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From the viewpoint of quantum information, this paper studies preparation and control of atomic optimal entropy

squeezing states (AOESS) for a moving two-level atom under control of the two-mode squeezing vacuum fields. Necessary

conditions of preparation of the AOESS are analysed, and numerical verification of the AOESS is finished. It shows that

the AOESS can be prepared by controlling the time of the atom interaction with the field, cutting the entanglement

between the atom and field, and adjusting squeezing factor of the field. An atomic optimal entropy squeezing sudden

generation in different components can alternately be realized by controlling the field-mode structure parameter.
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1. Introduction

The squeezing of quantum fluctuations is one of
the most fundamental manifestations of the Heisen-
berg uncertainty relation (HUR) which is among the
most important principles in quantum mechanics.
Over the past decades, much attention has been paid
on atomic squeezing.[1,2] On one hand, atomic squeez-
ing has potential applications to the field of quantum
optics,[3,4] on the other hand, it has been shown that
squeezed atoms can radiate a squeezed light field,[5]

which can effectively inhibit quantum noise (QN),
cause distortion of the encoded quantum state and
lead to decoherence in quantum information process-
ing (QIP) and quantum computer (QC), then become
a main obstacle of experimental realization of the QIP
and QC.[6] Because an atomic optimal squeezing state
corresponds to a quantum state with minimum noise,
its preparation and control are very important tasks
in this research field.[7−9]

Many previous studies of atomic squeezing are
based on the HUR formulated according to the vari-
ance of the system observable.[10,11] But, the HUR
cannot give us sufficient information on atomic squeez-

ing in such cases as shown in Refs. [12] and [13]. Fang
et al.[12] have defined the entropy squeezing for a two-
level atom by using the quantum information theory,
according to entropic uncertainty relation (EUR) for
position and momentum, thus the limitation of the
HUR can be overcome.

More recently, many investigations on atomic
entropy squeezing have been reported,[3,14−16] the
atomic optimal entropy squeezing sudden generation
(AOESSG) and its control are studied[7] in different
Jaynes–Cumming model. However, less attention has
been focused on to prepare and control the atomic op-
tical entropy squeezing states (AOESS) for a moving
two-level atom entangling with the two-mode squeez-
ing vacuum fields, which are studied by using quantum
information entropy theory. We analyse the necessary
conditions of preparing the AOESS, discuss the influ-
ences of squeezing factor of the field and atomic coher-
ence on the AOESS, and obtain the system parameter
of AOESSG. Utilizing AOESSG we can maximize in-
hibited QN instantly, our results may be important
for experimental realization of effective control of QN
in QIP and QC.
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2. The model and its solution

The present cavity quantum electrodynamics ex-
periments are provided with an atomic beam passing
along the axis of the rectangular or cylindrical cavity
so that one can investigate the interaction of an atom
in motion with different field modes. The system con-
sidered here consists of a two-level atom in motion
interacting with a quantized field via the two quan-
tum transition processes. The effective Hamiltonian
in the rotating-wave approximation[17] is

H =ω0Sz +
2∑

j=1

ωja
†
jaj + gf1(z)f2(z)(a†1a

†
2S−

+ a1a2S+), (1)

where i (i = z, +,−) are the usual pseudo-spin op-
erators of the two-level atom, a†j (aj) is the photon
creation (annihilation) operator of the field mode of
frequency wj (j ≡ 1, 2) and g is the coupling constant
between the atom and the two-mode coherent fields,
fi(z) (i = 1, 2) denotes the mode structure of the i-
th-mode coherent fields. We restrict our studies of the
atomic motion along z axis so that the z-dependence
of the field-mode function should be taken into ac-
count. The atomic motion can be incorporated in a
usual way[18]

fi(z) → fi(vt), (2)

where v denotes the atomic motion velocity. For eas-
iness of discussion, a TEMmnp mode is defined by

fi(vt) = sin
(piπvt

L

)
, (3)

where pi represents the number of half-wave length of
the i-th filed mode inside a cavity of the length L.

