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This paper proposes a novel form of multimode nonlinear interactions by using a near-resonantly dressed atomic

ensemble in an optical cavity. Due to quantum interference, a pair of collective fields come into the bilinear interactions,

whose strengths are proportional to the population difference between dressed states which are coupled to the collective

fields. By such an interaction, it is possible to obtain perfect multimode squeezing and collective Einstein—Podolsky—

Rosen (EPR) entanglement in the cavity output.
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1. Introduction

Optical parametric processes turn out to be the
most effective ways for the generation of the squeezed
and entangled light sources.!'=1%! However, the exist-
ing schemes have been limited in two aspects. First,
although various forms of parametric interactions have
been established for multiple fields, the mechanisms
are limited to the one-by-one interactions between in-
dividual fields.['6=29) So far, to our knowledge, the in-
teractions between a pair of collective fields have not
been presented yet, these fields consist of two or more
field components. In some cases, one needs entangle-
ment between two different groups but does not nec-
essarily need entanglement between two individuals
from the same groups.?'=23 This form of entangle-
ment may have potentials for the quantum networks
and communications.?*! Second, the applied driving
fields are far off resonant with the involved transitions
in the media.'3 In this case, the atoms are hardly
excited and the susceptibilities are extremely low. In
the case of near resonance, the atoms are much excited
and the susceptibilities are enhanced remarkably. As
a consequence, the spontaneous emission has been ex-
pected to spoil the quantum correlations. However, it
has recently been shown that fluctuations from spon-
taneous emission can be cancelled at the cavity output
due to destructive interference.?!

Here we engineer a different form of multimode
parametric interactions by using optical cavities with
The am-
plified fields behave as two different collective modes

near-resonantly driven atomic ensembles.

and the parametric interaction occurs between these
two collective modes but not between two individu-
als from the same collective modes. The mechanism
is based on the quantum-beats, by which the individ-
ual fields are divided into two groups and each group
corresponds to one collective field. By this kind of
interactions, we obtain the multimode squeezing and
collective entanglement. In this case, entanglement
occurs between any two components from different
collections but not between two in the same collec-
tion. In addition to the great potentials in quan-
tum networks and communications, the collective in-
teractions also give the first step for desirable and ar-
bitrary control of multimode parametric interactions
and correlations. With this step, then one can ma-
nipulate the individuals in the same collective modes.
Recently, Kofler et al. presented such collective en-
tanglement for a linear chain of harmonic oscillators
by phenomenalistically introducing harmonic nearest-
neighbour interactions.!?!! Linear interaction between
the collective fields based on multiwave mixing in a
near-resonantly driven system was also presented.?!
The purpose of the present paper is to present col-
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lective nonlinear interactions based on the quantum
interference.

2. Model and equation

We first consider the four-mode case. An ensem-
ble of N atoms in V configuration (Fig. 1) is placed in
a four-mode optical cavity. In our system, the atom
has one ground state |0) and two excited states |1)
and |2).
transitions |0)— |1) and |2) by two strong classical

The atoms are driven on the dipole-allowed

fields of circular frequencies w; (j = 1,2), respectively.
Four quantified cavity fields with circular frequencies
wq; and wyp, are generated from sidebands of the two
transitions, respectively. The master equation for the
atom—field density operator is derived in the dipole

approximation and in an appropriate rotating frame
(26]
as

S

where H( describes the free term of atoms and the in-
teraction between atoms and the classical fields, and
Hj characterizes the interaction of cavity fields with
the atoms,

I
M=

Hy h[A O’ o+ - (QlUO—FQlUOJ) , (2)
p=1j=1,2
N
= Z Z gaja’j e 6@th?0 + v, b5 € o tU;LO)
p=1j5=1
+ H.c (3)
Here H.c. represents the complex conjugate. The

ol = [3*)(k"| (j,k = 0,1,2) are the atomic projec-
tion operators when j = k and the flip operators for
j # k. The a;,b; and aj7 b; are annihilation and cre-
ation operators for the cavity fields, respectively. The
ga; and gp, describe coupling constants between the
cavity fields and the atoms, and (2; are Rabi frequen-
cies. Aj = wjo — Wy, ba; = Wa,

— wj, Op; = wr,;

— wj
are respectively the detunings of atomic resonance fre-
quencies wjo and the cavity fields frequencies w,; and
wp, from the corresponding driving field frequencies
wj. The damping terms Zp = > ., 5 fo(;)p and
Lop = Y1 oL+ L

decay and the cavity losses, respectively, where

N -
= EJ(%&P”?O -
p=1

p) describe the atomic

2 oloobip — potaal) (4)

denotes atomic decay from | j*) to |0#) with rate ~;,
and

T

fa(]c)p = ;j (Qajpa; —aja;p — pa;aj) (5)

stands for the cavity loss of mode a; with rate r,,
fb(;)p has the same form as Eq. (5) except for substi-
tution of b for a, which represents the cavity loss of
mode b; with rate sy, .

