
Chin. Phys. B Vol. 19, No. 12 (2010) 127105

Rapid Communication

Effects of polarons on static polarizabilities and second

order hyperpolarizabilities of conjugated polymers∗

Wang Ya-Dong(王亚东)a)b)c), Meng Yan(孟 艳)a)b), Di Bing(邸 冰)a)b),

Wang Shu-Ling(王淑玲)a)b), and An Zhong(安 忠)a)b)†

a)College of Physics, Hebei Normal University, Shijiazhuang 050016, China

b)Hebei Advanced Thin Films Laboratory, Shijiazhuang 050016, China

c)Zhangjiakou Vocational and Technical College, Zhangjiakou 075051, China

(Received 20 June 2010; revised manuscript received 24 July 2010)

According to the one-dimensional tight-binding Su–Schrieffer–Heeger model, we have investigated the effects of

charged polarons on the static polarizability, αxx, and the second order hyperpolarizabilities, γxxxx, of conjugated

polymers. Our results are consistent qualitatively with previous ab initio and semi-empirical calculations. The origin

of the universal growth is discussed using a local-view formalism that is based on the local atomic charge derivatives.

Furthermore, combining the Su–Schrieffer–Heeger model and the extended Hubbard model, we have investigated sys-

tematically the effects of electron–electron interactions on αxx and γxxxx of charged polymer chains. For a fixed value

of the nearest-neighbour interaction V , the values of αxx and γxxxx increase as the on-site Coulomb interaction U

increases for U < Uc and decrease with U for U > Uc, where Uc is a critical value of U at which the static polarizability

or the second order hyperpolarizability reaches a maximal value of αmax or γmax. It is found that the effect of the e–e

interaction on the value of αxx is dependent on the ratio between U and V for either a short or a long charged polymer.

Whereas, that effect on the value of γxxxx is sensitive both to the ratio of U to V and to the size of the molecule.
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1. Introduction

Much research has focused on the nonlinear opti-
cal (NLO) properties of conjugated organic and poly-
meric materials largely for the development of new
optical devices.[1] The organic NLO effects originate
from the microscopic nonlinear polarization, which is
mainly enhanced by π-electron conjugation and char-
acterized by the hyper-polarizability. The first order
hyperpolarizability is the largest non-linearity, and it
exists only for materials without inversion symmetry.
The second order hyperpolarizability, on the other
hand, can be detected in any material. The quest
for theoretical methods that provide reasonable de-
scriptions of the NLO response for such materials is
not only academically interesting but also acutely re-
quired by new material research.

So far, a large number of ab initio[2−10] and semi-

empirical calculations[11−22] have been performed to
calculate the (hyper)polarizabilities of π-conjugated
systems. From these studies one can note that the
microscopic and the macroscopic NLO responses of
polymer chains are sensitive to the nature and the
length of the conjugated skeleton, the position and
the nature of the donor/acceptor substituents, and
the presence and the level of dopant charge defects.
It has been generally accepted that charges on poly-
mer chains, introduced by photo-excitation, chem-
ical doping, or injection, can lead to a great en-
hancement of the (hyper)polarizability, and that some
charged defects such as solitons and polarons induce
negative values of second order hyperpolarizability
(γxxxx) for short and even medium chains.[11,12,15] For
short conjugated systems, most of the ab initio and
semi-empirical methods, especially those that include
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higher order electron correlation effects, can estimate
the (hyper)polarizability values in equal or even bet-
ter accuracy than the experimental techniques.[23,24]

In these systems, although the structural conforma-
tions of the charged polymer chain were regarded as
solitonlike,[8] such solitonic structures were highly dis-
torted due to the confinement by the chain ends. So
it is desired to study extended-chain cases, where the
solitonic structures are relatively free from finite chain
effects and the converged physical properties can be
obtained.[25]

