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The focusing performance with a horizontal time-

reversal array at different depths in shallow water∗

Zhang Tong-Wei(张同伟)†, Yang Kun-De(杨坤德), and Ma Yuan-Liang(马远良)

College of Marine, Northwestern Polytechnical University, Xi’an 710072, China

(Received 6 April 2010; revised manuscript received 29 June 2010)

The performance of time-reversal focusing with a horizontal line array at different depths is investigated by normal

mode modeling and computer simulation. It is observed that the focusing performance of a bottom-mounted horizontal

time-reversal array is much better than that of a horizontal time-reversal array at other depths in shallow water. The

normal mode modeling is used to explain this result. The absolute values of the modes at different depths are compared.

It is shown that the number of modes whose absolute values close to zero is smaller at the bottom than that at other

depths. It means that the horizontal time-reversal array deployed at the bottom can sample more modes，obtain more

information of the probe source and achieve better focusing performance. The numerical simulations of time-reversal

focusing performance under various conditions, such as different sound speed profiles, and different bottom parameters,

lead to similar results.
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1. Introduction

Most experiments of the time-reversal mirror[1−6]

have been performed using a vertical line array which
is a logical place to start in analytical and computa-
tional studies. Typically for a fixed location exper-
iment, the vertical line array can be deployed from
an anchored vessel and vertically aligned by a weight,
or moored from the ocean floor and suspended by a
float. However, the deployment of the vertical line
array limits its flexibility and application.[7]

Practical implementation of the time reversal
technology in the ocean may require use of horizon-
tal line arrays (HLAs) that are bottom-mounted or
towed. Acoustic time reversal and matched-field pro-
cessing are somewhat conceptually similar but dif-
fer in their intent and requisite environment infor-
mation. The utilization of horizontal line arrays to
conduct acoustic time reversal is new, but much is al-
ready known in matched-field processing.[8−11] When
dealing with time-reversal processing with an HLA,
some methods can be borrowed from matched-field
processing. Bogart and Yang[8] investigated and com-

pared the matched-field processing performance be-
tween several bottom-mounted HLAs with different
apertures and a full water column vertical line array in
a simulated shallow water environment. Tantum and
Nolte[12] proposed the general guidelines for matched-
field processing array design especially for HLAs utiliz-
ing a normal mode propagation model. Dungan and
Dowling[13] studied the orientation effects on linear
time-reversal array retrofocusing in shallow water.

Recent studies only concerned with an HLA lo-
cated at a special depth, and discussed the effects of
the number of sensors and array length. However,
array depth is another important factor that affects
the spatial sampling capability of an HLA. In this pa-
per, we compare the focusing performance with a hor-
izontal time-reversal array (TRA) at different depths
in shallow water. According to the normal mode
theory,[14−17] the mode shape is a function of water
depth and the m-th mode has m zeroes. Due to the
depth dependence of the mode shape functions, when
the number of sensors and array length meet the ar-
ray design requirements,[12] the focusing performance
achieved by a horizontal TRA depends on the depth
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at which the array is located.
The remainder of this article is organized into four

sections. In the next section the formulation of acous-
tic time-reversal is reviewed and the performance eval-
uation metrics for time-reversal focusing are defined.
In Section 3, the acoustic environment for the simula-
tion study is described, and the simulation results are
presented and explained. The numerical simulations
under various conditions are given in Section 4. The
similar results are obtained. Section 5 is a summary.

2. Theoretical background

2.1.Acoustic propagation model

For a unit harmonic point source of angular fre-
quency ω located at r0 = (0, zs), the pressure field
p(r) at r = (r, z) is determined from Helmholtz
equation[15]:

∇2p(r, z) + k2(r, z)p(r, z) = −4πδ(r)δ(z − zs),

k(r, z) = ω/c(r, z), (1)

where z is taken positive in the downward direction.
Normal mode theory expresses the acoustic field in
terms of a normal mode expansion and then solves it
for the eigenfunctions and eigenvalues which are solu-
tions of the Helmholtz equation and satisfy the bound-
ary conditions. The total acoustic pressure field is the
weighted sum of the contributions of each mode. In
cylindrical coordinates, equation (1) has a far-field so-
lution for pressure which neglects the continuous spec-
trum of modes:

p(r, z) =
ie−iπ/4

ρ(zs)
√

8πr

M∑
m=1

Φm(zs)Φm(z)
eikrmr

√
krm

, (2)

where the eigenfunction Φm(z) describes the shape of
the m-th mode, and the eigenvalue krm is its associ-
ated horizontal propagation constant. The mode func-
tions satisfy the orthonormality condition and form a
complete set, allowing the total pressure field to be
expressed as a sum of the modes as Eq. (2).

