
Chin. Phys. B Vol. 19, No. 12 (2010) 128201

Competing role of catalysis-coagulation and
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We propose a kinetic aggregation model where species A aggregates evolve by the catalysis-coagulation and the

catalysis-fragmentation, while the catalyst aggregates of the same species B or C perform self-coagulation processes.

By means of the generalized Smoluchowski rate equation based on the mean-field assumption, we study the kinetic

behaviours of the system with the catalysis-coagulation rate kernel K(i, j; l) ∝ lν and the catalysis-fragmentation

rate kernel F (i, j; l) ∝ lµ, where l is the size of the catalyst aggregate, and ν and µ are two parameters reflecting the

dependence of the catalysis reaction on the size of the catalyst aggregate. The relation between the values of parameters

ν and µ reflects the competing roles between the two catalysis processes in the kinetic evolution of species A. It is found

that the competing roles of the catalysis-coagulation and catalysis-fragmentation in the kinetic aggregation behaviours

are not determined simply by the relation between the two parameters ν and µ, but also depend on the values of these

two parameters. When ν > µ and ν ≥ 0, the kinetic evolution of species A is dominated by the catalysis-coagulation

and its aggregate size distribution ak(t) obeys the conventional or generalized scaling law; when ν < µ and ν ≥ 0 or

ν < 0 but µ ≥ 0, the catalysis-fragmentation process may play a dominating role and ak(t) approaches the scale-free

form; and in other cases, a balance is established between the two competing processes at large times and ak(t) obeys

a modified scaling law.
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tions
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1. Introduction

Aggregation growth phenomena are popular and
important in a wide variety of fields in nature. For
example, aggregation underlies the evolution of plane-
tary systems in astrophysics, cloud formation and dust
accumulation in atmospheric sciences,[1−3] as well as
polymer and gel formation in chemical physics.[4−6]

The irreversible aggregation of clusters is an impor-
tant aggregation process, for which much research ef-
fort has been made and a considerable understand-
ing of the evolution behaviours of various aggregation
processes has been achieved.[7] This binary coalescence
process was then generalized to multi-aggregate (or n-
polymer) stochastic aggregation, and then aggregation
processes through aggregation–annihilation mecha-
nisms were proposed.[8−13] On the other hand, the re-
versible aggregation of aggregates is also an important
phenomenon occurring in a variety of situations and
has aroused the great interest.[14,15] It was found that

the size distribution of aggregates may approach a
steady state in the long-time limit.[16] In recent years,
considerable interest has been aroused in a variety
of aggregations and other reaction mechanisms.[17−21]

These different mechanisms provide a good descrip-
tion for the evolution of aggregation, and the results
show that these mechanisms give rise to many abun-
dant kinetic behaviours.

However, most of these studies focused only on
aggregation models with the self-coagulation of aggre-
gates of the same species and self-fragmentation pro-
cesses. In addition, there also exist some other growth
mechanisms in physics and social science. For exam-
ple, in the case in which the aggregates are chemi-
cally stable and cannot aggregate by themselves un-
der normal physical condition, one may add a certain
catalyst to make the aggregation possible. Burlatsky
and Ovchinnikov,[22] Burlatsky and Moreau,[23] and
Oshanin et al.[24] proposed a three-molecule catalyti-
cally activated reaction model (CARM), in which the
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elementary reaction step is A + B + C → product
(where A and B represent two different types of sta-
ble species and C denotes a catalytic substance), and
they incisively analysed its kinetics by extending the
Smoluchowski approach.

In our previous work, Ke and Lin[25,26] have intro-
duced several catalysis-driven aggregation models and
studied their kinetic behaviours based on the CARM.
In those models, the first elementary reaction step is
a reversible reaction, Ai + Bl À AiBl, and the sec-
ond step is an irreversible reaction, AiBl + Aj →
Ai+j + B∗

l , where A is a kind of chemically stable
species that cannot coalesce by itself, B is a cata-
lyst, and B∗ is the product of the catalyst. They as-
sumed that the reversible reaction reached its steady
state in no time. Thus, the catalytic reaction is con-
trolled by the second step. The catalytic reaction

then is Ai + Aj + Bl
K(i;j)−−−−→ Ai+j + B∗

l . These pro-
cesses exhibit much more abundant kinetic behaviours
than those in single aggregation by itself. After that,
Ke et al.[27] also studied several aggregation models
with catalysis-driven fragmentation, in which two ag-
gregates of the same species A bond spontaneously
formed a large aggregate while larger A aggregates
broke up only with the help of catalyst B. The

aggregation reaction is Ai + Aj
KA(i;j)−−−−−→ Ai+j and

Ai+j + Bl
JA(i;j)−−−−→ Ai + Aj + Bl. It is found that

for some situations, the catalyst aggregates may ag-
gregate by themselves. This is assumed to proceed

in the reaction scheme Bi + Bj
KB(i;j)−−−−−→ Bi+j . The

results show that kinetics of the aggregation process
depends strongly on whether the catalyst aggregates
by itself.

In other cases, the reactions of catalysis-
aggregation and catalysis-fragmentation will coexist
in the same system and drive the system to reach a
steady state or give birth to many interesting results.
For example, in the macromolecule chemistry,[28] the
aggregation or fragmentation of some high polymers
cannot take place by itself, it needs some catalyzer
to catalyze or control the reaction, while the aggrega-
tion of catalyzer will also affect the aggregation rate
of catalyzed aggregation. On the other hand, since
some parts of the catalyst may aggregate by them-
selves, this growth phenomenon will reduce the size
and the total quantity of catalyze so that the catalyst
may lose or weak its catalytic ability sometimes, the
aggregation or fragmentation rate of the aggregates
will slow down or speed up. So the rate of the aggre-
gation reaction is dependent on the details (including

the concentration and the catalytic ability) of the cat-
alyst. All these different mechanisms unfold a lot of
rich kinetic behaviours of the aggregation system.

