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In this paper we find that a set of energy eigenstates of a two-dimensional anisotropic harmonic potential in a

uniform magnetic field is classified as the atomic coherent states |7) in terms of the spin values of j in the Schwinger

bosonic realization.

representation of the state |7).

The correctness of the above conclusions can be verified by virtue of the entangled state (7|
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1. Introduction

In quantum physics atomic coherent state (ACS),
which was first defined by Arecchi et al.') is regarded
as an important kind of two-mode correlated state.
As a description of the assembly of two-level atoms,
the ACS has many attractive properties analogous to
those of the fields of coherent states, so in quantum

(2-4] and applications!®® of the

optics the properties
ACS were widely discussed. For instance, Agarwall?
investigated the properties, such as orthogonal prop-
erty and overcomplete relation, of the ACS and ob-
tained the intimate relationship between the ACS rep-
resentation and the idea of state multipoles. Gerry
and Mark® discussed the spin squeezing and entan-
glement via-burning in ACS. In Refs. [3], [5] and [6],
the authors gave the explicit Wigner distribution func-
tion of the ACS and some of its practical applications.

The purpose of this paper is to demonstrate that
the ACSs |7), each with a phase factor expl[ip(t)],
in the Schwinger bosonic realization are a set of en-
ergy eigenstates of the two-dimensional (2D) time-
independent (time-dependent) anisotropic harmonic
potential in a uniform magnetic field (UMF), where

7 and ¢(t) are determined by the dynamic parame-

ters in the Hamiltonian. The rest of the present pa-
per is organized as follows. In Section 2 we briefly
recall the properties of the ACS in Schwinger Bose
operator realization. In Section 3 we show that the
ACSs in the Schwinger Bose operator realization are
just the stationary eigenstates of time-independent 2D
anisotropic harmonic potential in a UMF'. In Section 4

we consider the case of a time-dependent Hamiltonian.

2. Schwinger
ACS

representation of

The ACS |7) is defined asl”]
|7) = exp (uJy — p*J-) |4, =j) (1)

m>a |.7a _]> is

the lowest weight state annihilated by J_, u = ge*i“’,

where J; is the raising operator of |j,

and 7 = e ¥ tan 4. The set of the states |r) satisfies

the complete relation in the j-subspace

[Sm _ Y

m=—j

df2 = sin 6dfdp (2)

) (J,m| =1,
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and the non-orthogonal property, owing to the inner

product

(1 + 7_/7_*)2]'

<T/ |T>: N 12N (3)
A+ (777 A +[]7)

Using the Schwinger Bose operator realization of the

angular momentum operator[s]
1
Jy=a'b, J_=abl, J, = 3 (a'a—b'b)  (4)

and the eigenstates of J, and the square of angular
momentum operator .J? in two-mode Fock space

) a’[j+7anj—7n
om) = e jo0)
V0 +m)(j—m)!
=lji+m)@lj—m), (5)

the state |7) can be converted into

I7) = exp (udy — ') [0) @ [27)
1

(+IrPy

2J . 1/2
> [l,(;i”'l).} 72— D@l (6)

1=0
Noticing the normal ordering form of the two-mode
vacuum state projector

00) (00| =: exp (a'a — bb) :, (7)

where the symbol : : denotes normal ordering, and
using the technique of integration within an ordered
product (IWOP) of operator,®) we can also prove
that the completeness relation of |7) in the whole

Fock space after summing over the spin values j is
satisfied.[®!