2.2.Acoustic time reversal

The theory of acoustic time reversal has already
been presented.[1,2,13] The sketch map of time-reversal
focusing with a horizontal TRA is shown in Fig. 1.
The probe source (PS) is used to transmit the origi-
nal signal. The horizontal TRA is the source-receiver
array used to receive the PS transmitted signal, keep
it in memory and send it back into the medium in the
reversed direction of time. The VRA is the vertical
receive array used to receive the time reversal field
excited by the horizontal TRA and examine whether
the sound focuses at the PS location.

The phase conjugation field at the field location
(r, z) in frequency domain is written as[1,2]

Ppc(r, z) =
N∑

n=1

p(r; z, zn)p∗(Rn; zn, zs), (3)

where p(Rn; zn, zs) represents the received field at the
n-th receiver element of the TRA. Rn is the distance
from the PS to the n-th receiver element, and zn is
the element depth. Likewise, p(r; z, zn) represents the
field propagated from the n-th receiver element to the
arbitrary receiver location (r, z). N is the number of
TRA elements. Superscript (∗ ) denotes complex con-
jugate.

The imaginary part of the eigenfunction Φm is
much less than its real part so Φm ' Φ∗m is often
satisfied. The imaginary component of the horizon-
tal wavenumber krm corresponds to attenuation. The
greater the magnitude of the imaginary component,
the more quickly the mode is attenuated. This implies
that at a far distance from the source, the mode with a
biggish imaginary component of horizontal wavenum-
ber will have little contribution to the acoustic pres-
sure field. Furthermore, the imaginary component of
the horizontal wavenumber is much less than its real
component in 3–4 orders of magnitude, so we have
krm ' k∗rm.

For a horizontal TRA uniformly spaced at d, all
its elements are at the same depth za. The combina-
tion of Eqs. (2) and (3) yields:

PHpc(r, z) =
N∑

n=1

M∑
p=1

M∑
m=1

Φp(z)Φp(za)Φm(za)Φm(zs)
ρ(za)ρ(zs)8π

√
krpkrmrnRn

ei(krprn−krmRn), (4)

where Rn = R+(n−1)d, rn = r+(n−1)d, and R is the range from the PS to the first element of the horizontal
TRA. The mode orthonormality condition cannot be used to simplify Eq. (4). In fact, Bartlett matched-field
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processor with an HLA meets the similar problem, Bogart and Yang[8] handled the problem by separating
the processor into diagonal and off-diagonal terms. Following Dungan and Dowling,[13] equation (4) can be
separated into diagonal (m = p) and off-diagonal (m 6= p) terms:

PHpc(r, z) = [PHpc(r, z)]m=p + [PHpc(r, z)]m6=p, (5a)

[PHpc(r, z)]m=p =
N∑

n=1

M∑
m=1

Φm(z)Φ2
m(za)Φm(zs)

ρ(za)ρ(zs)8πkrm

√
rnRn

eikrm(rn−Rn), (5b)

[PHpc(r, z)]m6=p =
N∑

n=1

M∑

p6=m

M∑
m=1

Φp(z)Φp(za)Φm(za)Φm(zs)
ρ(za)ρ(zs)8π

√
krpkrmrnRn

ei(krprn−krmRn). (5c)

For the field at the PS, r = R, equations (5b) and (5c) can be made further simplification:

[PHpc(R, z)]m=p =
N∑

n=1

M∑
m=1

Φm(z)Φ2
m(za)Φm(zs)

ρ(za)ρ(zs)8πkrm(R + (n− 1)d)
, (6a)

[PHpc(R, z)]m6=p =
N∑

n=1

M∑

p6=m

M∑
m=1

Φp(z)Φp(za)Φm(za)Φm(zs)
ρ(za)ρ(zs)8π(R + (n− 1)d)