Motivated by these studies, we propose a
catalysis-driven reversible aggregation model. In this
model, there are three distinct species of aggregates in
the system, i.e., A, B, and C. Aggregates of species A

are chemically stable and cannot aggregate by them-
selves. However, two aggregates of species A can co-
agulate with the help of an aggregate of species B,
and an larger aggregate of species A can fragmentate
with the help of an aggregate of species C. These two
reactions are catalysis-coagulation and the catalysis-
fragmentation, respectively. The whole catalytic re-

actions then are Ai + Aj + Bl
K(i,j;l)−−−−−→ Ai+j + Bl and

Ai+j + Cl
F (i,j;l)−−−−−→ Ai + Aj + Cl, where Ai denotes

an aggregate that consists of i monomers of species
A; K(i, j; l) is the rate kernel of the coagulation be-
tween the aggregates Ai and Aj ; F (i, j; l) is the rate
kernel of the reverse process in which the aggregate
Ai+j breaks into two smaller aggregates Ai and Aj .
The catalyst aggregates may coagulate by themselves:

Bi + Bj
I(i,j)−−−→ Bi+j and Ci + Cj

J(i,j)−−−→ Ci+j , where
I(i, j) and J(i, j) are the self-coagulation rate kernels
of species B and C, respectively.

The theoretical approach to reversible aggrega-
tion processes can be preformed in the mean-field
limit. The mean-field assumption neglects the spa-
tial fluctuation of the reactant densities and is ap-
plied to the case in which the spatial dimension d of
the system is greater than or equal to a critical di-
mension dc. However, for the case of d < dc, the
fluctuation in the density of reactants may lead to a
dimension-dependent kinetic behaviour in long-time
limit and some more sophisticated methods to inves-
tigate the kinetics of such low-dimensional systems are
required.[6,29,30] It is found that for an irreversible ag-
gregation system dc = 2.[6] On the other hand, Family
et al.[30] verified that for the general reversible case the
mean-field results are valid in the dc > 1 case. Since
our model interpolates between the irreversible and
the reversible aggregation processes, it is reasonable
to consider the critical dimension dc of our system to
be less than 2. For simplicity, we assume that the
dimension of our system is greater than or equal to
2 and the mean-field approach is thus valid. The re-
sults show that the evolution behaviours of species
A depend crucially on the competition between the
catalysis-coagulation and the catalysis-fragmentation.
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The rest of this paper is organized as follows. In
Section 2, we introduce a model of aggregation growth
with competition between the catalysis-driven frag-
mentation and the catalysis-driven aggregation pro-
cesses in the reversible aggregation, and describe the
outline of the generalized Smoluchowski’s rate equa-
tion approach to the study of the kinetic evolution be-
haviours of the aggregate size distributions. In Section
3, we study the kinetics of the system in various cases
with different values of the parameters ν and µ reflect-
ing the competition between the catalysis-coagulation
and the catalysis-fragmentation. Finally, a brief sum-
mary is given in Section 4.

2. Aggregation model with cata-

lysis-coagulation and catalysis-

fragmentation

The investigation into the kinetic behaviours of
the aggregation process focuses mainly on the evo-
lution of the concentrations of the aggregates. Here
they are the aggregate size distributions, ak(t), bk(t)
and ck(t) of species A, B and C, respectively. The
aggregate size distribution ak(t) denotes the concen-
tration or the number of aggregates Ak, and so do the
aggregate size distributions bk(t) and ck(t). The the-
oretical approach to the investigation of the kinetics
of the aggregation process can be based on the rate
equations in the mean-field frame on the assumption
that the reaction proceeds at a rate proportional to the
reactant concentrations. We generalize the rate equa-
tion for the catalysis-driven aggregation process, and
write the corresponding rate equations for our system
as follows:

dak(t)
dt

=
1
2

∞∑

i+j=k

∞∑

l=1

K(i, j; l)aiajbl

−
∞∑

j=1

∞∑

l=1

K(k, j; l)akajbl

− 1
2

∞∑

i+j=k

∞∑

l=1

F (i, j; l)ai+jcl

+
∞∑

j=1

∞∑

l=1

F (k, j; l)ak+jcl, (1)

dbk(t)
dt

=
1
2

∞∑

i+j=k

I(i, j)bibj −
∞∑

j=1

I(k, j)bkbj , (2)

dck(t)
dt

=
1
2

∞∑

i+j=k

J(i, j)cicj −
∞∑

j=1

J(k, j)ckcj .(3)

In Eq. (1), the first and the fourth terms on the
right-hand side account for the gains in ak(t) due to

the reaction channels Ai + Aj + Bl
K(i,j;l)−−−−−→ Ai+j + Bl

and Ak+j +Cl
F (k,j;l)−−−−−→ Ak +Aj +Cl. The second and

the third terms account for the losses in ak(t) due to

the reaction channels Ak +Aj +Bl
K(k,j;l)−−−−−→ Ak+j +Bl

and Ak +Cl
F (i,j;l)−−−−−→ Ai +Aj +Cl. In Eq. (2) [similarly

in Eq. (3)], the first term accounts for the gain in bk(t)

due to the aggregation Bi + Bj
I(i,j)−−−→ Bi+j and the

second term accounts for the loss in bk(t) due to the

migration Bk + Bj
I(k,j)−−−−→ Bk+j .