2D

independent anisotropic har-

3. Eigenstates of time-

monic potential in UMF

We consider the Hamiltonian of a 2D time-

independent anisotropic harmonic oscillator in a UMF

H|r) =
=0
2j

B

1 s 1
H= %(P —eA)" + im(ngﬁ + w(%ny), (8)
where P is the electron canonical momentum, A is
the vector potential of the field. If the magnetic vec-
tor potential is taken as the symmetric gauge A =
%(—By,Ba:,O), then the Hamiltonian H is changed

into

1 2 2 1 2.2 2 2
H = om (Px +Py) + im (wxz +wyy )
—wr, (xPy —yPy), (9)
where
eB .
WL = 5 w; =wh +wi, i=m,y. (10)
Letting
\1/2
a; = (mwz) z+1(2mw1h)71/2 P, (11)
2h
we obtain the bosonic form of H in Eq. (9) as
i 1 i 1
H = hw; (11(114'5 + fuwwg a2a2+§
+ihwr, (aJ{aQ - alag) , (12)

where the subscripts z and y are respectively replaced
by 1 and 2 for convenience.

In order to ascertain whether the ACS is the
stationary eigenstate of the time-independent 2D
anisotropic harmonic potential in a UMF, now we
directly act the Hamiltonian H in Eq. (12) on |7)
in Eq. (6) and then use the relations af|n) =
Vn+1|n+1)and a|n) = /n|n — 1), thus we have

(1+]|L72)j {i [l'(g%] v 727 pluwy <2j —1+ ;) + ws (l + ;) 2 =)@ |l)

. 1/2
+ithZ {(lmg?!lﬂ)!] 52— 14+ 1) 2] -1+ 1)@ |1 —1)

=1

(25)!

25 /2
—ihwr ) {(z+1)!(2j11)1] TZH(ZH)I%—Z—1>®Il+1>}-

=0

Let I’ =1 1 in the latter two terms on the right-hand side of Eq. (13) respectively, then we will have
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12wy j

1
Hir) = h[w1<2j+2) +2+

(25)!

=0

We see when the following condition is satisfied,

iwp T 4 (w1 — wo)T +iwg, =0, (15)
where its solutions are
:(wg—wl)i\/(wl—wg)g—i—llu)%, (16)

i2wL
then the states |71) given by Eq. (6) are the eigen-
states of H with the eigenvalues

o1 w i2wr g
By =hlw(2j+2 )+ %2200
2 2 T4

| an

Therefore, we find that a set of energy eigenstates
of the time-independent 2D anisotropic harmonic po-
tential in a UMF is classified as the ACSs |r) in
terms of the spin values j in the Schwinger bosonic
realization, where 7 is determined by the dynamic
parameters in Hamiltonian H. In particular, when
w1 = wp = w, the Hamiltonian of Eq. (9) describes a
2D time-independent isotropic harmonic potential in a
UMF, thus from Egs. (16) and (17) we know 74 = Fi,
E. = hlw+2(wFwr)j]. Further, taking the spin value
j = 1/2, from Eq. (6) it follows that the eigenstates
of H are

1
V2

From Ref. [6] we know that all values of 7 are allowed

7+) = —=(10,1) £i[1,0)). (18)

because the states |7) will form a complete set. How-
ever, from Egs. (16) and (17) we find that, for the def-

inite Hamiltonian, only two very specific eigenstates

X i L’(?J—l)'] v szlﬁ[(wl — ws) +iwp, (r + 71_)]1|2j —DHe|l).

1
|~ G

(14)

\
4. Eigenvectors of time-dependent

2D anisotropic harmonic po-
tential in UMF

When the magnetic field B is time-dependent in
a UMF, the Hamiltonian of the 2D anisotropic har-
monic potential in a UMF is also time-dependent, so

we have
P Fo
H(t) = hwi(t)| ajar + 3 + hws (t) | ajas + 3
+ ifiwp, (t) (a{ag — am%) ) (19)

In order to obtain the energy eigenstates and the en-
ergy eigenvlaues of the Hamiltonian H(¢), we must

solve the following Schrédinger equation:

. 0]9(1))
ih T

= H(t)|(1)) - (20)

Supposing

6(2)) = f() I7) (21)

and substituting Eq. (21) into the terms of Eq. (20)
lead to the differential equation
df (1)

ih——=|71) + ihf(t)% Ty =H@)f(t)|r).

