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In this paper the quantum transport in a dot-array coupled with an Aharonov–Bohm (AB) ring is investigated via

single-band tight-binding Hamiltonian. It is shown that the output spin current is a periodic function of the magnetic

flux in the quantum unit Φ0. The resonance positions of the total transmission probability do not depend on the size

of the AB ring but the electronic spectrum. Moreover, the persistent currents in the AB ring is also spin-polarization

dependent and different from the isolated AB ring where the persistent current is independent of spin polarization.
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1. Introduction

Progress in the nanofabrication of quantum de-
vices has enabled us to study the electron transport
through a mesoscopic ring in a controllable way. Many
interesting quantum phenomena have been predicted
and measured in the presence of a magnetic flux, for
example, the Aharonov–Bohm (AB) oscillations of the
conductance and persistent current.[1−4] It is reported
that AB effect in the energy spectra of closed rings has
been observed by magnetotransport experiments.[5]

Recently, considerable attention has been paid to the
complex electronic device consisting of quantum dots,
quantum wires and mesoscopic rings,[6−11] where the
size of structure is small compared with the coher-
ence length and therefore the transmission probability
plays an essential role in studying the quantum trans-
port through the system. For example, we can obtain
the conductance of the devices from the transmission
probability with the help of the Laudauer–Büticker
formula G = (2e2/h)T , where T is the transmission
probability. Various methods have been developed for
numerical calculations of the transmission probabil-
ity T , such as mode-matching method,[12−16] recursive
Green’s function technique[17−24] and the scattering
matrix.[25]

The quantum transport through a mesoscopic
AB ring coupled with reservoirs was first studied by
Büttiker, in which the reservoirs acted as a source

of electrons and an inelastic scatterer.[26] The persis-
tent current induced by a magnetic flux was obtained
with the applied electrostatic potential[27] and a se-
ries of rings attached to a wire was also discussed.[28]

All these studies are based on solutions of the single-
electron Schrödinger equation or the tilting-binding
model for a lattice ring.[29−32]

In this paper, we consider a system where an AB
lattice ring is coupled to a quantum dot (QD) array
with two magnetic fields applied to two separated dots
of the array. The first field leads to the energy level
splitting, while the second field, of which the direction
forms an angle θ with the first one, leads to the spin
flipping and thus the transmission probability as well
as the current depends on the spin-polarization. And
the persistent currents in the AB lattice ring will be
also spin-polarization dependent due to the coupling
with the QD array. The persistent spin current in the
AB ring is, perhaps, the most important observation
in the system considered. We will show how the per-
sistent spin-current can be controlled by the magnetic
flux and the size of the lattice ring. Additionally, the
spin-current in output terminal is also discussed.

2. Model and formulation

The system under consideration is explained
schematically in Fig. 1, where a lattice ring consist-
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ing of N QDs is connected to a QD array by tun-
nel coupling. The QD array is denoted by the lattice
sites −NL, · · · − 1, 0, 1, . . . , NR with two ideal wires
placed on the left- and right-hand sides of spanning
lattice sites −∞, . . . ,−(NL + 2),−(NL + 1) and sites
NR + 1, NR + 2, . . . ,∞, respectively. The first mag-

netic field pointing to the z direction is applied to site
−NL, and the other to the site NR, forming an angle
θ with the z axis. In the single-band tight-binding
approximation, the Hamiltonian of this system can be
written as

H = H0 + HR + HI, (1)

H0 =
NR−1∑

n=−NL+1,σ

εnd†n,σdn,σ −
NR∑

n=−NL,σ

(tn,n+1(σ)d†n+1,σdn,σ + h.c) + (ε−NL + σgµBB)d†−NL,σd−NL,σ

+ (εNR + σgµB′B
′ cos θ)d†NR,σdNR,σ + gµB′B

′ sin θ(d†NR,σdNR,−σ + h.c)

+
∑

n≤−(NL+1),σ

εLa†n,σan,σ −
∑

n≤−(NL+2),σ

(tn,n+1(σ)a†n+1,σan,σ + h.c)

+
∑

n≥NR+1,σ

εRa†n,σan,σ −
∑

n≥NR+2,σ

(tn,n+1(σ)a†n+1,σan,σ + h.c)