For simplicity, we consider the two-photon reso-
nance case, that is ω0 = ω1 + ω2. Let p1 = p2 = p,
thus the atom enters cavity and leaves the cavity after
passing p half-wavelengths of electric field and atomic
speed v = gL/π. Using standard techniques,[14] in the

interaction picture and two-dimensional atomic space
we can write the time evolution Dyson operator as

UI(t) =


 û11 −iû12

−iû21 û22


 , (4)

where




û11 = cos(Âgθ(t)), û12 = a1a2
sin(B̂gθ(t))

B̂
,

û22 = cos(B̂gθ(t)), û21 = a†1a
†
2

sin(Âgθ(t))
Â

,

Â =
√

(a1a2a
†
1a
†
2), B̂ =

√
(a†1a

†
2a1a2),

θ(t) =
∫ t

0

[ f(vt′dt′)] =
∫ t

0

[
sin

(pπυt′

L

)]2

dt′

=
1
2

[
t− 1

2pg
sin(2pgt)

]
.

(5)
We consider that at the time t = 0 the atom is in a
coherent superposition state of the excited state |e〉
and the ground state |g〉, i.e.

|ψA(0)〉 = cos(ξ/2)|e〉+ exp (iϕ) sin(ξ/2)|g〉, (6)

the field is in the two-mode squeezing vacuum state

|ψF (0)〉 =
1

cosh(r)

∞∑
0

(tanhn(r)|n, n〉, (7)

where 0 < ξ < π denotes the atomic distribution,
0 < ϕ < 2π is the phase of the atom dipole, r denotes
squeezing factor of the field.

The initial state of the system can be expressed
as

|ψaf(0)〉 = |ψa(0)〉 ⊗ |ψf(0)〉. (8)

At any time t > 0 the state vector of the system is
given by

|ψaf(t)〉 = UI(t)|ψaf(0)〉 = |D〉|e〉+ |T 〉|g〉 (9)

with

|D〉 =
∞∑

n=0

{(cos(ξ/2) Fn cos((n + 1)gθ(t))− i sin(ξ/2) exp (iφ) F(n+1) sin((n + 1)gθ(t))}|n, n〉, (10)

|T 〉 =
∞∑

n=0

{−i cos(ξ/2)F(n−1) sin(ngθ(t)) + sin(ξ/2) exp (−iιφ)Fn cos(ngθ(t)}|n, n〉, (11)

where

Fn =
1

cosh(r)

∞∑
0

(tanhn(r)). (12)
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Also, the density operator for the system has the form of

ρaf(t) = |ψaf(t)〉〈ψaf(t)| =

 |D〉〈D| |D〉〈T |
|T 〉〈D| |T 〉〈T |


 , (13)

while the reduced density operator of the two-mode squeezing vacuum field is given by

ρf(t) = Tra(ρaf(t)) = |D〉〈D|+ |T 〉〈T |. (14)

The reduced density operator of the atom can be expressed as

ρa(t) =


 〈D|D〉 〈T |D〉
〈D|T 〉 〈T |T 〉


 =


 ρa22 ρa21

ρa12 ρa11


 . (15)

Then the eigenvalues of ρa(t) can be obtained as

λ±a =
1
2
(1±

√
(ρa22 − ρa11)2 + 4|ρa21|2). (16)

It turns out that the eigenvalues of ρf(t) equal those of ρa(t). That is λ±f = λ±a = λ±. The eigenstates of
ρa(t) and ρf(t) are[15]

|ψ±a 〉 =
1√

2λ± cosh(δ)
(exp(1/2(iα∓ δ))|e〉 ± | exp(1/2(−iα± δ)))|g〉, (17)

|ψ±f (t)〉 =
1√

2λ± cosh δ
(exp[1/2(iα± δ)]|D〉 ± exp[−1/2(iα± δ)]|T 〉), (18)

where

δ = sinh−1

[
1

2|ρa21| (ρa22 − ρa11)
]

, (19)

α = tanh−1

[
Imρa12

Reρa12

]
. (20)

Hence the atomic reduced entropy S(ρa) can be written, in terms of the eigenvalue λ± of ρa(t) given by
Eq. (16)[16−18]

S(ρa) = −λ+ log2 λ+ − λ− log2 λ−. (21)

If S(ρa) takes its minimum value to be zero, the two-mode coherent fields and the atom are disentangled;
if S(ρa) takes its maximum value to be 1, the two-mode squeezing vacuum fields and the atom are in maximal
entangled state.

