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Using a universal relation between electron filling factor and ground state energy, this paper studies the dependence

of correlation exponents on the electron filling factor of one-dimensional extended Hubbard model in a strong coupling

regime, and demonstrates that in contrast to the usual Hubbard model (g = 1/2), the dimensionless coupling strength

parameter g. heavily depends on the electron filling, and it has a “particle-hole” symmetry about electron quarter filling

point. As increasing the nearest neighbouring repulsive interaction, the single particle spectral weight is transferred

from low energy to high energy regimes. Moreover, at electron quarter filling, there is a metal-Mott insulator transition

at the strong coupling point g. = 1/4, and this transition is a continuous phase transition.
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Since the discovery of high T, cuprate super-
conductors!!! and lots of quasi-one-dimensional new

materials, 2!

low dimensional strongly correlated elec-
tron systems have been extensively studied.?~7 Now
it is very successful in understanding of low energy
behaviour of one-dimensional strongly correlated sys-
tems by applying powerful field theory methods, such
as Bethe ansatz, conformal field theory and bosoniza-
tion method, but for two-dimensional strongly corre-
lated systems, the situation becomes more complex
because of absence of an effective theory to treat the
strong electron correlation effect.

The most

dimensional strongly correlated electron systems is

simple model to describe one-
the Hubbard model, which can be exactly solved by
Bethe ansatz!®! because of only considering an on-
site electron—electron Coulomb interaction. Another
simple model is the extended Hubbard model (EHM)
which includes the on-site (U) and the nearest neigh-
bour (V) electron—electron Coulomb interactions.
The EHM has a rich phase diagram, and it shows
a variety of low energy physical behaviour for different
U, V and electron filling factor.®=12] For example, for
large V' and small U, it has phase separation,10=12] in
which one region is dominant by single particle, and

another is dominant by particle pair. While, for large
U and V, it has a long range static charge density wave
order at electron quarter filling, in which there ex-
ists a gap in charge collective excitation spectrum.?!
While, because of absence of effective methods to treat
the EHM in strong coupling regime, previous works
mainly focused on weak coupling regime (small U and
V) and strong coupling regime with phase separa-
tion by numerical calculations.'9~12 Usual perturba-
tion expansion methods are invalid for large U and
V', and previous projection method for large U would
introduce single particle occupation constraint which
makes the problem to be more complex. Therefore,
it is desirable to find a simple and effective analytic
method to treat the EHM in strong coupling regime
for any electron filling.

In one-dimensional uniform (no phase separation)
electron systems, the charge and spin freedoms of elec-
trons are generally separated, and the charge part of
the systems can be independently re-modeled by a
spinless fermion system with the same particle num-
ber. If charge collective excitation spectrum is gapless,
there exists a universal relation between ground state
energy and electron filling factor, which can be used to
directly determine a dimensionless coupling strength
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parameter g. if knowing the renormalized velocity of
charge collective excitation modes. This universal de-
pendence of the ground state energy on the electron
filling factor completely comes from the contribution
of the charge part, in this way it can be obtained by
studying the equivalent spinless fermion system.

In this paper, using the universal relation between
the ground state energy and the electron filling factor,
we study the electron filling factor dependence of the
parameter g. of the EHM in strong coupling regime,
and demonstrate that, in contrast to usual large U
Hubbard model wherel'*=18] ¢, = 1/2, the parame-
ter g. heavily depends upon the electron filling factor,
and it has a “particle-hole” symmetry about the quar-
ter filling of electrons. At the electron quarter filling,
the system has a metal-Mott insulator transition in
the strong coupling regime, and in the Mott insulator
region, the system has a long range static charge den-
sity wave order where a gap appears in the charge col-
lective excitation spectrum. Generally, except some
special electron fillings, the velocity of spin collec-
tive excitation modes is renormalized by the repulsive
Coulomb interactions, whereas the SU(2) symmetry
of electron spin rotation enforces the renormalized pa-
rameter g¥ to be equal to one, gi = 1. Therefore, the
correlation exponents of the EHM in strong repulsive
interaction regime are completely determined by the
parameter g..