As we aim to investigate the dependence of
the kinetics of our system on the competition be-
tween the catalysis-coagulation and the catalysis-
fragmentation, we only consider all the aggregates to
be one-dimensional chains and assume the rate ker-
nel to depend only on the size of the catalyst aggre-
gate, and the rate kernels of the catalysis-coagulation
and the catalysis-fragmentation to be K(i, j; l) = Klν

and F (i, j; l) = Flµ, respectively, where K and F are
two proportional constants, and ν and µ are two pa-
rameters which represent the catalytic abilities of the
catalyst aggregates of B and C species, respectively.
For the cases where both species A and B (or C) are
polymers and the bonding between any two polymers
takes place only at their surfaces, one may consider
K(i, j; l) = Sl, where Sl represents the effective cat-
alytic surface area of an aggregate of B species of size l.
For large l, Sl ∼ lν (where ν denotes a geometric index
characterizing the catalytic surface of an l-mer, e.g.,
for compact clusters ν = 2/3),[31] and it is found that
0 ≤ ν ≤ 1. For some other situations, the aggrega-
tion of the aggregates does not depend merely on their
geometric surfaces and thus the rate exponent ν may
not have the above-mentioned constraint. For exam-
ple, in economic and social systems (see Ref. [32] and
references therein), there exists collaboration (here
ν > 1) or hostile (here ν < 0) between two general-
ized ‘aggregates’ (e.g., population aggregates), so we
consider the general situation that −∞ < ν < ∞
and −∞ < µ < ∞. On the same consideration, the
catalyst aggregates are one-dimensional chains, so we
assume that the rate kernels of the self-coagulations
of the catalyst aggregates of species B and C are
I(i, j) = I and J(i, j) = J , respectively. Further
more, we consider the simplest but important case in
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which there only exist monomer aggregates of species
A, B and C at t = 0 and their concentrations are
equal to A0, B0 and C0, respectively. Then the initial
conditions for the aggregate size distributions of the
three species are ak(0) = A0δk1, bk(0) = B0δk1 and
ck(0) = C0δk1, respectively.

The ν-th moment of the aggregate size distribu-
tion ak(t) of species A can be expressed as MA

ν (t) =∑∞
k=1 kνak(t). Especially, the first two moments

MA
0 (t) =

∑∞
k=1 ak(t) and MA

1 (t) =
∑∞

k=1 kak(t) are
the total aggregate number and the total mass of
species A, respectively. And the ν-th moments of the
aggregate size distributions bk(t) and ck(t) have simi-
lar expressions.

Using the above expressions of the moments of
the aggregate size distributions, the above equations
(1)–(3) can be rewritten in the following forms:

dak(t)
dt

=
K

2




∞∑

i+j=k

aiaj − 2akMA
0


 MB

ν

− F

2




∞∑

i+j=k

ai+j − 2
∞∑

j=1

ak+j


 MC

µ , (4)

dbk(t)
dt

=
I

2

∞∑

i+j=k

bibj − IbkMB
0 , (5)

dck(t)
dt

=
J

2

∞∑

i+j=k

cicj − JckMC
0 . (6)

Several methods to solve the rate equations in
different aggregation processes have been developed.
In aggregation–annihilation processes,[12,13] the rate
equations were solved with the help of a special ansatz
ak(t) = A(t)[a(t)]k−1, and by the generating function
method as well. Recently, Lin et al.[33] and Wang et
al.[34] gave a thorough discussion of the applicability
of this ansatz. Here we find that our current rate
equations (4)− (6) can be solved with the help of the
ansatz

ak(t) = A(t)[a(t)]k−1,

bk(t) = B(t)[b(t)]k−1,

ck(t) = C(t)[c(t)]k−1. (7)

In the previous studies of the catalysis-driven ag-
gregation processes,[25,26] equations (5) and (6) have
been exactly solved with the help of the ansatz un-
der the same initial conditions, the accurate solutions
to the aggregate size distributions of species B and
species C are

bk(t) =
4B0

(2 + IB0t)2

(
1− 2

2 + IB0t

)k−1

, (8)

ck(t) =
4C0

(2 + JC0t)2

(
1− 2

2 + JC0t

)k−1

. (9)

In the region of t À 1 and k À 1, equations (8) and
(9) can be asymptotically rewritten as

bk(t) ' 4I−2B−1
0 t−2 exp(−x),

ck(t) ' 4J−2C−1
0 t−2 exp(−y), (10)

where x = (2/IB0)kt−1, y = (2/JC0)kt−1.
The aggregate size distribution of species B sat-

isfies the conventional scaling law in the long-time
limit,[12,13]

bk(t) ' t−wΦ[−k/SB(t)], SB(t) ∝ tz, (11)

where the scaling function is Φ(x) = exp(−x) and scal-
ing parameters are w = 2 and z = 1; SB(t) = (IB0/2)t
is the characteristic size of aggregates, which plays a
role similar to that of the correlation length in criti-
cal phenomena. And the aggregate size distribution of
species C satisfies a similar conventional scaling law
in the long-time limit.

