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A scattering matrix approach to quantum pumping:
beyond the small-AC-driving-amplitude limit*
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In the adiabatic and weak-modulation quantum pump, net electron flow is driven from one reservoir to another by
absorbing or emitting an energy quantum Aw from or to the reservoirs. This paper considers high-order dependence of
the scattering matrix on the time. Non-sinusoidal behaviour of strong pumping is revealed. The relation between the
pumped current and the ac driving amplitude varies from power of 2, 1 to 1/2 when stronger modulation is exerted.
Open experimental observation can be interpreted by multi-energy-quantum-related processes.
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1. Introduction

Generally speaking, the transport of matter from
low potential to high potential excited by absorb-
ing energy from the environment can be described
as a pump process. The driving mechanics of clas-
sic pumps is straightforward and well understood.!"
The concept of a quantum pump is initiated several

(2]

decades agol”! with its mechanism involving coher-

ent tunneling and quantum interference. Research

on quantum pumping has attracted heated interest
since its experimental realization in an open quantum
dot.[3=3]

The current and noise properties in var-

ious quantum pump structures and devices

were investigated such as the magnetic-barrier-

modulated two-dimensional electron gas,[®!

[10,26]

meso-

scopic  one-dimensional
structures,[1:9:15,16,32,34,35]

quantum-dot
with
Aharonov-Casher and Aharonov-Bohm effect,!'"

wire,

mesoscopic  rings

magnetic tunnel junctions,!'”) chains of tunnel-

29] the nanoscale helical

(28]

coupled metallic islands,!
wire, 39 the

garphene-based devices.

Tomonaga—Luttinger liquid, and

[24.25] Theory also predicts

that charge can be pumped by oscillating one pa-

rameter in particular quantum conﬁgurations.[27] A

(31]

recent experiment based on two parallel quan-

tized charge pumps offers a way forward to the po-
tential application of quantum pumping in quantum
information processing, the generation of single pho-
tons in pairs and bunches, neural networking, and
the development of a quantum standard for electri-
cal current. Correspondingly, theoretical techniques
have been put forward for the treatment of the quan-
tum pumps.l#=722:26.29] Ope of the most prominent
techniques is the scattering approach proposed by
Brouwer* who presented a formula that relates the
pumped current to the parametric derivatives of the
scattering matrix of the system. Driven by adiabatic
and weak modulation (the AC driving amplitude is
small in comparison with the static potential), the
pumped current was found to vary in a sinusoidal
manner as a function of the phase difference between
the two oscillating potentials. It increases linearly
with the frequency in line with experimental finding.

Although the quantum pump has been exten-
sively discussed in literatures, little attention was paid
to experimentally observed deviation from the weak-
pumping theory with only the first-order parametric
derivative of the scattering matrix considered. We im-
proved the scattering approach by expanding the scat-
tering matrix to higher orders of the time and mod-
ulation amplitude, which enables us to go farther in
investigation of the problem.
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2. Theoretical formulation

The scattering-matrix equation b, = Saplg,

where a and [ are indexing leads for chan-

nel and spin introduced in the Landauer—Biittiker

conductance, [36—38]

characterizes the transport prop-
erties through a conductor at a certain bias.

In a more general situation with dynamic pro-
cesses, e.g. in quantum pumping, a time-dependent

scattering matrix can be introduced as follows:
o0
= / Sap(t, tag(t)dt', t>1t, (1)
— 00

where « and 3 are generally indexing leads for channel
and spin. An incident state ag at time t' is scattered
into the outgoing state b, at time ¢ with the amplitude
Sap(t,t).

The time-dependent scattering-matrix picture de-
scribed by Eq. (1) is exactly equivalent to the time-
dependent Schrodinger equation with the elements of
the scattering matrix amplitudes of the wave function.
In usual cases, the time-dependent Schrédinger equa-
tion cannot be solved exactly, similarly to the time-
dependent scattering matrix. In the static or adia-
batic cases, it is advantageous to use an analog of the

Wigner transform for the matrix S,s(t, '),

Sop(E,t) = / A PG o(t,t)dt . (2)

An on-time scattering process Sag(t,t') with ¢ = ¢/
is sufficient to describe the bias-driven conductance.
Namely, from Eq. (2), we can use Sog(E) with E la-
beling the energy channel to fully capture the trans-
port physics.