− VL,σ(a†−NL−1a−NL + h.c)− VR,σ(a†NR+1aNR + h.c),

HR =
N∑

j=1

εjc
†
j,σcj,σ −

N−1∑

l=1

(Vc(σ)c†j+1,σcj,σ + h.c)− Vc(σ)( e i2παc†1,σcN,σ + h.c),

HI = −V0(σ)(c†1,σd0,σ + h.c), (2)

where H0 is the Hamiltonian of the QD array with two
ideal wires placed on the left- and right-hand sides;
HR is for the AB lattice-ring; HI describes the in-
teraction between the QD array and the AB ring; εn

with −NL ≤ n ≤ NR, denotes the energy eigenvalue
of the n-th QD in the QD array; εR and εL are the on-
site energy on the right-hand-side and the left-hand-
side leads respectively; d†n,σ (with σ =↑, ↓) is the cre-
ation operator of the electrons with spin index σ at
the n-th QD, whith −σ denoting the opposite spin
polarization with respect to σ; a†n,σ the creation oper-
ator of electrons with spin σ at lattice n in the leads,
dn,σ and an,σ are the corresponding annihilation op-
erators; tn,n+1(σ) is the hopping integral between the
nearest QDs, defined as tn,n+1(σ) = 〈n + 1|H |n〉 = t

which is independent of spin polarization, except for
n = −NL − 1 and n = NR, where the QD array is
connected to the ideal wires; VL,σ and VR,σ are the
hopping integrals. When n = −NL and NR − 1,
we have t−NL,−NL+1(σ) = tNR−1,NR(σ) = t′σ which
is spin-dependent. In the expression of HR, εj with
1 ≤ j ≤ N , denotes the energy eigenvalues on the
j-th QD in the AB ring. c†j,σ (with σ =↑, ↓) is the cre-
ation operator with spin index σ at the j-th QD and
cj,σ is the corresponding annihilation operators. Vc(σ)

is the corresponding hopping integral. The magnetic
flux is measured in terms of the quantum flux unit
Φ0 = hc/e as α = Φ/Φ0. In this work, we adopt the
singular gauge of the vector potential associated with
the magnetic flux, i.e., AB flux, which affects only the
hopping coupling between the first and the last sites
of the ring. V0(σ) is the tunneling coupling between
the AB ring and the QD array.[33]

Fig. 1. QD array with an attached AB ring.

The eigenstates of the whole Hamiltonian can be
written as

|Ψ〉 =
∞∑

n=−∞,σ

Cn,σa†n,σ |0〉+
N∑

j=1,σ

bj,σc†j,σ |0〉 . (3)

The expansion coefficients, {Cn,σ}, satisfy the recur-
ring equation

(E − εn)Cn,σ + tn−1,n(σ)Cn−1,σ + tn,n+1(σ)Cn+1,σ = 0, n 6= −NL, 0, NR, (4)
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EC−NL,σ = (ε−NL + σgµBB)C−NL,σ − t−NL−1,−NL(σ)C−NL−1,σ − t−NL,−NL+1(σ)C−NL+1,σ, n = −NL,

ECNR,σ = (εNR + σgµB′B
′ cos θ)CNR,σ + B′ sin θCNR,−σ − tNR−1,NR(σ)CNR−1,σ

− tNR,NR+1(σ)CNR+1,σ, n = NR,

EC0,σ = ε0C0,σ − V0(σ)b1,σ − t−2,−1(σ)C−1,σ − t0,1(σ)C1,σ, n = 0, (5)

while the coefficients, {bj,σ}, satisfy the equation

(E − εj)bj,σ + Vc(σ)bj−1,σ + Vc(σ)bj+1,σ = 0, j = 2, . . . , N − 1,

(E − εN )bN,σ + Vc(σ)bN−1,σ + Vc(σ) e−i2πϕb1,σ = 0,

(E − ε1)b1,σ + Vc(σ) e i2πϕbN,σ + Vc(σ)b2,σ = −V0(σ)a0,σ. (6)

In terms of the Gramer principle, we can obtain

b1,σ =
D2(ε)
D(ε)

, (7)

where D(ε) = det(εI −HR), and D2(ε) is given by

D2(ε) = det




E − ε1 −V0(σ)a0,σ 0 . . . Vc(σ) e i2πϕ

Vc(σ) 0 Vc(σ) . . . 0

0 0 . . . . . . . . .