In the long-time limit, we determine the moments
of species B and species C in several cases with dif-
ferent parameters,[26] respectively,

MB
ν (t) =

∞∑

l=1

lνbl(t) '





C1t
ν−1 for ν > −1,

4I−2B−1
0 ln (IB0t)t−2 for ν = −1,

C2t
−2 for ν < −1,

(12)

MC
µ (t) =

∞∑

l=1

lµcl(t) '





C3t
µ−1 for µ > −1,

4J−2C−1
0 ln (JC0t)t−2 for µ = −1,

C4t
−2 for µ < −1,

(13)
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where C1 = Γ (1 + ν)Bν
0 Iν−1, C2 = 4I−2B−1

0

∑∞
l=1 lν ,

C3 = Γ (1 + µ)Cµ
0 Jµ−1, C4 = 4J−2C−1

0

∑∞
l=1 lµ and∑∞

l=1 lµ is the Riemann zeta function.
Then we investigate the evolution behaviour of

species A in several different cases. Substituting
ansatz (7) into rate equation (4), we can transform
Eq. (4) into the following differential equations:

da

dt
=

K

2
AMB

ν − F

2
aMC

µ , (14)

dA

dt
= −KA2

1− a
MB

ν +
FAa

1− a
MC

µ . (15)

The monodisperse initial conditions are trans-
formed correspondingly on the ansatz into

a = b = c = 0, A(0) = A0,

B(0) = B0, C(0) = C0, at t = 0. (16)

On ansatz (7), the first two moments of the aggregate
size distribution ak(t) can be expressed as

MA
0 (t) =

∞∑

k=1

ak(t)

= A(t)
∞∑

k=1

ak−1(t)

=
A(t)

1− a(t)
, (17)

MA
1 (t) =

∞∑

k=1

kak(t)

= A(t)
∞∑

k=1

kak−1(t)

=
A(t)

[1− a(t)]2
. (18)

Using these moment expressions, equations (14)
and (15) can be rewritten as

1
1− a

da

dt
=

K

2
MA

0 MB
ν − F

2
a

A
MA

0 MC
µ , (19)

1
A

dA

dt
= −KMA

0 MB
ν + F

a

A
MA

0 MC
µ . (20)

From these equations, the equation for the total ag-
gregate mass MA

1 can be derived as follows:

d lnMA
1

dt
=

2
1− a

da

dt
+

1
A

dA

dt
= 0. (21)

It implies that the total mass of species A keeps con-
served in the whole process, MA

1 = A0, which accords
with the fact that in the present process species per-
forms only the coagulation and fragmentation. The
total mass MA

1 = A0 gives the relation A = A0(1−a)2.
Inserting this relation into Eq. (14), we can obtain

da

dt
=

K

2
A0(1− a)2MB

ν − F

2
aMC

µ . (22)

Introducing a new time variable, T (t) ≡
(K/2)

∫ t

0
MB

ν (t′)dt′, we recast Eq. (22) into the fol-
lowing differential equation:

da

dT
= A0(1− a)2 − F

K

MC
µ

MB
ν

a. (23)

In the next section, we will study the evolution
behaviours of species A in various cases with differ-
ent rate kernel parameters ν and µ, which reflect the
competition between the catalysis-coagulation and the
catalysis-fragmentation.

3. The kinetic aggregation beha-

viours through catalysis-coa-

gulation and catalysis-frag-

mentation

3.1.Case of ν = µ = 1

First, we investigate the simplest case with catal-
ysis reaction rate kernel parameters ν = 1 and µ = 1,
i.e., either of the rate kernels K(i, j; l) = Kl and
F (i, j; l) = Fl is proportional to the catalyst aggre-
gate total mass.

From Eqs. (12) and (13), we can obtain MB
1 (t) =

B0 and MC
1 (t) = C0, and equation (23) can be rewrit-

ten as
da

dt
= KA0B0(1− a)2 − FC0a. (24)

This Riccati equation can be solved under the initial
condition (16), yielding

a(t) =
KA0B0(1− e−C5t)(

KA0B0 +
1
2
FC0 + C5

)
−

(
KA0B0 +

1
2
FC0 − C5

)
e−C5t

, (25)

where C5 =
√

KFA0B0C0 + (1/4)C2
0F 2.

Using the expression A = A0(1−a)2, the aggregate size distribution of species A can then be solved exactly
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to be

ak(t) =A0




(
1
2
FC0 + C5

)
+

(
C5 − 1

2
FC0

)
e−C5t

(
KA0B0 +

1
2
FC0 + C5

)
−

(
KA0B0 +

1
2
FC0 − C5

)
e−C5t




2

×




KA0B0(1− e−C5t)(
KA0B0 +

1
2
FC0 + C5

)
−

(
KA0B0 +

1
2
FC0 − C5

)
e−C5t




k−1

. (26)

In the scaling region of k À 1 and t À 1, it becomes

ak(t) ' A0(1− C6)2Ck
6 exp[−kC7 e−C5t], (27)

where C6 = KA0B0/(KA0B0 + (1/2)FC0 + C5) and C7 = 2C5(KA0B0 + (1/2)FC0 + C5)−1.
This solution indicates that the aggregate size distribution of species A does not satisfy the conventional

scaling form as Eq. (11), but it approaches the following modified scaling form:[25]

ak(t) ' bkΦ[−k/SA(t)], SA(t) ∝ [f(t)]z, (28)

where b is a constant and 0 < b < 1, and f(t) = exp(t). This result also implies that there are two different
scales associated with the aggregate size distribution. One is a growing scale SA(t) ∝ et, which is due to
the aggregation process of the aggregates; the other is a time-independent scale SA = 1/(1 − C6), which will
dominate the evolution behaviour of the aggregates in the long-time limit.

The total aggregate number MA
0 (t) can then be determined to be

MA
0 = A0(1− a) = A0

(
1
2
FC0 + C5

)
+

(
C5 − 1

2
FC0

)
e−C5t

(
KA0B0 +

1
2
FC0 + C5

)
−

(
KA0B0 +

1
2
FC0 − C5

)
e−C5t

. (29)

This implies that the total aggregate number of species A decreases with time at the beginning of the
processes and will approach a stable value 1−C6 after a long time, which reveals that in this case the catalysis-
coagulation (which appears in the form of KA0B0) and the catalysis-fragmentation (which appears in the
form of FC0) play the same important roles in the evolution of species A and a balance between the roles of
catalysis-coagulation and catalysis-fragmentation will be established in the long-time limit.