3. The definition of AOESS and AOESSG

First, using the atomic reduced density operator ρa(t) given by Eq. (15), we find[10]





H(Sx) = −
[1
2

+ Re(ρa21(t))
]
ln

[1
2

+ Re(ρa21(t))
]
−

[1
2
− Re(ρa21(t))

]
ln

[1
2
− Re(ρa21(t))

]
,

H(Sy) = −
[1
2

+ Im(ρa21(t))
]
ln

[1
2

+ Im(ρa21(t))
]
−

[1
2
− Im(ρa21(t))

]
ln

[1
2
− Im(ρa21(t))

]
,

H(Sz) = −ρa22(t) ln ρa22(t)− ρa11 ln ρa11(t),

(22)

in which H(Sα) (α = x, y, z) are the information entropy of the Pauli operators Sα (α = x, y, z) for a two-level
atom system, ρaij(t) is given by Eq. (15).

The fluctuation of the atomic dipole component S(α) (α ≡ x or y) is concluded to be atomic entropy
squeezing if H(Sα) satisfies the following condition:[12,13]
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E(Sα) = δH(Sα)− 2√
|δH(Sz)|

< 0, (α ≡ x or y),

(23)
where δH(Sα) = exp[H(Sα)], E(Sα) is called the en-
tropy squeezing factor.

The ranges of H(Sα) and δH(Sα) are

H(Sα) ∈ 0 ∼ ln 2, δH(Sα) ∈ 1 ∼ 2, (24)

so the minimum value of entropy squeezing factor is

EO(Sα) = −0.414, (25)

here we put some definitions:
(i) EO(Sα) is defined as atomic optimal entropy

squeezing of component Sα.[12]

(ii) If EO(Sα) at time t occurs in atomic state
|ψa(t)〉, we name |ψa(t)〉 the AOESS.

(iii) If E(Sα) evolves as a rectangular wave and
falls suddenly from the maximum to the EO(Sα) in the
linear finite time, we call that it is defined as AOESSG
in component Sα.[7]

Reference [12] has proven that the eigenstates of
Sx and Sy can be expressed as

|ψax〉 =
1√
2
(|e〉+ |g〉), (26)

and
|ψay〉 =

1√
2
(|e〉+ i|g〉), (27)

where |ψaα〉 (α ≡ x, y) are the AOESS of components
Sx and Sy, respectively.

Based on the HUR, the fluctuation in the compo-
nent Sα of the atomic dipole is derived to be squeezed
if S(α) satisfies the condition

V (Sα) = ∆Sα −
√
|〈SZ〉|/2 < 0, (α ≡ x, y), (28)

where ∆Sα = [〈S2
α〉 − 〈Sα〉2]1/2.

Substituting Eqs. (26) and (27) into the atomic
inversion formula as

|〈SZ〉| = 〈ψaα|Sz|ψaα〉 = 0 (α = x, y), (29)

we find that whose atomic variance squeezing cannot
be shown in the |ψaα〉.

4. Preparation and numerical val-

idation of the AOESS

4.1.Preparation of the AOESS

By means of Schmidt theorem,[19] the system
state vector can be rewritten as

|Ψaf(t)〉 =
√

λ+|ψ+
f 〉|φ+

a 〉+
√

λ−|ψ−f 〉|φ−a 〉, (30)

where |ψ±a 〉 and |ψ±f 〉 are eigenstates of ρa(t) and ρf(t),
respectively. They have the same eigenvalues λ±.