The Hamiltonian of the EHM is

H = _tz {czaci+10+ CIG+1UC7;U}
i

-+ UZTL“TL“ -+ VaniH, (1)

where c;rg (ciy) are the creation (annihilation) op-
erators of an electron with spin o (of value 1 or
1) at a lattice site x;, n,, = cj-gcw is the elec-
tron number operator, and n; = ni + ni.  As
U = V = 0, the non-interacting electron spectrum
is e, = —2tcos(2ak), and its Fermi surface is com-
posed of two points (Fermi levels), +kp, where fikp
is the Fermi momentum. In general, the low energy
physical property of the system is determined by the
electron states near two Fermi levels +kp, thus the
energy spectrum can be linearized around the Fermi
levels £k, and electron operators can be written as,
Cno = Va(e* % yp,(na) + e *ke%r (na)). In the
continuum limit, the bosonic representations of right-
(left) moving electron operators g ), () arel®19~21
Vr(r)o () = (1/2ma)'/2 e %r1)s(®) where the boson
fields satisfy the relations, 0,Pr(1)o = £2TpR(L)0 (),

where pr(r), () = T?E(L)a(l‘)?ﬁR(L)a(a?) are the den-
sity operators of the right- and left-moving electrons.
On the other hand, the bosonic representation of
the Hamiltonian can be written as two parts, H =
H. + H,, in this way the charge (H.) and spin (H;)
freedoms of electrons are completely separated (choos-
ing h=1),
Ve 1 2 2

= 2 [ar{ Lo o) + 0u0u1ele)?)

4 ‘

+ 2;’; 5 / dz cos(20_.(z) + (G — 4kp)z), (2)

Ho= dx{gls(amé_s(x))Q +gs(6w¢+s(x))2}
Ve /d:ccos(QQZi_ (x)) (3)

2m2a? s
where @ic(:c) = [@RT(I) + QRL(‘T) + (@LT(IE) +
Pr(2))]/2, P1s(x) = [Pri(2) — PRy (2) £ (Pry(2) —
D1 (2)]/2, Vu = Ve = aU + 24V cos(2akr), a is
a momentum cutoff inversely proportional to band-

+

width of the system, and a is the lattice constant
(G =27 /a). If the system is uniform (no phase sepa-
ration), the Hamiltonians H.4) in Egs. (2) and (3) are
valid for any repulsive interactions U, V' > 0, the veloc-
ities v.(s) of charge and spin collective modes and the
parameters g.(s) depend on the electron filling factor
and the interaction potentials U and V. In general, ex-
act dependence of the v (,) and g.(s) on the interaction
strength and the electron filling factor is unknown, but
for small U and V (i.e., U/t, V/t < 1), we have the
following relations, g2 = 27vr/(2mvp + 2(Va + V1)),
g2 = 2mvp/(2mvp + 2(Va — V1)), Vi = aU + 2aV,
Vo = 2aV (1 — cos(2akr)), and ve(s) = vr/ge(s), Where
vr is the non-interacting electron Fermi velocity.

For the repulsive interactions, U, V > 0, the
Umklapp scattering Vy-term is important only at
4/45];‘ =
in the charge collective excitation spectrum. How-

G (half filling), in which it opens a gap

ever, the backward scattering Vp-term is irrelevant
for U > 2V > 0, where the potential Vg is renormal-
ized to zero in the low energy limit. Hereafter, we
only consider the case of U > 2V > 0, and electron
filling factor n = No/N < 1, where N, is the total
electron number, and N is the number of lattice sites
of the system, in this way the V; and Vg terms can be
safely neglected. Under these conditions, the Hamil-
tonians of the charge and spin parts in Egs. (2) and

(3) can be rewritten as,
H;
i 1
i [ ao{ S0 + s @F ) @

=1 l

where i = ¢, s.
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At V. = 0,
of usual Hubbard model is restored, in which the

the bosonization representation

parameter19 ¢ is written down g; = 1 as keep-
ing SU(2) symmetry of spin rotation of the Hubbard
model for any non-zero repulsive interaction U. How-
ever, as U > 2V > 0, the Hamiltonian of the spin
part H, is completely equivalent to that of a Hub-
bard model with effective on-site interaction U.g =
(Vi = W)/a = U + 2V cos(2akr) > 0, thus it is rea-
sonable to assume that the g, = 1 is also valid for
the EHM with U > 2V > 0. With the bosonization
representation of the electron operators, the charge
density—density and spin—spin correlation functions
can be written down,

(n(z)n(0)) = (W9;)2 AC(;Sl(fg]in),
60300 = e+ 2L O

While, according to electron Green function, the mo-
mentum distribution function nj; and single electron
density of states n(w) can be written as

ng — Nip ~ sgn(ke — k)|kr — k%, n(w) ~ |w|®, (6)

where o = (9. + 1/g. — 2) /4, and A and B are model-
dependent constants.

The parameter g. can be generally determined by
the universal relation between ground state energy E,
and the electron filling factor n,

g(’?QEg(n) _
N on2  2g.