3.2.Case of general ν and µ

Now we turn to the general cases. First, we can derive the asymptotic solution of T (t) as follows:

T (t) =
K

2

∫ t

0

MB
ν (t′)dt′ '





C8t
ν for ν > 0,

ln(1 + t) for ν = 0,

C9 − C8t
ν for − 1 < ν < 0,

C10 − 4I−2B−1
0 ln (IB0t)t−1 for ν = −1,

C9 − C11t
−1 for ν < −1,

(30)

where

C8 = KC1Γ (1 + ν)/ν, C9 = Γ (1 + ν)KBν
0

∫ ∞

0

(2 + IB0t
′)−2

∞∑

j=1

jν

(
IB0t

′

1 + IB0t′

)j−1

dt′,

C10 = K

∫ ∞

0

4 ln(1 + IB0t
′/2)

It′(2 + IB0t′)
dt′ and C11 = KC1

∞∑

j=1

jν .
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Then, we investigate the solution of Eq. (23) in
several cases as follows.

3.2.1. Case ν > µ and ν ≥ −1

In the case of ν ≥ 0, from Eqs. (12) and (13), we
can easily find that

FMC
µ

KA0MB
ν

'





C12t
µ−ν for µ > −1,

C13 ln(JC0t)t−ν−1 for µ = −1,

C14t
−ν−1 for µ < −1,

(31)

where
C12 = F (KA0)−1C3C

−1
1 ,

C13 = 4F (KJ2A0C0C1)−1

and
C14 = F (KA0)−1C4C

−1
1 .

We introduce a new function γ = T 2(t)MC
µ /MB

ν .
In this case, it is found that limt→∞ T → ∞ and
limt→∞ γ → ∞, and from Eq. (23) one can deter-
mine the following asymptotic solution of a(t) in the
long-time limit:[35]

a(t) ' 1−
[

FMC
µ (t)

KA0MB
ν (t)

]1/2

. (32)

When µ > −1, we substitute FMC
µ /KA0M

B
ν '

C12t
µ−ν into Eq. (32) and derive the following asymp-

totic solution:

a(t) ' 1− C
1/2
12 t(µ−ν)/2. (33)

The aggregate size distribution of species A is
then obtained as follows:

ak(t) ' A0C12t
−(ν−µ) exp[−k/SA(t)] (34)

with

SA(t) ' C
−1/2
12 t(ν−µ)/2.

It satisfies the conventional scaling form as Eq. (11)
with the scaling parameters w = ν − µ and z =
(1/2)(ν − µ). This indicates that in this case the ex-
ponents are non-universal and dependent on the value
of ν − µ, which reflects the competition between the
catalysis-coagulation and the catalysis-fragmentation.

When µ = −1, in the same way we obtain the
aggregate size distribution to be

ak(t) ' A0C13 ln(JC0t)t−ν−1 exp[−k/SA(t)],

SA(t) ' C
−1/2
13

(
tν+1

lnJC0t

)1/2

, (35)

which obeys the generalized scaling law[36]

ak(t) ' [ f(t)]−w1 [ g(t)]−w2Φ[k/SA(t)],

SA(t) ∝ [ f(t)]z1 [ g(t)]z2 (36)

with f(t) = [ln(JC0t)]−1, g(t) = t and the exponents
w1 = 1, w2 = ν + 1, z1 = 1/2 and z = (1/2)(ν + 1).

When µ < −1, in the same way we obtain the
aggregate size distribution to be

ak(t) ' A0C14t
−ν−1 exp[−k/SA(t)],

SA(t) ' C
−1/2
14 t(ν+1)/2. (37)

It also approaches the conventional scaling form with
the scaling exponents w = ν +1 and z = (1/2)(ν +1),
which indicates that for this case the exponents are
non-universal and dependent on the value of ν + 1.
This shows that in this case the effect of the catalysis-
fragmentation is week because of µ < −1 and the
evolution is dominated by the catalysis-coagulation.

In summary, in these subcases above with ν > µ

and ν ≥ 0, the characteristic aggregate size of species
A is

SA(t) ∝





t(ν−µ)/2 for µ > −1,

t(ν+1)/2[ln(JC0t)]−1/2 for µ = −1,

t(ν+1)/2 for µ < −1.

(38)

This indicates that SA(t) grows much faster in the
case of µ < −1 than in the cases of µ > −1 and
µ = −1. And in the cases of µ < −1 and µ = −1, the
catalysis-coagulation process dominates the evolution
behaviour. In the case of µ = −∞ where the catalysis-
fragmentation process is restrained, SA(t) grows as
SA(t) ∝ t(ν+1)/2, which is not the same as that in the
previous studied model in which there existed only the
catalysis-driven irreversible aggregation.[26] This indi-
cates that although the role of catalysis-fragmentation
is comparatively very weak, we may not ignore this
role.