In addition to special circumstances, equation
(30) is always an entanglement state, but the atom
evolves from initial pure states to a mixed state:

ρa(t) =ρa22(t)|e〉〈e|+ ρa21(t)|e〉〈g|+ ρa12(t)|g〉〈e|
+ ρa11(t)|g〉〈g|, (31)

where ρa22(t), ρa21(t) and ρa11(t) are given by
Eqs. (10) and (11).

Consequently, cutting off entanglement between
the atom and the field, and letting atom evolve from
the mixed state into a pure state are necessary condi-
tions for preparation of the AOESS.

To meet the condition, first it is required to
control interaction time between atoms and field as
gtm = mπ (m = 0, 1, 2, 3, . . .), for any value of p and
r, substituting them into Eq. (16), we find that the
eigenvalues of ρa(t) equal

λ+ = 1, λ− = 0. (32)

Accordingly, from Eq. (21) we can see

S(ρa) = −λ+ log2 λ+ − λ− log2 λ− = 0. (33)

This shows that entanglement between the atom and
the field has been cut off, they are always in a sepa-
rable pure state in these moments. Further, two cases
are discussed below.

Case 1 Choose p = 0.5 and ξ = 0, the atom ini-
tially in an excited state. The atom evolves into the
following pure state after a time interval,

|ψa(tO)〉 =
1√

1 + tanh2(r)
[|e〉+ i tanh(r)|g〉]

(tO = (2n + 1)π/g, n = 1, 2, 3, . . .),
(34)

|ψa(tE)〉 = |e〉 (tE = 2nπ/g, n = 0, 1, 2, . . .). (35)

Clearly, equation (34) may be prepared to the
eigenstate of Sy by adjusting squeezing parameter r

of the field.
If r = 0, then tanh(0) = 0, equation (34) becomes

|ψa(tO)〉 = |e〉, (36)

which means that atom is in a pure state, but not in
AOESS.
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If r = 0.5, then tanh(0.5) ' 1/2,

|ψa(tO)〉 =
1√

1 + (1/2)2
[|e〉+ i/2|g〉]. (37)

Although the atom is in coherent superposition state,
it is not in AOESS, again.

If r = 2, then tanh(2) ' 1, equation (34) becomes

|ψa(tO)〉 =
1√
2
[|e〉+ i|g〉]. (38)

Thus, when the atom is initially in an excited

state ξ = 0, we adjust r = 2, the AOESS of compo-

nent of Sy can be prepared at time tO and cannot at

tE. But component of Sx is never squeezing for any r.

A necessary condition of preparation of the AOESS is

cutting the entanglement between the atom and field

and adjusting squeezing factor r = 2 of the field.

Case 2 Suppose p = 0.5 and ξ = π/2, adjust

r = 2, atom is always in the following pure states by

Eq. (17), respectively:

|ψa(tO)〉 =
1√
2
(|e〉+ i|g〉) (tO = (2n + 1)π/g, n = 1, 2, 3, . . .), (39)

and

|ψa(tE)〉 =
1√
2
(|e〉+ |g〉) (tE = 2nπ/g, n = 1, 2, 3, . . .). (40)

So, we have prepared AOESS of Sy and Sx, respectively. In other words, the number of components of the
AOESS can be controlled by choosing atomic coherence.

4.2.Numerical validation of the AOESS

In this part, we verify case ξ = 0, p = 0.5. First figure 1 illustrates the time evolution of atomic reduced
entropy Sa and entropy squeezing factor E(Sy), at different r. Dashed line, dotted line and solid line indicate
r = 0, r = 0.5 and r = 2, respectively.

See Fig. 1(a), at the time t = mπ/g (m = 0, 1, 2, . . .), Sa = 0, entanglement completely between the atom
and the field, which lead the atom to achieve its pure state at these time intervals for any value of r, figure 1(b)
shows, when gtE = 2nπ, there is no entropy squeezing of Sy for any value of r, but when tO = (2n+1)π/g, and
r is from zero to 0.5, and 2, E(Sy) is from zero to −0.1439 and −0.414, Sy occurs for the AOESS. Also at any
time, there is no entropy squeezing of Sx for any r, see Fig. 1(c).