T (7)
In general, an analytic expression of g. by U, V, and
n is unknown because this model cannot be exactly
solved, whereas in some special cases, if we rigorously
obtain the ground state energy F, and the renormal-
ized velocity v. of the charge collective modes, the
parameter g. can be directly determined by the above
equation, then the asymptotic behaviour of correlation
functions can be obtained. Equation (7) has been ex-
tensively used to determine the correlation exponents
of strongly correlated electron systems.[10:11,14,15,22,23]

In strong on-site repulsive interaction limit (n <
1), V/U, 2t/U < 1, the probability of two electrons
occupied the same site goes to zero, the EHM re-
duces to usual t—J model with the nearest neighbour-
ing repulsive interaction V' which is unfavourable to
the J(~ t?/U) term and puts the states of nearest
neighbouring sites occupied by electrons to high en-
ergy levels. We do not use this extended t—J model to
study the low energy behaviour of the system in the

strong coupling regime because single electron occupa-
tion constraint makes the problem more complex. In
the large U limit, the system is equivalent to a spinless
fermion system with the Hamiltonian

Hy
= —tz {fz‘Tfi+1 + fiT+1fi} + Vznfinfi+la (8)

where fI (f;) is the creation (annihilation) operator
of a fermion at lattice site 7, ny; = fiT fi is the fermion
number operator, and ) .ny = N.. The relation
between electron operator c;, and the fermion oper-
ator f; is unknown, now the fermion operator only
describes the charge degree freedom of the electrons,
while the Hamiltonians Hy (Eq. (8)) and H. (Eq. (2))
should have the same ground state energy for large
repulsive interaction U. In the continuum limit, the
bosonic representation of the Hamiltonian H; can be
written as

Hy
_ v . 2))2 1 )2
= 2 [ae{o@0. @) + @002
4 / da cos(2V20_(z) + (G — 4kL)z + 2ak?),
9)

where

by () = [@r(x) + DL(2)]/V2,
0:Pr(1y(x) = £27pRr(1)(T),

1\
=(5)
y=(1- cos(2ak{;))V/7rhv1{:,

vF=+1- 'y%{;, A= QGVDS'/(QWH’U}];)Q,

f
where vp

is the fermion’s Fermi velocity, and
hkﬁ: is the fermion’s Fermi momentum. The
last term comes from the four-fermion interaction,
w}R(:{:)wa(:c)w}R(m+a)¢fL(x+a) + h.c., which can
be safely neglected as 4k£ # (G because it becomes an
oscillating term. At quarter electron filling, one has
the relation, 4k£ = G = 27/a, the last term opens
a gap in the charge collective excitation modes for
strongly repulsive interaction g < 1/2 (i.e., V > 2t).
Under the following condition:
g UC

Ge = 5@7 (10)
the Hamiltonian Hy in Eq. (9) is equivalent to H, in
Eq. (4) for any repulsive interaction V asn # 1/2. At
V' =0, according to relation in Eq. (10), one obtains
g =1, v. = vy and g. = 1/2, which are the same as

127401-3



Chin. Phys. B Vol. 19, No. 12 (2010) 127401

the results of Refs. [14-[18]. If one can calculate the
parameter g by the Hamiltonian H; (Eq. (8)), the low
energy behaviour of the EHM in large U limit can be
determined with Egs. (10), (5) and (6).

In the case of n < 1/2, and 2t/V < 1, the prob-
ability of two or more fermions occupied the near-
est neighbouring sites goes to zero. Therefore, as a
good approximation for large repulsive interaction V/,
the system can be seen as equivalent to the N, spin-
less fermions moving at N — N, lattice sites (N, is a
macro quantity), the ground state energy Eg (n) and
the renormalized velocity can be easily obtained,

nw
1-n)’
Ef(n)—t—QtN(l—n)sin(
™

vy = 2at sin (

nw
.o(11
! 2
With these relations and Eq. (7), the dependence of
the parameter g. on the electron filling n (< 1/2) can
be written down in the strong coupling regime,

g = 51—, (12)
where the relation v./vf = 1/(1 — n) is used.[?!!