√
krpkrm

ei(krp−krm)(R+(n−1)d). (6b)

The complex phase factor in Eq. (6b) will dis-
tribute real and imaginary parts over both positive
and negative values, so the off-diagonal terms will tend
to cancel with each other as long as the array satisfies
the minimum length requirement and contains enough
elements. There is an additional factor Φ2

m(za) in each
term of Eq. (6a). This additional factor will modulate
the mode amplitudes. Such mode-amplitude modula-
tion can be important. If the array depth coincides
with a zero crossing in a mode amplitude function,
then the particular mode does not contribute to the re-
ceived pressure field along the array, and the informa-
tion it contains about the PS is lost. Because the ad-
ditional factor is a function of horizontal TRA depth,
the array depth will directly affect its mode sampling
capability, and then the focusing performance with a
horizontal TRA depends on its depth.

2.3.Performance metric

In order to evaluate the time-reversal focusing
performance, the correct focusing index (CFI) and the
focusing characteristic index (FCI) are used. The CFI
is defined as 10 log(N + 1), where N is the grid num-
ber where the ambiguity function level is greater than
those at the PS location and its neighborhood. When
N equals zero, it means that the peak appears at the
PS location. So the value of CFI equals 0 dB for cor-
rect focusing at the PS location and vice versa. FCI is
defined as 10 log(M + 1), where M the grid number,
and the ambiguity function level (the greatest output

power normalized to be 0 dB) is greater than −3 dB.
That means the output power values at those grids are
greater than the half of the greatest output power.
The FCI is used to indicate the output interference
noise level on the ambiguity surface.

3. Numerical experiments

3.1.Ocean environment model

The ocean environment used in this study is
shown in Fig. 1. It is an ideal range-independent

Fig. 1. Computational range-independent shallow water

sound channel with geometric and environmental parame-

ters. The horizontal TRA locates at a specific depth with

its first element nearest to the PS. The PS is fixed at end-

fire to the horizontal TRA.

shallow water sound channel. The water depth is
100 m. The sound speed in water is modeled as a
typical summer profile. The ocean surface is treated
as a flat pressure-release surface. A sediment layer of
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5-m thick can be included between the water and the
bottom. The bottom and sediment are described in
the KRAKEN model[18] by their sound speeds, densi-
ties, and attenuations.

Assuming that the whole environment is not
changed with time[19] and the ambient noise is ig-
nored. The source range is defined as the horizontal
distance from the PS to the first element of the hor-
izontal TRA. The PS is fixed at the endfire to the
horizontal TRA. If the PS is at some other bearings,
then the array is effectively shorter and the elements
are more closely spaced.

The mode shape functions Φm and the corre-
sponding horizontal wavenumber krm are calculated
with the KRAKEN normal mode model. For a 500-
Hz source, the ocean environment of Fig. 1 supports
32 modes. The array designs should be based on
π/kM < d < 2π/(k1−kM) and min(km−1−km)L ≥ 1.
In fact, the minimum number of elements Nmin can be
estimated from the largest d and the smallest L[13]:

Nmin ≈ 1 +
k1 − kM

2π ×min(km−1 − km)
. (7)

For the waveguide of Fig. 1, k1 = 2.0871 m−1 and
kM = k32 = 1.8518 m−1, so this estimate yields
Nmin ≈ 35, L = (N − 1) × d = (35 − 1) × [2π/(k1 −
kM)] ≈ 910 m, and d = 2π/(k1 − kM) ≈ 27 m. Thus
the horizontal TRA consists of 35 hydrophones uni-
formly spaced every 27 m in a range over an aperture
length La equal to 910 m. The range between the PS
and the first element of horizontal TRA is 12 km.

3.2.The focusing performance with a

horizontal TRA at different depths

The PS locates under the thermocline at a depth
of 40 m. The depth of the horizontal TRA increases
from 1 m to 100 m with an increment of 1 m. The
ambiguity surfaces are computed from 1 m to 100 m
in depth, at 1-m interval, and from 10.5 km to 13.5 km
in range, at 10-m interval. The focusing performance
curves with the horizontal TRA at different depths
are plotted in Fig. 2. Figure 2(a) shows that the cor-
rect focusing index (CFI) is affected significantly by
the array depth. The horizontal TRA can focus the
sound back to the PS location correctly when it locates
at some special depths, such as near the bottom. As
shown in Fig. 2(b), the FCI is much better at the bot-
tom (0 dB) than other depths (> 8 dB). Compared

with other depths, the horizontal TRA mounted at the
bottom can achieve the best focusing performance.

