder to that of host particle when they col-
lide with one host particle respectively. The results
show that in the case of η > 0, the energy loss of the
intruder is larger than that of the host particle. Ef-
fective attraction exists between the host particle and
intruder. Therefore the intruders tend to approach the
host particles, and cannot aggregate together. How-
ever when η < 0, the energy loss of the intruder is
smaller than that of the host particle. The intruders
can be effectively pushed away by the host particles
and tend to form one cluster. We calculate the val-
ues of η in the process of collision by changing the
restitution coefficient, density and the diameter of the
intruders. The results are consistent with the con-
clusions we draw that the energy dissipation induces
clustering for granular mixture.
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