In the case of −1 < ν < 0, it is found that
limt→∞ T → C9, from Eq. (23) one can determine the
following asymptotic solution of a(t) at a long time:

a(t) ' C15 − (1− C15)2O1(t), (39)

where O1(t) = K
∫∞

t
(1/2)MB

ν (t′)dt′ ' −C8t
ν , and

C15 is a finite positive constant. The two constants C9

and C15 have the implicit relation C9 =
∫ C15

0
[A0(1 −

a)2−KMB
ν a/FMC

µ ]da, and asymptotically we obtain
C15 ' C9/(1 + C9). Thus we obtain the asymptotic
solution of the aggregate size distribution to be

ak(t) ' A0(1−C15)2[C15−(1−C15)2O1(t)]k−1. (40)
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In the scaling region of t À 1 and k À 1, equation
(40) can be further rewritten as

ak(t) ' A0(1− C15)2Ck
15 exp[−k/SA(t)],

SA(t) = − C15

C8(1− C15)2
t−ν . (41)

Equation (41) indicates that in this case the ag-
gregate size distribution ak(t) follows the same mod-
ified scaling form as Eq. (28). This result also im-
plies that there are two different scales associated with
the aggregate size distribution. The growing scaling
law is SA(t) ∝ t−ν and time-independent scaling law
SA = 1/(1 − C15). On the other hand, it is not dif-
ficult to find that the total density of the aggregates
decreases with time at the beginning of the processes
and will retain the quantity 1−C15 after a sufficiently
long time. An important characteristic of this system
with T (t = ∞) → C9 is the formation of a steady-
state aggregate size distribution after a large time,
which is different from the above discussed subcase of
T (t = ∞) →∞.

In the case of ν = −1, it is found that
limt→∞ T → C10, similar to the above subcase, we
could directly give the long-time scaling law as fol-
lows:

ak(t) ' A0(1−C16)2[C16−(1−C16)2O2(t)]k−1, (42)

where

O2(t) =
K

2

∫ ∞

t

MB
−1(t

′)dt′

'
∫ ∞

t

K ln(1 + IB0t
′/2)

2It′(1 + IB0t′)
dt′

' K ln(IB0t)/I2B0t

and
C16 ' C10/(1 + C10).

In the scaling region of t À 1 and k À 1, equation
(42) can be further rewritten as

ak(t) ' A0(1− C16)2Ck
16 exp[−k/SA(t)],

SA(t) ' C16

(1− C16)2
I2B0t

K ln(IB0t)
. (43)

It approaches the same modified scaling form as
Eq. (28), the growing scaling law is SA(t) ∝ t/ln(IB0t)
and the time-independent scaling law is SA = 1/(1−
C16).

In these cases, the growing scaling law indi-
cates that under the monodisperse initial conditions,
the catalysis-coagulation process dominates over the

catalysis-fragmentation process at the beginning of
the processes; while the time-independent scale im-
plies that after a sufficiently long time a balance will
be established between the two processes. Hence, the
system reaches a steady state finally, in which the ag-
gregate size distribution of species A is independent
of time. It implies that both the roles of the catalysis-
coagulation and the catalysis-fragmentation are weak.

3.2.2. Case ν = µ

In the case of ν > −1, it is found that
limt→∞ FMC

µ /KA0M
B
ν → C12, from Eq. (23) one can

determine the asymptotic solution to be

a(t)

' 4− 4 exp [−C18T (t)]
(C17 +

√
C12)2 − (C17 −

√
C12)2 exp [−C18T (t)]

,

(44)

where C17 =
√

4 + C12 and C18 =
√

C2
12 + 4C12. And

T (t) is expressed in Eq. (30).
When ν ≥ 0, from Eq. (30) we can know that

limt→∞ T (t) → ∞. Inserting it into Eq. (44) one can
obtain the asymptotic solution of the aggregate size
distribution at a large time,

ak(t) ' A0
4C12

(C17 +
√

C12)2

[
4

(C17 +
√

C12)2

]k

× exp[−k/SA(t)],

SA(t) =
(C17 +

√
C12)2

4C18
eC18T (t), (45)

which approaches the above-mentioned modified scal-
ing form of Eq. (28). The two scaling laws associ-
ated with the aggregates are the growing scaling law
SA(t) ∝ exp[C18T (t)] and the time-independent scal-
ing law SA = (C12 + C18 + 2)/(C12 + C18). More-
over, the total density of the aggregates may retain
the quantity (C12 + C18 + 2)/(C12 + C18) in the long-
time limit. Therefore, each ak(t) will have a certain
non-zero value finally.

When −1 < ν < 0, from Eq. (30) we know that
limt→∞ T (t) → C9. Equation (44) reduces to the fol-
lowing asymptotic equation:

a(t)

' 4− 4 e−C18C9 − 4 e−C18C9C18O1(t)
(C17 +

√
C12)2 − (C17 −

√
C12)2 exp [−C18C9]

,

(46)

where O1(t) ' −C8t
ν . Thus, we obtain the aggregate

size distribution ak(t), which approaches the modified
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scaling form in the scaling region of t À 1 and k À 1,

ak(t) ' A0
4C12

(C17 +
√

C12)2
Ck

19 exp[−k/SA(t)] (47)

with

SA(t) = C−1
20 t−ν ,

where

C19 =
4− 4 exp (−C18C9)

(C17 +
√

C12)2 − (C17 −
√

C12)2 exp [−C18C9]

and

C20 = −C18C8 exp(−C18C9)
2− 2 exp(−C18C9)

.

Here the growing scaling law is SA(t) ∝ t−ν and the
time-independent scaling law is SA = 1/(1− C19).

When ν ≤ −1, similar to the above subcase, we
can directly give the long-time modified scaling form
of ak(t) as

ak(t) ' A0
4C21

(C22 +
√

C21)2
Ck

24 exp[−k/SA(t)],

SA(t) = C25h(t), (48)

where
C21 ' FI2B0(KJ2A0C0)−1

for ν = −1 and

C21 = FC4(KA0C2)−1

for ν < −1. And

C22 =
√

4 + C21,

C23 =
√

C2
21 + 4C21,

C24 =
4− 4 exp (−C23T∞)

(C22 +
√

C21)2 − (C22 −
√

C21)2 exp [−C23T∞]

and

C25 =
C22C8 exp(−C22T∞)
2− 2 exp(−C22T∞)

.