When the scattering time ¢ — ¢ is small (i.e., the
dynamic characteristic frequency is much smaller than
the inverse Wigner time delay), the dynamics can be
approximated to the instant-scattering picture. Phys-
ically this means that the scattering matrix changes
only a little while an electron is scattered by the meso-
scopic sample under dynamic modulation, in which we
use the term “adiabatic”. In adiabatic dynamics, we
can use low-order Fourier components of S,3(E,t) to
characterize transport physics. Therefore, small t — ¢/
is transformed into variation of the particle energy by
side-band broadening around the Fermi level.

We consider the response of a mesoscopic phase-
coherent sample to two slowly oscillating (with a fre-
quency w) external real parameters X;(t) (gate poten-

tial, magnetic flux, etc.),l”]

I(Wt 0

X]() X0]+X

+ X, e i@t s =12 (3)

Xo,; and X, ; measure the static magnitude and AC
driving amplitude of the two parameters, respectively.
The phase difference between the two drivers is de-
fined as ¢ = @1 — 3. The mesoscopic conductor is
The scat-

tering matrix § being a function of parameters X;(¢)

connected to two reservoirs at zero bias.

depends on time.

We assume that the scattering time ¢ — ¢’ is small.
Up to corrections of order hw/v (v measures the es-
cape rate), the matrix So3(E,t) is equal to the “in-
stantaneous” scattering matrix Sx(F), which is ob-
tained by “freezing” all parameters X; to their values
at time ¢. Below, we use the instant scattering ma-
trix §(¢) in place of Sa3(E,t) to describe the physics
for simplicity. The kinetic properties (charge current,
heat current, etc.) depend on the values of the scat-
tering matrix within the energy interval of the order
of max (kgT, hw) near the Fermi energy. In the low-
frequency (w — 0) and low-temperature (T" — 0) limit
we assume the scattering matrix to be energy inde-
pendent. To investigate the deviation from the small
amplitude X, ; limit, we expand the scattering matrix
5(t) into Taylor series of X (t) to second order at Xy ;
with the terms linear and quadratic of X, ; presented

in the expansion,

§(t) ~ §0(X0 j) + §,weiwt + §+we—jwt + $9

+5_ we +S+ —2jwt (4)

with
=Y X, ;eF1903/0X,

j=1,2

=Y X2,0%/ (5)

j=1,2

1 .
LS X2 eesjox,

7j=1,2

éi?w =

It can be seen from the equations that higher orders
of the Fourier spectra enter into the scattering ma-
trix. As a result, both the nearest and next near-
est sidebands are taken into account, which implies
that a scattered electron can absorb or emit an energy
quantum of Aw or 2Aw before it leaves the scatter-
ing region. In principle, third or higher orders in the
Taylor series can be obtained accordingly. However,
the higher-order parametric derivatives of the scatter-
ing matrix diminish dramatically and approximate to
zero. Numerical calculation demonstrates that even
in relatively large amplitude modulation, their contri-
bution is negligible.
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The pumped current depends on the values of the
scattering matrix within the energy interval of the or-
der of max(kgT,2hw) near the Fermi energy. In the
low-temperature limit (7" — 0), an energy interval of
2hw is opened during the scattering process.

The mesoscopic scatterer is coupled to two reser-
voirs with the same temperatures T and electrochemi-
cal potentials u. Electrons with the energy E entering
the scatterer are described by the Fermi distribution
function fo(F), which approximates to a step function
at a low temperature. Due to the interaction with an
oscillating scatterer, an electron can absorb or emit
energy quanta that changes the distribution function.
A single transverse channel in one of the leads is con-
sidered. Applying the hypothesis of an instant scat-
tering, the scattering matrix connecting the incoming
and outgoing states can be written as

ba(t) = 3 sas(t)as(0). (6)
B

Here s, is an element of the scattering ma-
trix §; the time-dependent operator is a.(t) =
[ dEa,(E)e”1Ft/" and the energy-dependent oper-
ator a,(F) annihilates particles with total energy F
incident from the « lead into the scatter and obey the

following anticommutation relations
[al,(E). ap(E")] = 6apd(E — E'). (7)

Note that the above expressions correspond to single-
(transverse) channel leads and spinless electrons. For
the case of many-channel leads each lead index («,
B, etc.) includes a transverse channel index and any
repeating lead index implies implicitly a summation
over all the transverse channels in the lead. Similarly
an electron spin can be taken into account.