In the case of 1/2 < n < 1 and 2¢t/V « 1, the
system is equivalent to the N — N, spinless quasipar-
ticles (“holes”) moving at N, — 1 lattice sites (N, is
a macro quantity). Thus, under these conditions, the
ground state energy and the renormalized velocity can

be written down,

1—
v = 2at sin (

77) . (13)

which can be used to determine the dependence of g,
on the electron filling n, g. = n?/2. If one defines a
“hole” filling factor, ny = (N — No)/N = 1 —n, the
parameter g. can be written as a symmetric form in

the strong coupling regime,

1 1
5(1—n)27 0<n<§,

gec = 1 1 (14)
5(1—nh)2, §<n<1,

which is one of our central results. The most promi-
nent feature of Eq. (14) is that the parameter g. has
a “particle-hole” symmetry about the point n = 1/2,
and it strongly depends on the electron filling factor n.
This feature originates from the nearest neighbouring
repulsive interaction V', while in usual Hubbard model

(V = 0) the parameter g. = 1/2 as 2t/U < 1, inde-
pendent of the electron filling factor n(< 1). Equation
(14) can be taken as a criterion for numerical calcu-
lations in the strong coupling limit, because it only
depends upon the electron/hole filling factor.

At the electron quarter filling, n = 1/2, the sys-
tem can be reduced to an anisotropic spin -1/2 Heisen-
berg chain under Jordan—Wigner transformation. Ac-
cording to the exact solution of the Heisenberg model,
one can obtain the following expression of the dimen-

sionless coupling parameter, 2%-26]

1

gczQ—i—éarCSin K .
T 2t

This relation is valid only for V' < 2¢t. However, for
V > 2t, it is shown!'3] that there exists a gap in the
electron spectrum, and the system has a long range

(15)

static charge density wave order in the zero temper-
ature limit, ng; = (1/2)[1 — (=1)!]. According to
Egs. (14) and (15), in the large U limit, the param-
eter g. of the EHM is less than 1/2; and the expo-
nent « of the electron momentum distribution and
density of states in Eq. (6) is larger than 1/8, i.e.,
a = (g +1/g. —2)/4 > 1/8, this means that the
single particle spectral weight is transferred from low
energy to high energy regimes, and the decay of the
charge density—density and spin—spin correlation func-
tions (5) near 2kp becomes slow as the repulsive in-
teraction potential V increases.

On the other hand, at the electron quarter filling,
n = 1/2, the Hamiltonian (9) is the same as that of
the fermion representation of the standard quantum
sine-Gordon model. As g > 1/2, the A-term is irrel-
evant, and the charge excitation spectrum is gapless.
While, as ¢ < 1/2, it becomes relevant, and it will
open a gap in the charge excitation spectrum. There-
fore, there takes place a metal-Mott insulator transi-
tion at g = 1/2. At n = 1/2, the Hamiltonian (9) can
be rewritten down by an anti-bosonization transfor-
mation with a set of new fermion fields Vg (),

Hy

- —ihﬁF/dx {0h @0 0r(@) - v} (@)D, (@)}
- [ ae{Von@ipsta) + Alhia)vn(e)
+vf (@)n(a) }, (16)

where 16¢g2 = (1 + I')/(1 — I), vy = V1 — T2y,
I' = V/2rhip, A = 2xhipA/Dg, and Dy is the
bandwidth of the system. Obviously, A is a mass
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parameter, and at V = 0, the fermion spectrum is
w? = (tpk)? + A2, The fermion attractive interaction
does not destroy the stability of the system, and it only
suppresses the mass parameter A, i.e., A decreases as
V increases. Using the eigenfunctional theory,[27—3
by self-consistent solution of the equation of the pa-
rameter A, we can write down the charge excitation

gap near g = 1/2,

0, g=>1/2,

A= (17)

16g(1 — 2g)(1 + 4g)?
(14 16¢2)2

which is one of our central results.

DOa gél/2

Obviously, the
metal-Mott insulator transition takes place at g =
1/2, and this transition is a continuous phase tran-
sition. The dependence of the charge excitation gap
on the electron interaction strength is completely con-
sistent with the exact solution of the sine-Gordon

model.[31-34]

In conclusion, by studying the electron filling fac-
tor dependence of the parameter g. of one-dimensional
EHM in the strong coupling regime, it is demonstrated
that in the large U limit, in contrast to usual Hubbard
model where g. = 1/2, the dimensionless coupling pa-
rameter g. heavily depends on the electron filling fac-
tor n, and it has the “particle-hole” symmetry about
the point n = 1/2. Away from the electron quarter
filling, the parameter g. decreases as the repulsive in-
teraction potential V increases, this means that the
single particle spectral weight is transferred from low
energy to high energy regimes, while as V' — oo it
goes to a non-zero constant which only depends on
electron filling factor. At the electron quarter filling,
there takes place the metal-Mott insulator transition
at the strong coupling point g. = 1/4, and this tran-

sition is a continuous phase transition.
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