Fig. 2. The focusing performance curves for a PS located

at 40-m depth with a horizontal TRA at different depths.

(a) The correct focusing index which indicates whether

a horizontal TRA located at a specific depth can make

a correct focusing. (b) The focusing characteristic index

(FCI) describes the output interference noise level on the

ambiguity surface.

In order to have a good understanding of the CFI
and FCI shown in Fig. 2, the ambiguity surfaces for a
horizontal TRA locate at three different depths (49 m,
79 m, and 100 m) are shown in Fig. 3. Figures 3(a)
and 3(b) show that the peaks do not appear at the PS
position in both cases. There are many strong side-
lobes, and their corresponding FCIs are 15 dB and
14 dB, respectively. When the horizontal TRA locates
at 100 m, figure 3(c) shows that the focusing peak
appears at the PS position correctly and the strong
sidelobes are suppressed successfully.

The modes calculated by the KRAKEN are anal-
ysed to explain this result. For a 500-Hz source, the
first 20 modes supported by this ocean environment
are illustrated in Fig. 4. Each mode is normalized. It
is obtained that the mode amplitudes change rapidly
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with depth and the amplitudes of some modes (2, 9,
10, 13, 16, and 18th) are nearly close to zero at a
certain depth (65 m). This means that a horizontal

Fig. 3. The ambiguity surfaces for a horizontal TRA lo-

cate at three different depths: (a) 49 m, (b) 79 m, and (c)

100 m.

TRA located at such a depth will lack the contribu-
tions from those modes, and the information about
the PS contained in these modes will be lost.

Fig. 4. The first 20 modes propagating in the sound chan-

nel at 500 Hz. Each mode is normalized.

The absolute values of the modes at different
depths are compared. Figure 5 shows the numbers of
modes (NM) whose absolute values are less than half
of its maximum amplitude at different depths. Notice
that NM is smaller at the bottom than other depths.
It implies that there are more modes contributing to
the acoustic pressure field at the bottom than other
depths. And then the horizontal TRA located at the
bottom can sample more modes, obtain more infor-
mation about the PS and achieve better time-reversal
focusing performance.

Fig. 5. The number of modes whose absolute value less

than half of the maximum amplitude value at different

depths for a 500-Hz source.

Fig. 6. Normalized mode amplitudes calculated by the KRAKEN at three depths for a 500-Hz source: (a) 49 m,

(b) 79 m, and (c) 100 m.
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In addition, NMs are also small at 49 m and 79 m,
but the focusing performance with a horizontal TRA
deployed at these two depths are very poor (see Figs. 2
and 3). Figure 6 shows the mode amplitudes at 49-,
79- and 100-m depths. There are two modes whose
values are nearly close to zero at 49 m and 79 m,
respectively, and the information about the PS con-
tained in those modes is nearly lost. However, for the
case of the array located at the bottom, though there
are 5 modes whose absolute values are less than half
of its maximum amplitude, the mode values of these
5 modes are not close to zero, and the smallest one is
the first mode whose mode value is 0.2. Therefore, the
mode sampling ability of the horizontal TRA is much
better at the bottom than that at 49 m and 79 m.

4. Environmental effects on the

focusing performance with a

horizontal TRA

The above simulation and discussion show that
the focusing performance of a bottom-mounted hor-
izontal TRA is much better than that of a horizon-
tal TRA at other depths in shallow water as specified
in Fig. 1. A physical interpretation of this result is
given through the normal mode modeling. From the
point of view of the theory and practice of acoustic
sensing, there are a variety of factors that affect the
propagation of sound in shallow water waveguide. The
most important ones among them are the shape of the
sound-speed profile (SSP) and the geoacoustic prop-
erties of the bottom. Other parameters which include
roughnesses of the bottom, surface disturbance, ran-
dom inhomogeneities in the water layer, sea currents,
etc. alter the sound field. In comparison with the first
two factors, the role of the latter is on the whole less
marked for lower frequencies.