Using Eqgs. (4) and (6) and after a Fourier trans-

formation we obtain

ba(B) =Y _[80,a803(E) + 82,0503(E)
B
+ §—w,aﬂ&5(E + h’w) + §+w,aﬁdﬁ(E - h’w)
+ §,2w)a5d5(E + 2hw)

+ 842uw,aplp(E — 2hw)). (8)

The distribution function for electrons leaving
the scatterer through the lead « is fo(éom)(E)
(bL(E)ba(E)),

mechanical averaging. Substituting Eq. (8) into the

where (---) means quantum-

above equation we find

FE(E) = 130,08 + 82,08 fo(E)
B

+15-w.apl* fo(E + hw)

X |8 4w,a8* fo(E — hw)

+ 18 -20,a8]* fo(E + 2hw)

+ 13120082 fo(E = 20w)]. (9)

The distribution function for outgoing carriers is a
nonequilibrium distribution function generated by the
nonstationary scatterer. The Fourier amplitudes of
the scattering matrix [$_y, as]? (|84+w,ap|?) is the prob-
ability for an electron entering the scatterer through
the lead § and leaving the scatterer through the lead
a to emit (to absorb) an energy quantum Aw and
15_2w.08|% (|3424,a5]%) is that of the energy quantum
2hw process. The |80.a5 + 82,a5|° is the probability for
the same scattering without the change of an energy
with the second-order term 35 o3 much smaller than
the zero-order term 3y .3 in weak-modulation limit
(Xw,; < Xo,;) and can be omitted therein.

Using the distribution functions fo(F) for incom-
ing electrons and f2"'(E) for outgoing electrons, we
find that the pumped current measured at lead « is

oo

| L(E)ba(B)) — (@l (E)aa(E))dE. (10)

> 27xh Jy

Substituting Eqgs. (9) and (5) into Eq. (10) we obtain

ew Dsap Ospp .
I, = o Xoji X ja X 8721811’1((,0]‘1 - (pjz)
8,315z Ju T
ew 2 2
+ % Z waleanQ
B,31,42

X 828“5 82835
0X;, X

iSinp(‘le - <pj2)]' (11)

Quantum pumping properties beyond former theory
based on first-order parametric derivative of the scat-
tering matrix are demonstrated in Eq. (11). By taking
higher orders of the Fourier spectrum of the scatter-
ing matrix into consideration, double Aw energy quan-
tum (or a 2fw energy quantum) emission (absorption)
processes coact with single hw quantum processes. In
the weak-modulation limit, the second term on the
right-hand side of Eq. (11) is small, which implies that
double Aw quantum processes are weak and therefore
not observable. As the AC driving amplitude is en-
larged, this term increases markedly and contribution
from double Aiw quantum processes takes effect. As a
result, the dependence of the pumped current on the
phase difference between two driving oscillations devi-
ates from sinusoidal and changes from sin ¢ to sin 2¢,
which is observed in experiment.?! Moreover, the rela-
tion between the pumped current and the AC driving
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amplitude X, ; is reshaped. It is also seen that the
linear dependence of the pumped current on the os-
cillation frequency holds for multi-quanta-related pro-
cesses. In the next section, numerical results of the
pumped current in a two-oscillating-potential-barrier
modulated nanowire are presented and compared with
experiment.

3. Numerical results and inter-

pretations

We consider a nanowire modulated by two gate
potential barriers with equal width L = 20 A
(1 A=0.1 nm) separated by a 2L = 40 A width well
(see Fig. 1). The electrochemical potential of the two
reservoirs p is set to be 60 meV according to the res-
onant level within the double-barrier structure. The
two oscillating parameters in Eq. (3) correspond to
the two AC driven potential gates X1 2(t) — Ui a(t)
while all the other notations correspond accordingly.
We set the static magnitude of the two gate potentials
Uo,1 = Up2 = Uy = 100 meV and the AC driving am-
plitude of the modulations equal U, 1 = U, 2 = U,,.

U1 ¢ UZ
1 1 1 1 1 ’
—2L —L 0 L 2L T

Fig. 1.
nanowire modulated by two AC driven potential barriers.