. . . . . . . . . E − εN−1 Vc(σ)

Vc(σ) e−i2πϕ . . . 0 Vc(σ) E − εN




. (8)

Then we can rewrite Eqs. (6) and (7) as a matrix equation



Cn+1,σ

Cn,σ

Cn+1,−σ

Cn,−σ




= M(n,E)




Cn,σ

Cn−1,σ

Cn,−σ

Cn−1,−σ




, (9)

where M(n,E) is called the scattering matrix which links the expansion coefficient vector (Cn+1,σ, Cn,σ, Cn+1,−σ,

Cn,−σ)T to the vector (Cn,σ, Cn−1,σ, Cn,−σ, Cn−1,−σ)T. Thus it is also called the transfer matrix determined by

M(n,E) =




− E−ε′n
tn,n+1(σ) −

tn−1,n(σ)
tn,n+1(σ)

0 0

1 0 0 0

0 0 − E − ε′n
tn,n+1(−σ)

− tn−1,n(−σ)
tn,n+1(−σ)

0 0 1 0




=


 Q1 0

0 Q2


 , n 6= NR,

M(NR, E) =




− E − ε′NR

tNR,NR+1(σ)
− tNR−1,NR(σ)

tNR,NR+1(σ)
gµB′B

′ sin θ

tNR,NR+1(σ)
0

1 0 0 0
gµB′B

′ sin θ

tNR,NR+1(−σ)
0 − E − ε′NR

tNR,NR+1(−σ)
− tNR−1,NR(−σ)

tNR,NR+1(−σ)
0 0 1 0




, (n = NR), (10)

where ε′(n,0) is the effective on-site energy given by

ε′n = εn, n 6= −NL, 0, NR, ε′−NL
= ε−NL + σgµBB, n = −NL,

ε′0 = ε0 − D2(ε)
DN (ε)

V0(σ)2, n = 0, ε′NR
= εNR + σgµB′B

′ cos θ, n = −NR. (11)
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We assume that the electron in the left lead is de-
scribed by a plane wave of unity amplitude and a re-
flection amplitude rσ and in the right lead by a trans-
mission amplitude tσ. Taking this into account we can
have

Cn,σ = e iKL
σ na + rσ e−iKL

σ na, n ≤ −(NL + 1),

Cn,σ = tσ e iKL
σ na, n ≥ NR + 1.

It can be shown that the transmission amplitude tσ is

related to the incident coefficients via the equation




tσ

0

t−σ

0




= T (E)




1

rσ

1

r−σ




, (12)

where the transfer matrix T (E) is given by

T (E)

=




e−iKR
σ (NR+1)a 0 0 0

0 e iKR
σ (NR+1)a 0 0

0 0 e−iKR
−σ(NR+1)a 0

0 0 0 e iKR
−σ(NR+1)a




×




e ikR
σ a e−ikR

σ a 0 0

1 1 0 0

0 0 e ikR
−σa e−ikR

−σa

0 0 1 1




−1

−(NL+1)∏

n=NR+1

M(n,E)

×




e ikL
σa e−ikL

σa 0 0

1 1 0 0

0 0 e ikL
−σa e−ikL

−σa

0 0 1 1







e−iKL
σ (NL+1)a 0 0 0

0 e iKL
σ (NL+1)a 0 0

0 0 e−iKL
−σ(NL+1)a 0

0 0 0 e iKL
−σ(NL+1)a




. (13)

So from Eq. (10) we can obtain the reflection am-
plitudes r↑ and r↓ as

r↑ =
−

(
T21

T22
+

T23

T22

)
+

T24

T22

(
T41

T44
+

T43

T44

)

1− T24

T22

T42

T44

,

r↓ =
−

(
T41

T44
+

T43

T44

)
+

T42

T44

(
T21

T22
+

T23

T22

)

1− T24

T22

T42

T44

, (14)

and the transmission amplitudes t↑ and t↓

t↑(E) = T11 + T12r↑ + T13 + T14r↓,

t↓(E) = T31 + T32r↑ + T33 + T34r↓. (15)

While the spin-polarization-dependent reflection and
transmission probabilities are

Rσ(E) =
1
2
|rσ|2 ,

Tσ(E) =
1
2

VR,σ

VL,σ
|tσ|2 . (16)

The total transmission probability and the reflection
probability are determined by