It is well known that for conjugated polymers,
the basic physical process is determined by both
electron–lattice and electron–electron interactions.
Recently, some studies have focused on the role that
the electron–electron interactions play in the NLO
response of polymers.[26−28] Results from different
methods all confirm that the e–e interactions markedly
influence the NLO response and other properties of
polymers, which implies a guideline to optimize the
NLO properties. Consequently, it is valuable to study
the effects of the e–e interactions on the NLO re-
sponses, furthermore, to study the collective effects
of the various factors, such as chain lengths, topo-
logical defects, and the e–e interactions, on the NLO
properties of conjugated systems. We have found
that such collective study is apparently rare in the
literature. In the present article, we will investigate
how the e–e interactions affect the NLO responses of
both short and long charged polymers based on the
combination of the one-dimensional tight-binding Su–
Schrieffer–Heeger (SSH) model and the extended Hub-
bard model (EHM). It has been shown that the EHM
and the unrestricted Hartree–Fock (UHF) approxima-
tion are good approximations if the electron–electron
interactions are not too strong. Due to the impor-
tant role that the polaron plays in determining the
charge injection, optical and transport properties of
conducting polymers, many efforts have been made to
study its static and dynamical properties.[29−33] Here
we also take polarons as an example to reveal the ef-
fect of topological defects on NLO responses. Besides,
we will also discuss the structure-property relationship
by a local-view formalism that is based on the local
atomic charge derivatives in order to provide a con-
ceptually simple, quantitative understanding of the
results obtained.

2. Model and method

Regarding a conjugated polymer with a charged
polaron as a finite chain of N CH groups with N+1 (or
N − 1) electrons in the π band, the total Hamiltonian
is given as

H = HSSH + He−e + HFx , (1)

where HSSH represents the electron–phonon coupling
and the elastic energy,[34] and is expressed as

HSSH = −
∑
n,s

[t0 − α(un+1 − un)](c†n+1,scn,s + h.c.)

+
K

2

∑
n

(un+1 − un)2. (2)

Here, t0 is the transfer integral between the nearest
neighbour sites in the undimerized system, α is the
electron–phonon coupling, c†n,s (cn,s) is the creation
(annihilation) operator of an electron with spin s at
the n-th site, un is the displacement of the n-th CH
unit, and K is the spring constant of σ-bond.

He−e gives the electron–electron interactions,[35]

which is expressed in the Hartree–Fock approximation
as

He−e =
U

2

∑
n,s

(
c†n,scn,s − 1

2

)(
c†n,−scn,−s − 1

2

)

+V
∑

n,s,s′

(
c†n,scn,s − 1

2

)

×
(

c†n+1,s′cn+1,s′ − 1
2

)
, (3)

where U represents the on-site Coulomb interactions,
and V the nearest-neighbour interactions.

Finally, HFx is the additional potential energy in-
duced by the applying electric field Fx and given as

HFx
= Fx

∑
n,s

|e| [na + un]
[
c†n,scn,s − 1

2

]
, (4)

where e is the electron charge, and a the lattice con-
stant. In the calculation, the parameters are those
generally chosen for polyacetylene:[34] t0 = 2.5 eV,
α = 4.1 eV/Å, K = 21 eV/Å2, and a = 1.22 Å
(1 Å=0.1 nm).

In the Wannier representation the electron wave
function can be expressed as

ψs
µ =

∑
n

zs
n,µ |n〉 . (5)

The electron wave function ψs
µ and the energy

spectrum εµ can be obtained by solving the eigenequa-
tion

Hψs
µ = εµψs

µ. (6)
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The total energy is

E [{un}] =
occ.∑
µ,s

εµ [{un}] +
k

2

∑
n

[un+1 − un]2. (7)

The lattice distortion un is determined by mini-
mizing the total energy

un+1 − un = −2α

K

[ occ.∑
µ,s

zs
n,µ

zs
n+1,µ

− 1
N

N∑
n=1

occ.∑
µ,s

zs
n,µ

zs
n+1,µ

]
. (8)

The ψµ, εµ and un can be obtained by self-consistently
solving the combined equations (6) and (8).