Fig. 1. The time evolution of (a) Sa(t), (b) E(Sy) and (c) E(Sx). The atom is initially in an excited state with

ξ = 0, p = 0.5; dashed line with r = 0; dotted line with r = 0.5 and solid line with r = 2.

Further, we verify the second case. In Fig. 2, let ξ = π/2 and r = 2, other parameters are the same as
those in Fig. 1.

Figure 2(a) shows that the time evolution period of Sa(t) is the same as that in Fig. 1(a), but degree of
entanglement between the atom and the field is reduced due to atomic coherence.

In Fig. 2(b) when tE = 2nπ/g (n = 1, 2, 3, . . .), E(Sx) takes its minimum −0.414. But at tO = (2n +
1)π/g (n = 0, 1, 2, . . .), E(Sy) reached its minimum −0.414, see Fig. 2(c). So, Case 2 has been verified. Then
we can prepare the AOESS of Sx and Sy in times tE and tO, respectively.
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Fig. 2. The time evolution of (a) Sa(t), (b) E(Sx) and (c) E(Sy). The atom is initially in an excited state with

ξ = π/2, p = 0.5; the field with r = 2.

4.3.Realization of the AOESSG

The AOESSG can maximize the inhibition of QN instantly.[7] Thus, the realization of AOESSG is a signif-
icant work. Now, we discuss the contents.

Figures 3(a) and 3(b) present the time evolution of E(Sx) and E(Sy) for the atom initially in the coherent
superposition state with ξ = π/2, and the field-mode structure parameter p = 0.5, p = 1, p = 2, respectively.
The fields are in the two-mode squeezing vacuum state with squeezing factor r = 2.

Fig. 3. The time evolution of (a) E(Sx) and (b) E(Sy). The atom is initially in an excited state with ξ = π/2, the

fields with r = 2; dashed line with p = 0.5; solid line with p = 1; dotted line with p = 2.

From these figures we can conclude: when p =

1, E(Sx) and E(Sy) evolve periodically as an ap-

proximate wave. In other words, E(Sx) and E(Sy)

change rapidly from maximum value to minimum

value −0.414, alternately around the time tE = 2nπ/g

(Fig. 3(a)) and tO = (2n + 1)π/g (Fig 3(b)), respec-

tively. That is to say, not only are there AOESSG but

also it can be kept in a certain time interval. So we

can realize the AOESSG of Sx and Sy alternatively.

This conclusion is very important to suppress QN of

the QIP and the CP for an instant, but in the case

p = 0.5 and 2, the AOESSG does not appear .

5. Conclusion

From the viewpoint of quantum information, we
studied preparation of the AOESS for a moving two-
level atom under control of the two-mode squeezing
vacuum fields. Necessary conditions of preparation of
the AOESS are analysed, and numerical verification of
the AOESS is provided. We can conclude that, first,
choose time t = mπ (m = 0, 1, 2, . . .), entanglement
between the atom and field can be cut, atom evolves
from a mixed state to pure states. Secondly, when
the atom is initially in an excited state with ξ = 0, by
choosing time tO = (2n+1)π/g, and adjusting squeez-
ing factor r = 2 of the field, we can prepare the AOESS
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component of Sy. Thirdly, let the atom be initially in
the coherent superposition state with θ = π/2, adjust-
ing r = 2, at time tO = (2n + 1)π/g and tE = 2nπ/g,
we can prepare and control the AOESS of Sx and Sy

separately. Finally, AOESSG of Sx and Sy can be re-
alized alternately by controlling the atom initially in
the coherent superposition state and field-mode struc-
ture parameter p = 1. Our results may be important

for experimental realization of effective control of QN

in QIP and QC. By the way, since a three-level atom in

the λ, Ξ and ∧-type configuration respectively with ar-

bitrary detuning can be exactly reduced to a two-level

system,[20−22] whose effective Hamiltonian is given by

Eq. (1), then our results can also be suitable for the

entropy squeezing question of a three-level system.
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