Ttot(E) = T↑(E) + T↓(E),

Rtot(E) = R↑(E) + R↓(E). (17)

And the spin current is related to the net spin-
polarization transmission probability such that

∆T (E) = T↑(E)− T↓(E). (18)

The persistent current generated by the AB
flux,[34] Jσ, depends on the spin-polarization due to
the coupling with the dot array and can be evaluated
by

Jσ =
2eVc(σ)
~

Im(b∗j+1,σbj,σ) (19)

for any pair of adjacent sites, for example j = 1. And
b1,σ is given by Eq. (7), similarly, b2,σ is given by

b2,σ =
D3(ε)
D(ε)

,

where D3(ε) is given by
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D3(ε) = det




E − ε1 Vc(σ) −V0(σ)a0,σ . . . Vc(σ) e i2πϕ

Vc(σ) E − ε2 0 . . . 0

0 0 . . . . . . . . .

. . . . . . . . . E − εN−1 Vc(σ)

Vc(σ) e−i2πϕ . . . 0 Vc(σ) E − εN




.

While we can obtain a0,σ through Eqs. (9) and (12).
Thus we obtain the total persistent current J as

J = J ↑ +J ↓, (20)

and the net spin-current ∆J is

∆J = J ↑ −J ↓ . (21)

It is clear that when D2(ε) = 0 (or D3(ε) = 0 ) and
D(ε) 6= 0, the spin-current vanishes, and on the other
hand when D(ε) = 0 it oscillates with the magnetic
flux in the period Φ0.

3. Numerical result and discus-

sion

In our model, the generation of spin current in
the output electrode can be understood as the fact
that a force applied to the spin S is induced by
the spatially inhomogeneous magnetic field, namely
F = gµbS ·5B (where µb is the Bohr magneton, g is
the spin Lande g-factor), which will remove the degen-
eracy of spin-polarization in the transport and thus
leads to the relative shifts of resonant peaks of the
transmission spectra between the spin-up and spin-
down components of electron. The spin current ap-
pears when the transmission spectrum of one spin
component reaches a maximum while the spectrum
of the other spin component is a minimum.

For simplicity in the actual calculation, we as-
sume that the hopping integrals tσ, t′σ, VL,σ, VR,σ,
Vc(σ) and V0(σ) are all independent of the spin in-
dex, we have tσ = Vc(σ) = V0(σ) = t, t′σ = t′ = 0.8t;
and VL,σ = VR,σ = 0.5t. Figure 2 shows the numer-
ical results of the relative transmission probabilities
between the spin-up and the spin-down components,
i.e., the net spin transition, as a function of electronic
energy E. The on-site energies of all QDs (εn with
−NL ≤ n ≤ NR, as well as εL and εR) are set to be
the same value of 2t, and such parameters are chosen

that gµBB = gµB′B
′ = 1t and the second magnetic

field is vertical to the first one, i.e., θ = π/2. Fig-
ure 2(a) is for the case of the magnetic flux number
α = 0.3, while figure 2(b) is for α = 0.5 with N = 6
(solid line) and N = 7 (dash line) respectively. It
can be seen that the net spin transition is modulated
strongly by the magnetic flux α and the number of the
QDs in the ring. In some energy ranges (for example,
when the energy of transmitted electron is defined as
being from 1.28t to 1.92t), and the ring is composed
of 7 QDs (N = 7), the output spin current defined by
∆T (E) = T↑(E)−T↓(E) is positive (i.e. the spin cur-
rent with spin-up polarization) for the case of α = 0.3;
while the ∆T (E) will be negative (the spin-down cur-
rent) for the case of α = 0.5. However the results
will be contrary to those when the ring is composed
of 6 QDs (N = 6). On the other hand, when we keep
the magnetic flux constant for α = 0.3, in some other
regions (where in the energy window: 2.44t to 2.60t,
etc.), the output spin current is positive (the spin-up
current) for the case of N = 6; while the ∆T (E) is neg-
ative (the spin-down current) for the case of N = 7.
Figure 3(a) with α = 0.3 and figure 3(b) with α = 0.5
are plots of the relative transmission probabilities be-
tween two spin components versus the energy where
the solid curve is for N = 11, and the dash curve is
for N = 12. From these, we can see how the net spin
transition is modulated by the number of the QDs
in the quantum ring and the magnetic flux. For ex-
ample, when the energy of the transmitted electron
is between 2.68t and 2.91t for the case of α = 0.3,
there is no spin current output when the ring con-
sists of 12 QDs, while the output spin current will be
spin-up polarization when the ring has 11 QDs. This
QD number dependence is the consequence of quan-
tum phase interference. On the other hand, to explore
the relation between the output spin-current and the
magnetic flux in the AB ring with different values of
QD number N , we can fix the ring to contain 11 QDs.
From Figs. 3(a) and 3(b) we can see that when the
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energy of transmitted electron is defined as being in
a range from 2.45t to 2.67t with α = 0.3, there is no
spin current output, while the spin-down current has
observed under the condition of α = 0.5. Further,