In the present work, the static polarizabilities αxx

and the second order hyperpolarizabilities γxxxx of fi-
nite polymer chains are calculated by using the finite-
field procedure[36] which has been described clearly in
one of our previous papers.[9]

3. Results and discussion

3.1. Static polarizability

We initially calculate the values of static polar-
izability, αxx of polymer molecules including charged
polaron defects with different lengths based only on
the SSH model, i.e., with U = V = 0. In our calcula-
tions, the starting geometry of a finite polymer chain
with a charged polaron is obtained by considering the
doping of an electron into a half-filled system based
on the computational method mentioned above. Due
to the low-dimensional nature of the electronic and
lattice structures, the ground state system undergoes
Peierls distortion with nonlinear defects. Many prop-
erties of conjugated polymers have been considered to
be related to these nonlinear localized defects. The
situation is the same for hole doping because of the
electron–hole symmetry in the present model.

Shown in Fig. 1 are the chain-length dependences
of αxx for finite neutral polymers and charged poly-
mers with negative polarons represented by C2nH2n+2

and C2nH−2n+2 respectively. For short and medium
chains, the values of αxx of the two species clearly
present super linear growth with chain length increas-
ing, and the growth rate of αxx for charged chain is
much larger than that for the neutral chain. This
is caused by an increase of electron delocalization
which is associated with smaller bond length alterna-
tion (BLA) induced by charge defect. For the longer

chains, the chain-length dependent enhancements of
αxx for both the charged and the neutral polymeric
chains become less and less pronounced.

Fig. 1. Curves for static polarizability αxx versus chain

length n for C2nH−2n+2 and C2nH2n+2.

The saturation of the chain-length dependent
growth of αxx for the two species is depicted in Fig. 2,
where we plot the increment in αxx due to the addi-
tion of a unit cell of C2H2 against the number of unit
cells n contained in the molecule. The increment in
αxx for one additional unit cell is given by αn−αn−1,
where αn is the static polarizability of the polymers
containing n repeat units. The horizontal asymptotes
of the two species observed for large n indicate that
the increment in αxx due to an additional unit cell
is a constant independent of the chain length. There-
fore, the values of αxx increasing with the chain length
for the two species become linear for large n. Fur-
thermore, because of the same asymptotic values for
the two species, the increase of αxx for long chains
is not affected by the presence of the polaron, i.e., in
the long chain limit, both the charged and the neu-
tral polymer chains are expected to have the same de-
pendences of the growth rate of αxx on chain length.
From the plots, we obtain a value of 3.79 (eÅ)2/eV
for αn − αn−1, which is equivalent to the static po-
larizability per unit cell, αn/n, for an infinite chain.
Meanwhile, it is obvious that the effect of the polaron
simply amounts to a constant increment to αxx. By
comparing the values of αxx of charged and neutral
chains in the long-chain limit, we infer an approxi-
mate effective αxx value of 1.2×103 (eÅ)2/eV for a
single charged polaron. The above results are consis-
tent qualitatively with previous results[8−12,14,15] by
ab initio and semi-empirical calculations.
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Fig. 2. Increments in αxx due to one additional unit

cell against the number of unit cells for C2nH−2n+2 and

C2nH2n+2.

In order to describe the effects of local variations,
a local-view formalism was developed by Nakano et
al.[14] and Geskin and Bredas.[37,38] In the view of the
local-view formalism, the αxx and γxxxx of a polymer
molecule are approximated by a sum of contributions
from individual partitioned point charges, which are
conveniently taken to be the charges at the atomic
sites:

αxx ≈
atoms∑

i

xi
∂qi

∂Fx

∣∣∣∣
Fx=0

≡
atoms∑

i

xiq
(1)
i , (9)