Schematic diagram of the quantum pump: a

In Fig. 2, the dependence of the pumped cur-
rent on the phase difference between the two AC os-
cillations is presented. In weak-modulation regime
(namely U, are small), sinusoidal behaviour domi-
nates. Here, three relatively large U, are selected to
reveal the deviation from the sinusoidal dependence.
(The magnitude of the pumped current mounts up
in power-law relation as a function of U, as shown
in Fig. 3. The sinusoidal curve for small U, would
be flat and invisible in the same coordinate range.)
It can be seen from the figure that the I,—¢ rela-
tion varies from sinusoidal (sin ¢) to double-sinusoidal
(sin2¢) as the AC oscillation amplitude is increased.
The interpretation follows from Eq. (11). The single
hw quantum emission (absorption) processes feature

a sinusoidal behaviour while the 2Aw quantum emis-
sion (absorption) processes feature a double-sinusoidal
behaviour when the Fourier index is doubled. As U,
increases, double Aiw quantum processes gradually par-
allel and outweigh the single hw quantum ones. It is
also demonstrated that when the single Aw quantum
processes have the effect of sin ¢ dependence, the dou-
ble hAw quantum processes induce a — sin 2¢ contribu-
tion with a sign flip, which can be understood from the
sign change of the derivative of the scattering matrix.
The effect of three- and higher iw quantum processes
The
experimental observations® as a deviation from the

is small even for large U, comparable to Up.

weak-modulation limit are revealed by our theory.

0.2 r . U, = 15 meV
.‘ ) - = U, =20 meV
01Ff TN e e U, =25 meV

I, (ew/2m)

—02 F

0 05 1.0 15 2.0
é(m)

Fig. 2. Pumped current as a function of the phase differ-
ence between the two modulations for different AC driving
amplitudes.

Experiment! also discovered that for weak
pumping the dependence of the pumped current on
the pumping strength obeys a power of 2 relation, as
expected from the simple loop-area argument;*~6 for
strong pumping, power of 1 and 1/2 relation is ob-
served beyond former theory. We presented in Fig. 3
the numerical results based on our theory of the I,-U.,,
relation at a fixed ¢. To demonstrate its power-law
dependence, natural logarithm of the variables is ap-
plied. From Eq. (11), it can be seen that for large
AC driving amplitude U,,, contribution of double Aw
quantum processes (formulated in the second term on
the right-hand side of the equation) causes the I,~U.,
relation to deviate from its weak-modulation limit,
the latter of which is I;, oc U2. For different phase dif-
ference between the two AC drivers, the deviation is
different. At ¢ = 7 the pumped current is invariably
zero regardless of the order of approximation deter-
mined by time-reversal symmetry. At ¢ = 7/2, sin 2¢
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is exact zero, and no difference is incurred by intro-
ducing higher order effect. If we shift the value of ¢
to 0.497, the abating effect of the double iw quantum
processes has the order of U2 with the small second-
order parametric derivative of the scattering matrix
smoothing that effect a bit. Consequently, a power of
2 — 1 — 1/2 relation is obtained and visualized by

or
>K InTp
| ® ~2WU,
—2F A ~1nU,

| v ~InU,/2
&
N
3 -4
<L
=
~
= X
—_ 6_ x

X
X
—1.508
-8 350 3.75 400 425
3
1 1 " 1 L 1 L 1
0 1 2 3 4

In U, /meV

Fig. 3. Pumped current as a function of the AC driv-
ing amplitude U, along with fits to I, oc U2 (red solid
circle) below 35 meV, I, « U, (green upward triangle)
below 41 meV, and I, x U}J/Q above 41 meV (blue down-
ward triangle). To demonstrate its power-law dependence,
natural logarithm of the variables is applied. The phase
difference between the two AC driver ¢ = 0.497. Inset is
the zoom-in of the circled region.

our curve fit, which is analogous to experimental find-
ings. For different values of ¢, sharper abating and

augmental effect occurs with analogous mechanisms.

Bl was done at the

It is possible that the experiment
phase difference close to 7/2 while trying to approach
maximal pumped current in the adiabatic and weak-

pumping limit.

4. Conclusions

Based on the AC scattering approach, we fur-
ther expand the time-dependent scattering matrix to
higher orders of the modulation amplitude and the
time. It is demonstrated in our theory that 2Aw quan-
tum emission (absorption) processes coact with those
of single Aw quantum when we go beyond the small-
frequency and weak-modulation limit. Nonsinusoidal
dependence on the phase difference between two oscil-
lating modulations is incurred by higher order Fourier
components. The pumped current versus modulation
amplitude relation has a power law of 2 — 1 — 1/2
passage with the increase of the oscillating ampli-
tude. Numerical results for a two-AC-gate modulated
nanowire interpret experimental findings at large AC
driving amplitudes.
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