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The Noether symmetry, the Mei symmetry and the conserved quantities of discrete generalized Birkhoffian system

are studied in this paper. Using the difference discrete variational approach, the difference discrete variational principle

of discrete generalized Birkhoffian system is derived. The discrete equations of motion of the system are established.

The criterion of Noether symmetry and Mei symmetry of the system is given. The discrete Noether and Mei conserved

quantities and the conditions for their existence are obtained. Finally, an example is given to show the applications of

the results.
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1. Introduction

The symmetries of mechanical systems have close
connection with the associated conserved quantities.
The modern methods of finding conserved quanti-
ties use the symmetries which are mainly Noether

2l and Mei symmetry.[34

symmetry,[! Lie symmetry
The Noether symmetry is the invariance of Hamil-
tonian action functional under infinitesimal transfor-
mation groups. The Lie symmetry is the invariance
of differential equations of motion under infinitesimal
transformation groups. Mei presented a new theory
of symmetries, the form invariance of mechanical sys-
tems. Mei’s form invariance is also called Mei symme-
try, which means that the dynamical function in the
equation of motion still satisfies the equation’s pri-
mary form after some infinitesimal transformations.
Recently, the symmetries and conserved quantities
have been thoroughly studied in continuous mechani-
cal systems.[5—19]

However, these symmetries and conserved quanti-
ties have been extended to discrete systems in the last
few years. A number of authors have since proposed
variational treatments of discrete mechanical systems.
Zhang et al.l'67 and Fu et al.'® studied the discrete
varitional principles of several constrained mechanical
systems. Shi et al.l'92 studied Lie symmetry, Mei

symmetry and conserved quantities of general discrete

holonomic systems. Lu et al.l?!l studied Noether sym-
metry, Mei symmetry and the conserved quantities of
discrete holonomic system. However, the symmetries
and conserved quantities of the discrete generalized
Birkhoffian system have never been studied so far.

In 2002, Guo et al.?2=20] presented a discrete dif-
ference variational principle and introduced the con-
cept of Euler-Lagrange cohomology. Using the dif-
ference discrete variational approach, we study the
Noether symmetry and the Mei symmetry of discrete
generalized Birkhoffian system, give the criterion of
Noether symmetry and Mei symmetry of the system,
and obtain the discrete Noether and Mei conserved

quantities.

2. Discrete equations of motion of

the system
The generalized Birkhoffian equation can be writ-
ten as
6RV_8RH d”—ﬁ—B—aR" _ 4
dar  Oa dan Ot W
(nyv=1,...,2n), (1)

where B = B(t,a) is called a Birkhoffian, R, =
R, (t,a) are called Birkhoffian functions, a* are vari-

ables, A, are additional items.
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The Birkhoffian action of the system can be ex-

pressed as

to
Az/ (R,a" — B)dt. (2)
ty
Choosing the infinitesimal transformations of

time and coordinates as

" =t+ 0t =t+eo(t,a),
at* (t*) = a(t) + drat(t) = at(t) + €4 (t, a), (3)

where ¢ is an infinitesimal parameter, and é; repre-
sents the total variation, while o, &, are infinitesimal
generators.

If the infinitesimal transformations (3) are the
generalized quasi-symmetry transform of system (1),

we have
ta
0 A= —/ A, 0atdt. (4)
ty

In discrete mechanics, time interval (¢1,t9) is dis-
cretized into a point sequence (t;), k = 0,1,..., N,
the discrete versions of a*, 4,(t,a), B(t,a), R,(t,a)
are atF = a*(ty,), Ak = Ay (ty,a*), B, = Bp(tx,a¥)

and Rﬁ = R, (t,a"), respectively.

Choosing the infinitesimal transformations of dis-

crete time and discrete coordinates as

th =ty + 0oty =ty + &5 (ty, a®),
at R () = at R (L) + 6rat R (ty)
= a(ty) + Egﬁ(tkv a"), (5)

where ¢ is an infinitesimal parameter, while fg, & ﬁ are
discrete infinitesimal generators.
Under the infinitesimal transformations (5), the

corresponding version of Egs. (2) and (4) becomes

Ap = Z (te1 — tr) (R A — BR),  (6)
k

8t Ap = =) (trs1 — ti) (AR SaF) (7)
k

with the difference Aa** of a** at t;, defined by

atk L gk

Agrk = 20 (8)
tk+1 — Tk
where da** satisfy the following relational
expressions!°!
sa* = §,at* — Syt Aat", (9)

From Egs. (6) and (7), we obtain

8¢ Y (trar — te) (REAGY — BR) + > (teyr — i) (AfdaF)

k k

= > {(REAG"" — BE)Si(thpr — tr) + (tes1 — tr)0e(REAG!® — BY) + (thar — tr) AL (Sa™F — 6,8, Aa*)}
k

= (tep1 — tr){REAA"FASity — B Adity, + AaF 6, R + RF S Aak*
k

— & BY + AL (50" — 6ptAa )} = 0. (10)
By using the Leibniz law
A(fegr) = Afi - gk + fes1 - Agr, (11)
and the following relational expressions/?°]
SiAaF = ASatF — AahFAdty. (12)