γxxxx ≈
atoms∑

i

xi
∂3qi

∂F 3
x

∣∣∣∣
Fx=0

=
atoms∑

i

xiq
(3)
i , (10)

where xiq
(1)
i and xiq

(3)
i are called the α-moment and

γ-moment, and q
(1)
i and q

(3)
i the α-charge and the γ-

charge at the site i. The α-charge and the γ-charge are
basically the first and third derivatives of the charge
that is localized at an atomic site i with respect to
applied electric field Fx. The distance x is along the
long axis of the molecule. Figure 3 shows the α-charge
profiles for charged and neutral long polymer chains
with the chain-length being 140 carbon atoms. For
the neutral molecule, the α-charge profiles within the
central region of the chain are essentially flat, with the
values at neighbouring sites being equal in magnitude
but opposite in sign. For charged molecules with a
polaron, the α-charge profiles within the central re-
gion of the chain are distorted due to the presence of
the polaron, which causes contributions to αxx from
this region to increase. Meanwhile, the extent of the
α-charge distortion induced by the polaron is limited
to about 100 sites for long chains, and does not extend
further with chain increasing. In the regions near the
chain-ends, the α-charges for the charged and neutral
cases are essentially identical at each site. Thus, in

the α-charge picture, what happens as the molecule
grows in length in the long-chain limit is that pairs of
α-charge with equal magnitude and opposite sign are
inserted anti-symmetrically into the flat region near
the chain-end (such as I1 and I′1, I2 and I′2 in Fig. 3).
The original α-charge profiles are pushed toward the
ends without any change in shape. The increment in
αxx due to inserting pairs of α-charges is composed of
two parts:[9] (a) the α-moments provided by the in-
serted pairs: the inserted α-charges I1 (I′1) and I2 (I′2)
are +0.57 (–0.57) and –0.61 (+0.61) e2Å/eV respec-
tively, multiplied by their coordinate along the x di-
rection; their net contribution is about 3.37 (eÅ)2/eV;
(b) in the regions near the chain-ends, since the in-
sertion of an additional pair translates the α-charge
profile of each end outward, the increment in αxx due
to the contributions from sites in the regions near the
chain-end is

end sites∑

i

∆xq
(1)
i = ∆x

end sites∑

i

q
(1)
i , (11)

where ∆x is the distance of translation of the α-charge
profile, which is equal to half of the length of the x

projection of a single bond and a double bond, i.e.,
1.22 Å. The summation is over all the sites in the
two end regions, which is 3.64 e2Å/eV, so the contri-
butions to αxx from the two ends can be obtained
to be 4.44 (eÅ)2/eV in total. Since the contribu-
tions of contributions (a) and (b) are independent
of chain length, αxx increases linearly with the chain
length in the long-chain limit. Furthermore, the sum
of the contributions (a) and (b) gives a net value of
7.82 (eÅ)2/eV for the insertion of two additional unit
cells, i.e., 3.91 (eÅ)2/eV for αn − αn−1, which is re-
markably close to the value of 3.79 (eÅ)2/eV from the
finite-field calculation.

Fig. 3. The α-charge profiles for C140H−142 and C140H142.

In the following, we will discuss the effect of e–e
interaction on the αxx of charged polymer with po-
laron by modifying the SSH model with the extended
Hubbard model (EHM). To start with, we study the
case of the simpler Hubbard model (HM), i.e., V = 0
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in the EHM. Figure 4 shows that the value of αxx

for charged polymer varies with on-site Coulomb in-
teractions U . One can see that both the Coulomb
attraction (U < 0) and the repulsion (U > 0) reduce
the αxx of charged polymer, i.e., αxx decreases mono-
tonically with |U | and reaches its maximum value at
U = 0, from which we note that the on-site Coulomb
interaction U weakens the response of the additional
charge to external electric field.

Fig. 4. Static polarizability αxx as a function of U for

charged polymer.