From Eq. (30), we can also know that T∞ equals C10

for µ = −1 and C9 for µ < −1.
Here h(t) is obtained in different cases:

h(t) =
[
K

2

∫ ∞

t

MB
ν (t′)dt′

]−1

'





I2B0t

K ln(IB0t)
for ν = −1,

C−1
11 t for ν < −1.

(49)

The aggregate size distribution follows the same mod-
ified scaling form of Eq. (28), and there are also two

scaling laws associated with the aggregates: the grow-
ing scaling law SA(t) ∝ h(t) and the time-independent
scaling law SA = 1/(1− C24).

As in the above case with ν = µ = 1, we can
obtain the evolution behaviour of the total aggregate
number MA

0 (t) using the relation MA
0 = A0(1−a) and

find that in these cases MA
0 (t) will approach some sta-

ble values after a long time. It reveals that after a long
time a balance is established between the two com-
peting processes, the catalysis-coagulation and the
catalysis-fragmentation, and the system comes to a
steady state. In the steady state, the aggregate size
distribution will be independent of time and small ag-
gregates can survive together with the larger ones.

3.2.3. Case ν < µ and µ ≥ −1

In this case, from Eq. (23) one can deduce that
a(t) grows with time at the beginning of the processes,
then reaches a maximum value satisfying the equation
KMB

ν (1− a)2 = FA0M
C
µ a, and finally decreases to a

certain value. The analytic solution of a(t) is depen-
dent strongly on the value of

∫ t

0
MC

µ (t′)dt′ at t →∞.
In the first subcase of ν ≥ 0, it is found that

limt→∞
∫ t

0
MC

µ (t′)dt′ → ∞ and limt→∞ T (t) → ∞.
From Eq. (23) we obtain the asymptotic solution in
the long-time limit to be

a(t) ' KA0M
B
ν (t)

FMC
µ (t)

' C−1
12 (1 + t)−(µ−ν). (50)

Thus we find that the aggregate size distribution ap-
proaches the scale-free form, i.e.,

ak(t) ' A0[C−1
12 (1 + t)−(µ−ν)]k−1. (51)

In the second subcase of ν < 0, when µ ≥
0 it is found that limt→∞

∫ t

0
MC

µ (t′)dt′ → ∞ and
limt→∞ T (t) → T∞, where T∞ is a positive constant.
From Eq. (23) we obtain the following asymptotic so-
lution in the long-time limit:

a(t) ' exp
[
−F

2

∫ t

0

MC
µ (t′)dt′

]
. (52)

Using the solution of MC
µ (t) in Eq. (13), we derive a(t)

from Eq. (52) as

a(t) '




exp[−C ′8(1 + t)µ] for µ > 0,

(1 + t)−1 for µ = 0,
(53)

where C ′8 = FC3Γ (1 + µ)/µ. Thus we find that the
aggregate size distribution approaches the scale-free
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form

ak(t) '




A0 exp[−(k − 1)C ′8(1 + t)µ] for µ > 0,

A0(1 + t)1−k for µ = 0.

(54)
In these two subcases, only the monomer aggre-

gates can survive finally, which is not surprising be-
cause the catalysis-fragmentation process may domi-
nate over the catalysis-coagulation process at a large
time.

When −1 ≤ µ < 0, it is found that

lim
t→∞

∫ t

0

MC
µ (t′)dt′ → C26,

where C26 equals

C ′9 = Γ (1 + µ)FCµ
0

∫ ∞

0

(2 + JC0t
′)−2

×
∞∑

j=1

jµ

(
JC0t

′

1 + JC0t′

)j−1

dt′

for µ > −1 and

C ′10 = F

∫ ∞

0

4 ln(1 + JC0t
′/2)

Jt′(2 + JC0t′)
dt′

for µ = −1, respectively. From Eq. (23) we obtain the
asymptotic solution in the long-time limit,

a(t) ' C27 + P (t), (55)

where
C27 = exp(−C26/2)

and
P (t) =

∫ ∞

t

[C27M
C
µ (t′)/2]dt′.

Using the solution of MC
µ (t), we can write out the

explicit form of P (t) as

P (t) '



−C ′8C24(1 + t)µ for − 1 < µ < 0,

C ′10
F ln (JC0t/2)

J2C0t
for µ = −1.

(56)
Then we obtain the scaling law for the aggregate

size distribution,

ak(t) ' (1− C27)2Ck
27 exp[−k/SA(t)] (57)

with

SA(t) = [P (t)]−1.

It satisfies the same modified scaling form Eq. (28)
with the growing scaling law SA(t) ∝ 1/P (t) and the
time-independent scaling law S = 1/(1−C27). More-
over, this situation is consistent with our earlier dis-
cussed cases where ak(t) retains a certain value in the
steady state.

3.2.4. Case ν < −1 and µ < −1

If ν < −1 and µ < −1, from Eqs. (12) and (13) we
can obtain the asymptotic solutions of MB

ν and MC
µ

at a large time, i.e., MB
ν (t) = I−2B−1

0 t−2
∑∞

l=1 lν and
MC

µ (t) = J−2C−1
0 t−2

∑∞
l=1 lµ. Substituting these so-

lutions into Eq. (23), it can be reduced into

da

dT
= (1− a)2 − C28a, (58)

where C28 = KJ2C0

∑∞
l=1 lν(FA0I

2B0

∑∞
l=1 lµ)−1.