Then equation (10) turns into

k

Z (tpg1 — tk){RﬁAa”’kAéttk — A(BE16,t1) + ABE 6y,

ORE k
+ L5t AaF + %c&a“’kAa”’k + RE(AS;a"F — AaF Adyty,)

oty
83% wk

OB
" Dark Ot p)

k
tf Sety, + Ay (80" — 5ttkAa“7k)}
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, Bk ORE
= (tr m{A(Rﬁlata“»k — Bl o) + (AB’JB* - aat,f i, At - AZAa“”“)éttk
k
aRl/ v,k k=1 aBD k
+ ( o Aat — AR) S * ) okt b =0. (13)

Adopting the fixed boundary d;tg = d;ty = 0 and §;a*? = §;a*N = 0, from Eq. (13), we obtain the discrete
equations of motion of the system

aRV v,k k—1 831[6) k
et — AR — S A =0, (14)
OBk ORF
k—1 D L k k Kk
ABj = TP Ak — A Aath =0 (15)

3. Noether symmetry and Noether conserved quantities of discrete
generalized Birkhoffian system

In order to obtain the discrete Noether conserved quantities and the conditions for their existence, we give
a Noether equation first.

According to Egs. (10) and (12), we obtain

Rl Aa** Adyty, — B)ASity + Aa*6,R) + RS Aak* — §,Bf, + Af: (50" — 6,1, Aa’*)

OR}; ORE
= RﬁAau”k’Aéttk — BIE)A(Sttk + 8t: (SttkAal’L’k + &LTU(S a“vaaV,k

OBk . OB
+ Ry (Adah* — Aa*F Abity) — aaﬁc SpatF — o féttk + AF (8pah* — St Aak ")
ORF OBk, ORk OBk
_ [ wk v v,k D wk _ pk
= (atk Aa 8tk >6ttk + (aa”vk Aa 78@“7’“ > 5ta BDA(sttk
+ Ri NSl * + AF (80" F — 5yt Aak ) = 0. (16)
Take note of
5ttk = 55(1)67 5fau k= 66/1.’ (17)

due to the randomicity of €, we obtain

ORk oB ORt . OB}
((%:Aa“”“ D)fo (aamm - 5 MD,€> — BRALS + REALE + AR (&) — €5 Aa™r) = 0. (18)

Proposition 1 For discrete generalized Birkhoffian systems (14) and (15), if there exists a discrete gauge
function G%, = Gy (t, a*) satisfying equation

ORk v OBh ORy .,  OBp X
(G 2o = o )b (e = G ) - st
RﬁAg’;+A,’j<gﬁ-go Aa*F) + AGK =0, (19)

then the Noether symmetry of the system leads to the discrete Noether conserved quantities
Ip = Rﬁ_lf — BY ek + G = const., (20)

and equation (19) is called the discrete Noether identity.
Proof By using the Leibniz law (11), then equation (19) turns into

OR; .. 0B} ORE ok OB
(Gt = G0 )b o (e~ Gk )t - bt + miach e - o) 04
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ORE oBk ORE . OBk _
= (Gt aah - TR et o (M pgrs— DBB et A eh)

+ABy 150+A(R’“ ) = ARG+ AL(E - 5 AdT) + AGY

OR!
= < " Aatt — aafD +ABy! AﬁAaH”“)df

Oty
ORF v, OB _ N B
* (a plat — ok — AR, 1+Aﬁ)5ﬁ+A(R,’i ') — By 6+ Gy) =0, (21)

substituting Eqgs. (14) and (15) into Eq. (21), we obtain

ARE'¢E — B+ GY) =0. (22)

4. Mei symmetry and Mei conserved quantities of discrete generalized

Birkhoffian system

We introduce the recursive operators of discrete system for any discrete variable or function

Ry f(zr) = f(zht1), (23)

the vector field of generators is

0

50 6t + 5/,1, dat k- (24)

The dynamic functions BkD, BkD_l, RZ, Rﬁ_l and /lﬁ become Bg, B]’g_l*, Rﬁ*, Rﬁ_l* and Aﬁ* respectively

under the infinitesimal transformations (5), and expanding B’g, BkDfl*, RZ*, Rﬁ_l* and Aﬁ*, we have

BY = Bo(ti.a") = B+ =X (Bb) + 0 + -+ 2
BV = Bp(ti_,,a" V) = B 4R X\ (BE) +0(e?) + -+, (26)
R =R, (t,a"") = RE + X (RE) + O(%) + -+, 27)
Rllj—l* = R,(t;_ Lahl) = Rk—l +eR_ X(O)( k) +0(E2) 4+, (28)
A = At ab ) = AE 4+ eXO(AF) 4+ 0(e2) + (29)

Definition If the forms of Egs. (14) and (15) keep invariant, when replacing dynamic functions B,
BkDfl, Rﬁ, Rﬁfl and Aﬁ before transforming by dynamic functions Bg, BkDfl*, Rﬁ*, Rﬁ’l* and AZ* after
transforming, then the form invariance is called Mei symmetry of discrete generalized Birkhoffian system.