Next, we turn to consider both the on-site
Coulomb interactions U and the nearest-neighbor in-
teractions V , i.e., EHM. Only positive U and V are
considered here because they are more relevant to real
polymer materials. Figure 5 illuminates how the val-
ues of αxx for long charged polymeric chains including
120 carbon atoms vary with U for several fixed values
of V . It can be seen that the nearest-neighbour inter-
action V also reduces the αxx of charged chain, and
that for every fixed value of V , αxx of the polymer
chain increases as U increases from 0 to a critical value
Uc, and reaches its maximum value αmax at Uc. Be-
yond this point, αxx decreases with U . These results
indicate a competition between the on-site Coulomb
interaction U and the nearest-neighbour interaction
V , which means that they will counteract each other
in the process of charge distribution. When U < Uc,
the nearest-neighbour interactions play a dominant
role, the larger U weakens the tendency of V to re-
duce αxx, and results in αxx increasing with U . For
U > Uc, U plays a dominant role, and the larger U

means a stronger reduction in αxx for a fixed value
of V . The result is that αxx decreases with U . As a
result, the value U = Uc is the position where U and
V balance each other most effectively.

Meanwhile, the value of Uc presents a slowly and
relatively decreasing trend with V increasing for a

fixed chain. For example, for V =0.3, 0.7, 1.0, and
1.5 eV, the values of Uc are 2.40, 2.39, 2.35, and 2.27
times the value of V respectively for both the short
and long chains, which shows that the effects of e–e
interactions on αxx of charged polymers are depen-
dent only on the competition between U and V , i.e.,
the ratio between U and V , and are independent of
the size of molecule.

Fig. 5. Curves for static polarizability αxx of charged

polymer versus U for several fixed values of V in EHM.

3.2. Second order hyperpolarizability

Our numerical results show that the values of
the second order hyperpolarizability γxxxx of charged
polymers are also very sensitive to the presence of a
polaron for the short and the medium chain-length
cases, their long chain-length behaviours are essen-
tially universal, like that of αxx. We note that the
γxxxx value of short chain (less than 6 carbon atoms)
with a polaron is found to be negative in sign, like
the case of a charged soliton. The above results are
qualitatively consistent with previous results.[11,12,15]

Now we discuss the effects of e–e interactions
on the values of γxxxx for charged polymeric chains.
We also begin with considering the simpler Hubbard
model (HM). Figure 6 shows the values of γxxxx

for short (40 carbon atoms) and long (120 carbon
atoms) chains with polarons as functions of on-site
Coulomb interactions U separately. One can see that
the on-site Coulomb interactions produce different ef-
fects on γxxxx for the short and the long chains. For
a short chain, γxxxx increases with |U | increasing
from 0 to 3.4 eV and reaches its maximum value at
U = ±3.4 eV. It then decreases with |U | increasing.
For a long chain, γxxxx decreases monotonically with
|U | and reaches its maximum value at U = 0.
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Fig. 6. Curves for the second order hyperpolarizability

γxxxx versus U for charged chains.

Shown in Fig. 7 are the γ-charge profiles for short
chains (40 carbon atoms) with polarons for U = 0,
3.3 and 4.0 eV. One can see that (a) the γ-charge
distortions induced by the polaron occupy almost the
whole chain, all γ-charge profiles can be divided into
the abnormal polarization region within the central
part of the chain, and the normal polarization re-
gions on both outward sides of the abnormal polar-
ization region; the former provides negative contribu-
tions for U < 3.3 ∼ 3.4 eV, and positive ones for
U > 3.3 ∼ 3.4 eV, and the latter provides only pos-
itive contributions to γxxxx; (b) the existence of the
abnormal polarization region is the origin of the neg-
ative values of γxxxx for a short chain with a polaron;
(c) the on-site Coulomb interactions U reduce the val-
ues of the γ-charges in both the normal and the abnor-
mal polarization regions, which decreases the absolute
values of its negative contributions.

Fig. 7. The γ-charge profiles for short charged chains at

different values of U .

For the case U < 3.3 ∼ 3.4 eV, although the
absolute values of the γ-charges of both the normal
and the abnormal polarization regions decrease with
U increasing, the absolute value of the decrement of
the negative contribution from the abnormal polar-
ization region is larger than that of the positive one

from the normal polarization region. This results in

γxxxx increasing with U . As for U > 3.3 ∼ 3.4 eV, the

effects of the abnormal polarization region on γxxxx

become a smaller fraction due to the diminution of

both its γ-charge values and its extent. The molecu-

lar second-order polarizability is mainly dependent on

the variation of positive contribution from the normal

polarization region and thus decreases with U .