both the total and the net probabilities are periodic
functions of the magnetic flux in the quantum unit
Φ0, indicating that the AB ring oscillates. A similar
result has been found in Ref. [28].

Fig. 2. Output relative transmission probabilities between two spin components as a function of energy for N = 6

and N = 7.

Fig. 3. Output relative transmission probabilities between two spin components as functions of energy for N = 11

and N = 12.

It is also interesting to see the total persistent current density j and the spin persistent current ∆j in the
ring, which are respectively determined by

j =
J

2eVc(σ)
~

= Im[b∗2,↑b1,↑] + Im[b∗2,↓b1,↓],

∆j =
∆J

2eVc(σ)
~

= Im[b∗2,↑b1,↑]− Im[b∗2,↓b1,↓]. (22)

Figure 4 shows the numerical results of total persistent current density j versus magnetic flux α with energy
of the transmitted electron 0.5t for N = 11 (Fig. 4(a)) and N = 12 (Fig. 4(b)). Obviously, the total persistent
current is a periodic function of magnetic flux in quantum unit Φ0 = hc/e and this character is due to the fact
that the total transmission probability Ttot(E) defined by T↑(E) + T↓(E) is a periodic function of magnetic
flux which indicates the AB ring oscillates. It can also see that the curve is discontinuous at the half-integer
number of magnetic flux, which is in agreement with the observation in a polyacetylene AB ring[35]. Figures
5(a) (N = 11) and 5(b) (N = 12) show the plots of the spin persistent current ∆j as functions of the magnetic
flux. Similar to the total persistent current shown in Fig. 4, the spin persistent current density is also a periodic
function of the magnetic flux in the quantum unit, and the periods for both the total and the spin currents are
independent of the size of the AB ring; but it is important to point out that the value and the flux window of
the spin persistent current are dependent on AB ring remarkably (Fig. 5). When the ∆j in the ring is positive,
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it means the spin persistent current is spin-up polarization; otherwise it is the spin-down polarization. The
widths of the flux window for the different polarizations are strongly dependent on the size of the ring (the
number of the QDs in the ring), this enables one to be able to control the spin persistent current by modulating
the AB ring.

Fig. 4. Total persistent current density j in AB ring versus magnetic flux α.

Fig. 5. Spin persistent current ∆j in the AB ring as a function of the magnetic flux α.

4. Summary and conclusion

We have shown that output spin current is a periodic function of magnetic flux and modulated by the
number of QDs in the ring due to the quantum phase interference. Moreover, our new observation is that the
persistent current in the AB ring is also spin-polarization dependent resulting from the coupling with the QD
array in which there exists the spin current.
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[26] Büttiker M 1985 Phys. Rev. B 32 1846

[27] Jayanavar A M and Singha Deo P 1994 Phys. Rev. B 49

13685

[28] Shi J R and Gu B Y 1997 Phys. Rev. B 55 4703

[29] D’Amato Jorge L, Pastawski Horario M and Weisz Juan

F 1989 Phys. Rev. B 39 3554

[30] Liu Y Y and Hui P M 1998 Phys. Rev. B 57 12994

[31] Cheung Ho-Fai and Riedel Eberhars K 1989 Phys. Rev. B

40 9498

[32] Chen Y, Xiong S J and Nagelou S R 1997 Phys. Rev. B

56 4778

[33] Carini J P, Muttalib K A and Nagel S R 1984 Phys. Rev.

Lett. 53 102

[34] Orellana Pedro A, Lara G A and Anda Enrique V 2002

Phys. Rev. B 65 193307

[35] Liang J Q, Peng F and Ding X X 1995 Phys. Lett. A 201

369

127202-8