This Riccati equation can be solved under the ini-
tial condition (16) yielding

a(T )

=
4− 4 e−C29T

(C30 +
√

C28)2 − (C30 −
√

C28)2 e−C29T
, (59)

where C29 =
√

C2
28 + 4C28 and C30 =

√
4 + C28.

Substituting T (t) ' C9−C11t
−1 into Eq. (59), we

can further obtain the explicit solution of a(t):

a(t)

' 4− 4 e−C29C9 − 4 eC29C11t−1

(C30 +
√

C28)2 − (C30 −
√

C28)2 e−C29C9
. (60)

With the relation of A = A0(1−a)2, the aggregate
size distribution of species A can then be obtained to
be

ak(t)

' A0

[ (C28 + C29)− (C28 − C29) e−C29C9

(C30 +
√

C28)2 − (C30 −
√

C28)2 e−C29C9

]2

×
[ 4− 4 e−C29C9 − 4 eC29C11t−1

(C30 +
√

C28)2 − (C30 −
√

C28)2 e−C29C9

]k−1

.

(61)

It approaches the following scaling form in the scaling
region of k À 1 and t À 1:

ak(t) ' 4A0C28

(C30 +
√

C28)2
Ck

31 exp[−k/SA(t)] (62)

with

SA(t) = C−1
32 e−1/t,

where

C31 =
4− 4 e−C29C9

(C30 +
√

C28)2 − (C30 −
√

C28)2 e−C29C9
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and

C32 =
4 eC29C11

4− 4 e−C29C9
.

It approaches the same modified scaling form as
Eq. (28).

The solution shows that in this case the balance
still holds between the two competing processes and

the system comes to a steady state, where the parame-
ters of µ and ν are not necessarily equal. This implies
that both the roles of the catalysis-coagulation and
the catalysis-fragmentation are weak.

To make a clear picture of the kinetic behaviours
of the system in our model, we summarize the above
results in different cases in Table 1.

Table 1. Summary of the kinetic evolution behaviours of species A through the catalysis-coagulation and catalysis-

fragmentation processes.

case kinetic evolution behaviours of species A

ν = µ ak(t) obeys the modified scaling form, and the evolution is dominated by the catalysis-

coagulation and catalysis-fragmentation processes equally and a balance is established between

the two competing processes after a long time.

ν > µ and ν ≥ −1

(i) ν ≥ 0 i) If µ > −1, ak(t) obeys the conventional scaling form and the evolution is dominated by the

catalysis-coagulation and catalysis-fragmentation processes equally;

ii) If µ = −1, ak(t) obeys the generalized scaling form and the evolution is dominated by the

catalysis-coagulation process;

iii) If µ < −1, ak(t) obeys the conventional scaling form and the evolution is dominated by the

catalysis-coagulation process;

(ii) −1 ≤ ν < 0 ak(t) obeys the modified scaling form and the evolution is dominated by the catalysis-

coagulation process and a balance is established between the two competing processes after

a long time.

ν < µ and µ ≥ −1

(I) ν ≥ 0 ak(t) approaches the scale-free form and the evolution is dominated by the catalysis-

fragmentation process;

(II) ν < 0 1) If µ ≥ 0, ak(t) approaches the scale-free form and the evolution is dominated by the catalysis-

fragmentation process;

2) If −1 ≤ µ < 0, ak(t) obeys the modified scaling form and a balance is established between

the two competing processes after a long time.

ν < −1 and µ <

−1

ak(t) obeys the modified scaling form, and the two competing processes are both weak and a

balance is established after a long time.

4. Summary

We have proposed an aggregation model where
species A aggregates evolve by the catalysis-
coagulation and catalysis-fragmentation, while two
species catalyst aggregates perform self-coagulation
processes. Based on the mean-field theory, we investi-
gated the roles of these two competing catalysis-driven
processes in the kinetic evolution behaviours of species
A aggregates by the generalized Smoluchowski rate
equation.

It is natural that the kinetic evolution behaviour
of the aggregates depends crucially on the details
of the rate kernels. In this paper the catalysis-
coagulation and the catalysis-fragmentation rate ker-
nels are chosen to be K(i, j; l) ∝ lν and F (i, j; l) ∝ lµ,

respectively, where l is the size of the catalyst aggre-
gate, and ν and µ are two parameters reflecting the
dependence of the catalysis reaction on the size of the
catalyst aggregate, or the catalysis ability of the cat-
alyst aggregate. The relation between the values of
parameters ν and µ reflects the competition between
the two catalysis processes: the catalysis-coagulation
and catalysis-fragmentation.

The investigation reveals that the kinetic be-
haviours of species A fall into three categories in dif-
ferent cases with different relations between ν and
µ. (i) When ν > µ and ν ≥ 0, the aggregate size
distribution ak(t) of the species A obeys the conven-
tional or generalized scaling law, which implies that
the kinetic behaviour of species A is dominated by
the catalysis-coagulation. (ii) When ν = µ, ν < µ
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but −1 ≤ µ < 0 or ν < 0 and µ < 0, the aggre-
gate size distribution obeys a modified scaling law,
and after a sufficiently long time, a balance is estab-
lished between the two competing processes and the
system comes to a steady state. (iii) When ν < µ and
ν ≥ 0 or ν < 0 but µ ≥ 0, the aggregate size dis-
tribution approaches the scale-free form, which shows
that the catalysis-fragmentation process may domi-

nate the evolution process and at a large time only

the monomer aggregates can survive.

In short, the competing role of the catalysis-

coagulation and catalysis-fragmentation in the kinetic

aggregation behaviours is not simply determined by

the relation between the two parameters ν and µ, but

also dependent on the values of these two parameters.
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