Substituting Eqgs. (25)—(29) into Egs. (14) and (15), ignoring £? and the higher-order infinitesimal terms,
we obtain the following criterion of Mei symmetry.

Criterion For the discrete generalized Birkhoffian systems (14) and (15), if the infinitesimal generators

ek, 55 satisfy

OX(RE) OX 1 (Bb)
o Aat = AR_XP)(RY) - dark Xp (45) = (30)
)/ pk (0) ( pk
X, (B 00X (R
AR_X\V(Bk) - 0 %t( b) %t( 1) N gk — X (AE) Ak =0, (31)
k k

the invariance is called Mei symmetry of discrete generalized Birkhoffian system.
Proposition 2 For the discrete Birkhoffian systems (14) and (15), if the infinitesimal generators £%, fﬁ of
Mei symmetry and a discrete gauge function GX, = G/ (t, a¥) satisfy the following structure equation

XX (REI Aa* — XDUXS) (B} — X (BY)Ack
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+ X5 (RE)AEE + X5 (AR) (€l — ehaa*) + AGE, =0, (32)
then the Mei symmetry of the system leads to the discrete Mei conserved quantities
Ip = R_X\(RMYe — R_X S (BY)eh + G, = const. (33)

Equation (32) is called the structure equations of Mei symmetry of discrete generalized Birkhoffian system.
Proof By using the Leibniz law (11), then equation (32) turns into

XX (REN A — XxSHUXD (BE)} — X3 (Bl Ack
+ X5 (REAEE + Xp (4)(6) - 65 Aa"") + AGY,

0 (0) 0 0
_ OXPNRY) § gt OXD By) s OXD)(BY) o OXE)(BE)
Oat-k H Oty 0 Oam-k ® Oty 0

~A[R_XJ(BL)EE] + A[R_X ) (BY))ek + A[R_X ) (RE)ek)
— AR-XF Rk + X (AB) €k — chAak®) + AGE,

14

Oty Oty

oXW(REY oxW Bk
P e sy - PR
0) 13k (0) ok
xO(pr)y  axWV(Rr
+{ARXJ(JO)(B£%) _9Xp (B) | 0XD () p —XS”(A’Z)AQ“”“}%“

+AR_XR (R)E: — R-XP) (BR)E + Gl (34)
substituting Eqgs. (30) and (31) into Eq. (34), we have
A{RX)(RL)E: = R-X)(BY)&S +Ghy} = 0. (35)

5. An example Substituting Eq. (39) into the discrete Noether

identity (19), we obtain the gauge function
The discrete Birkhoffian system is
Gh = a® 1 4 a?F — g3 F L (40)

Ry =d>*, Ry =a"*, Ry=Rj=0,

1 According to Proposition 1, Noether symmetry
Bl = a** 4+ Z{(a®*) + (™)),

(36)  of the system (36) can lead to a Noether conserved

uantit,
the additional items are d Y
Ip = a** '+ a®* + (a®* 12 = const.  (41)
Ak — gLk E_ E_ 3k k _
1=a"+ty, A3=0, AF=a>" A;=0.(37)
Then we study Mei symmetry. Choose infinitesi-

Let us study the Noether symmetry, the Mei symme- mal generators as

try and the resulting conserved quantities of discrete eh — _gbk
0o — — )

k 4,k
5220/77

5116 = a4’k - ]-7
é—éc =0, gllf =-L

Tt is easy to verify that they satisfy Eqgs. (30) and (31),
so the infinitesimal generators (42) are Mei symmet-
rical for the system (36). Also, they satisfy Eq. (32).
; From Eq. (32), we obtain the gauge function

(38)

generalized Birkhoffian system.
According to Egs. (14) and (15), we obtain the

discrete equations of motion of the system

(42)

_Agdk1 + abk +t,=0, -— AarF-1 1= 0,
Aal’k = 0, ACLQJC — a4’k = 0

ABf;l —a®>*Aa®F = 0.

Gﬂ =a*F 4+ a®F — 1. (43)

Firstly, we study the Noether symmetry. Choose in-

finitesimal generators as

=0 &=1 g=a""" &=£=0 (39

According to Proposition 2, Mei symmetry of the

system (36) can lead to a Mei conserved quantity

2k _ ti = const.

ID =a (44)
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6. Conclusion

We studied Noether symmetry and Mei symmetry
of the discrete generalized Birkhoffian system by using
the difference discrete variational approach, gave dis-
crete Noether equation and the structure equation of
Mei symmetry of the system and obtained the discrete
Noether and Mei conserved quantities. Using the dif-

ference discrete variational approach, we dispersed the
original continuous system and retained the structure
and nature of the original system as much as possible.
Many geometric properties of continuous mechanical
systems are also the corresponding existence in dis-
crete systems. When t;11 — t; — 0, the results pre-
sented in this paper will turn into the corresponding

continuous situation naturally.
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