T (22)

Using the explicit expression of |7) in Eq. (6) we ob-

corresponding to two specific values 7+ are selected. tain
|
d, . 2jdr i d(r)
D= Tam T e
2 . 1/2
1 (25)! ] 2i—1—1 ey - dr
— - - I 2] — 1) @) —. 23
In addition, using the same method as that of deriving Eq. (14), we have
o1 wa(t) iQwL(t)j] hf(t)
Ht)f(t)|m) = hlwi(®)[ 27+ = | + + t)|T) — ———F5—
OO = 1) (24 5 ) + 50+ 22Oy ) - O
@) 1 N, 5y

=0
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Substituting Eqgs. (23) and (24) into Eq. (22) and using the linear independence of the Fock states, we have

i = [bn(t) ~ (D) + O +1) (25)
and
df () c 1Y we(t)
T, f(t){wl(t)<2‘7+2)+ 5
e i
TR

dr dr* 25 dr
« L =L (2
% (T dt+7—dt)+ T dt} (26)
Taking d7/dt = 0 in Eq. (25), the Hamiltonian H (¢)
reduces to H. Substituting Eq. (25) into Eq. (26) leads
to the simplified form of Eq. (26), i.e.,

i 1) fonte) (24 + 5 ) + 52
Fijwrn(t) (r* — 7)} . (27)
If we take
(1) = explig(t), (29)
then the phase (t) is defined as
olt) = = [ a2+ 5) + 22
i @)l (€) ~ 7(E)] e (29)

So we conclude that the state |7) with a phase fac-
tor explip(t)] is the solution of Schrédinger equation
of the time-dependent 2D anisotropic harmonic po-
tential in a UMF. At this point we mention that the
above results can also be obtained by virtue of the
wave function of the ACS in the entangled state (7|

representation. The state (1| is defined as!!
(n| = (00]exp [n*a —nb+ab], n=m +in, (30)

which obeys the eigenvetor equations

(n (a=b") = (mln, (| (a"—b) = @mln*  (31)
and the differential relations
0 0
“on (nl = (nl, o (nl = (nl a. (32)
So in the (7| basis we have the following corresponding
relations:
0 0
a— —, b———,
on* an

G/T—>—ﬁ+’l7*, bT_)

on on* (33)

Using the relations between the coordinate (momen-
tum) operator and the Bose creation and annihilation
operators, we find that the state exp(—|n|?/2)|n) is
the common eigenstate of two-particle relative posi-
tion (X7 — X5) and the total momentum (P + P») in
two-mode Fock space. On the other hand, using the
IWOP techniquel®~'2 we can obtain the completeness

property and the orthonormal relation

d2n 2
—|nl =1
/ —e " ) (] =1,

(ln'y=md(n—n")o(n" —n"). (34)

Using the above remarkable property of the entangled
state (n|, we can obtain the wave function of the ACS
in (n| representation, which is just proportional to a
single-variable ordinary Hermite polynomial of order

27, i.e.,

(nl ) =

(=1)7*tr (=T
1+ |r[)i (2j)!H2J< 27 > (35)

The orthogonality and the recursive relation of the
single-variable Hermite polynomials are conducive to
deriving the above results. However, the correspond-
ing derivation is not simpler than the above process,

so we do not present them here in this paper.

5. Conclusions

In this paper using the Schwinger represen-
tation[13=16] of the ACS we find that the states |7) are
a set of energy eigenstates of the 2D time-independent
anisotropic harmonic potential in a UMF. By solving
the Schrodinger equation we also find that |7) with a
phase factor exp[ip(t)] are just the eigenstates of the
2D time-dependent anisotropic harmonic potential in
a UMF. The above conclusions are verified by virtue
of the entangled state (7| representation of |7), which
is proportional to a single-variable ordinary Hermite
polynomial of order 2j. In doing so, in this paper the
results can enrich the theory about the ACS in quan-
tum optics. Also we expect the results can be widely

used in quantum optics and quantum information.
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