For long chains the extent of abnormal polariza-

tion region is fixed and not affected by the increase of

chain length. The positive contribution coming from

the normal polarization region plays a dominant role

while the negative contribution coming from abnormal

polarization region accounts for only a small fraction

and its effect may be neglected. Therefore, γxxxx de-

creases monotonically with U increasing. It is obvious

that the different effects of U on γxxxx for short and

the long chains are due to the existence of the abnor-

mal polarization region, which means that the size of

molecule plays an important role in the effect of e–e

interaction on γxxxx of charged polymer.

Next, we turn to a consideration of both the on-

site Coulomb interaction U and the nearest-neighbour

interaction V . Figure 8 shows the values of γxxxx for

short chain (40 carbon sites) as functions of U for sev-

eral fixed values of V respectively. It can be seen that

the nearest-neighbour interaction V also reduces γxxxx

in polymer chain with polaron, and that, for each fixed

value of V , γxxxx of the short chain increases with U

increasing from 0 to a critical value Uc, and reaches

its maximum value γmax at Uc. It then decreases with

U further increasing.

Uc for γxxxx also decreases relatively with V in-

creasing for a fixed chain, which is similar to the case

of static polarizability. For example, for V = 0.3, 0.7,

1.0, and 1.5 eV, the values of Uc are 10.3, 2.86, 2.4,

2.33 times the value of V for short chains (40 sites).

We note that as V increases, the value of Uc’s for either

αxx or γxxxx approaches U = 2V where the ground

state system undergoes a quantum phase transition

between the charge-density-wave (CDW) for U < 2V

and the spin-density-wave (SDW) for U > 2V . The

deviation of Uc’s from the normal transition boundary

is due to the electronic and lattice structure distor-

tions induced by charged defects.
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Fig. 8. Curves for the second order hyperpolarizability

γxxxx of short charged chain versus U at several fixed val-

ues of V in EHM.

It should also be noted that Uc for γxxxx of long
chains is smaller than that of the short chain for a
fixed V . For example, for V = 1 eV, its Uc is 2.43, 2.38
and 2.37 times the value of V when the chain length
is 40, 80 and 120 carbon sites respectively. In the
long chain limit, Uc for γxxxx also approaches 2V , i.e.,
U = 2V , which indicates that the effect of e–e inter-
action on γxxxx of polymer with polaron is dependent
on the size of molecule. It is easy to see that with the
chain length increasing, the region having distortions
becomes a smaller and smaller fraction of the over-
all chain, and the deviation of Uc from the transition
boundary becomes less and less pronounced.

As a result, the effect of e–e interaction on γxxxx

of polymers with polarons is sensitive to both the ra-

tios between U and V and the size of the molecule.
Our results indicate the feasibility of optimizing the
static polarizability and the second order hyperpolar-
izability of polymer by tuning the e–e interaction. In
principle, polyenes consisting of different atoms may
possess different correlation strengths.

4. Summary

Although both αxx and γxxxx are very sensitive
to the presence of a charged polaron for short and
medium chain lengths, their long chain-length be-
haviours are essentially universal for both the neutral
and the charged chains. Furthermore, for every fixed
value of V , αxx and γxxxx for polymer chains with
polarons increase with U increasing for U < Uc and
decrease with U increasing for U > Uc. Here Uc is
a critical value of U at which the largest static po-
larizability αmax or the largest second order hyperpo-
larizability γmax occurs. Both U and V reduce the
αxx and γxxxx values of polymers with polarons, their
collective actions on αxx and γxxxx are dependent on
their relative sizes because of the competition between
them. Additionally, the effects of electron–electron in-
teraction on the γxxxx of polymers with polarons is
also sensitive to the molecular size. The theoretical
results are expected to provide useful guidance in op-
timizing αxx and γxxxx of polymers by tuning the e–e
interactions.
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