The numerical simulations of focusing perfor-
mance under various conditions, such as different
SSPs, and different bottom parameters, are presented
in this section. The environmental and system pa-
rameters used in this section are the same as those
previous used unless specially described. It should be
noted that the FCI cannot be compared with each
other when changing the environment parameters be-
cause it is normalized.

4.1. SSP effect

Another two SSPs are chosen to analyse the SSP
effect on the focusing performance with a horizontal
TRA at different depths. One is modeled as a down-
ward refracting linear profile (1520–1505 m/s). The
other is isovelocity at 1500 m/s. Figure 7 shows the
focusing performance curves with a horizontal TRA at
different depths. In an isovelocity sound channel, both
the surface- and bottom-mounted horizontal TRA can
achieve high-quality focusing performance. The fo-
cusing performance achieved with a bottom-mounted
horizontal TRA is the best when the SSP is a down-
ward refracting linear profile. It should be noticed
that when a horizontal TRA locates near the surface,
high-quality focusing can still be achieved.

Fig. 7. The focusing performance curves affected by dif-

ferent SSPs. (a) The correct focusing index. (b) The

focusing characteristic index.

4.2. Sediment sound speed effect

Figure 8 shows the focusing performance curves
with a horizontal TRA at different depths for dif-
ferent sediment sound speeds. Notice that for all
these three sediment sound speeds, the focusing per-
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formance achieved with a bottom-mounted horizontal
TRA is the best. The larger the sediment sound speed
is, the bigger the number of depths where a horizon-
tal TRA can focus the sound back to its original is.
As the sediment sound speed increases, the reflection

coefficient becomes larger. It means that more energy
will be reflected back to the water from the bottom
interface. So the horizontal TRA can obtain more in-
formation and achieve correct focusing at more depths
with a larger sediment sound speed.

Fig. 8. The focusing performance curves affected by different sediment sound speeds. (a) The correct focusing

index. (b) The focusing characteristic index.

4.3. Sediment thickness effect

Figure 9 shows the focusing performance curves with a horizontal TRA at different depths for three different
sediment thicknesses. It is observed that for different sediment thicknesses the focusing performance achieved
with a bottom-mounted horizontal TRA is the best. Figure 9(a) also shows that as the sediment thickness
increases, the number of depths where a horizontal TRA can make correct focusing becomes smaller. This is
because there will be more energy transmitted into the sediment at a thicker sediment.

Fig. 9. The focusing performance curves affected by different sediment thicknesses. (a) The correct focusing index.

(b) The focusing characteristic index.

4.4. Sediment attenuation effect

Figure 10 shows the focusing performance curves with a horizontal TRA at different depths for three
different sediment attenuations. For different sediment attenuations, the focusing performance achieved with a
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bottom-mounted horizontal TRA is the best. Figure 10(a) also shows that as the sediment attenuation increases,
the number of depths where a horizontal TRA can make correct focusing becomes smaller. For example, when
α = 0.3 dB/λ, there are only two areas (one is the middle of the thermocline, the other is near the bottom)
where a horizontal TRA can make correct focusing. This is because there will be more energy attenuated at a
sediment with larger attenuation.

Fig. 10. The focusing performance curves affected by different sediment attenuations. (a) The correct focusing

index. (b) The focusing characteristic index.

5. Summary

This paper has analysed the focusing performance
with a horizontal TRA at different depths in shallow
water. It is observed that a bottom-mounted horizon-
tal TRA can not only have correct focusing, but also
suppress strong sidelobes, while a horizontal TRA at
other depths cannot. The normal mode modeling is
used to give a physical explanation to this result. The
essential reason is that the real ocean bottom is nei-
ther perfectly rigid nor perfectly soft. Some sound
energy will transmit into the bottom from water. It
means that each mode has a tail at the bottom, and
the mode amplitude is bigger than zero at the bottom.

However, there are always some modes whose ampli-
tudes close to zero at other depths. When the number

of sensors and array length meet the array design re-

quirements, the bottom-mounted horizontal TRA can

obtain more information about the PS and achieve
better focusing performance than other depths.

The numerical simulations of focusing perfor-

mance are presented under various conditions, such

as different sound speed profiles, and different bottom

parameters. It is confirmed that the results are simi-
lar.

It is hoped that the results in this paper should

be verified experimentally in the future.
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