12)
1)

b1 b2 .

(oA @

\._.\ ___________________ 4 / 1)

Fig. 1. Level diagram for three-level V-type atom. Two

external fields are applied to the atomic transitions |0)—|1)
and |2) on Raman two-photon resonance with Rabi fre-
quencies {21 2, and four cavity fields (annihilation opera-
tors ay,2 and b1,2) are produced from sideband resonances.

3. Collective parametric interac-
tion

To simplify the analysis and to clarify the physics,
we consider the Raman two-photon resonance case
A = A; = A, Two orthogonal coherent superpo-
sition states of the two excited states are defined as
|T#) = cos ¢[1#) + sin $|2#) and |2") = — sin ¢|1*) +
cos ¢|2"), where we have assumed that (2; o are real
for simplicity and have defined tan¢ = (25/2; and

= /2% + 3. The Hamiltonian Hy is rewritten in
terms of the superposition states as

ol 0
Hy = Z h[A(a’fi + O'gi) + — 5 (O’ + 001)] (6)

It is seen from Eq. (6) that only one superposition
state |1#) is coupled to the equivalent field with Rabi
frequency {2, while the other coherent superposition
state |2#) is decoupled. It is reasonable to assume y; =
v2 = 7 for the near-degenerate excited states. We
note that the superposition state \§“> is not populated,
(ofs) = sin? ¢ (ot} ) +cos? p(oh,) —sin(2¢) Re(at,) = 0.
In what follows, for the sake of simplicity we assume
that dq, = da, 05, = 0b, Yo, = Ya> Yo, = 9o, Ka; = Kas
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Ky, = Kp. The interaction Hamiltonian for the cavity
fields and the atoms becomes

N
Hy = Z h(gaAre™ % + gy By e ok

p=1

N
+ Z h(gaAze™ %" + g,Bye™! 5bt)‘750
p=1

+ H.c., (7)

where we have introduced two pairs of orthonormal
collective modes

Ay = ajcos ¢+ assin ¢,
Bi1 = b1 cos ¢ + by sin ¢,
Az
By

—aq sin ¢ + as cos @,

—by sin ¢ + by cos ¢. (8)

In view of the combination modes, we call A, B the
It is
seen from Eq. (7) that the sum modes and difference

sum modes and A, B> the difference modes.

modes are coupled to the transition |0*) —|I*) and
|0#) —|2#), respectively. Since the superposition state
|24} is empty, the difference modes undergo only ab-
sorption and thus there is no gain for them. This fact
determines that the difference modes A5 and By al-
ways stay in the vacuum states,27730 (Ay) = (A3) =
(A A5) = 0 and (By) = (B2) = (BIB,) = 0. This
gives rise to the following three consequences.

(i) The relative phases are locked, @q, — @4, = 0
and ¢y, — pp, = 0, where we have defined the phases
through the expressions (X) = [(X)]exp(—igx), X =
ai,2,b12,A1,B1. This fact determines the relations
between the phases of the collective fields and the in-
dividual fields, w4, = o, and @B, = @y, .

(ii) We can drop the terms involving Ay and Bs
and simplify the Hamiltonian (7) to

N
H = Z h(gaAre %t 4 g,Bre™! 5bt)cri“0 +Hec., (9)
p=1
which indicates that the four-mode system reduces to
the two-collective-field case.

(iii) The density operator can be separated into
two parts, p = p1 pg,12939
system of sum modes A; and By and atoms, and ps is
for the difference modes A and Bs. This leads us to

remove the part for p and obtain the master equation

where p; is for the coupling

for p; as

. i
p1=—7[Ho+ Hi,p1] + Zapr + Zepr, (10)

where Z,p1 = .Zo(ia)pl and .Z.p1 = Zf(‘?pl + ff(;l)pl.
The fo(;)pl has the same form as fo(;)p in Eq. (4)
except for the substitution of 1 for j and describes
the atomic decay from |1#) to |0#) with rate 77 = 71,
and .iﬂ(‘? p1 (.Zgi)pl) have the same form as Za(f)p
in Eq. (5) except for the substitution of A; (By) for
a; and represent the cavity loss of the sum mode A;
(B1) with K4, = ka (kp, = Kp). We have removed
the term .,2”0(; )py since the empty state |2 is decou-
pled. This means that the present case is reduced to
an equivalent two-level system (|0#) and |1#)).

It is convenient to employ the dressed-atom
approach.3! By diagonalizing the Hamiltonian Hy,
we write the dressed states in terms of the bare atomic
state [0") and superposition state |I*) as |[4+#) =
cos 0|1#) +sin 0]0#) and |—*) = — sin O]1*) + cos 0|0*),
where tan(26) = —2/A (0 < 6 < 7/2). The dressed
states |+) have their eigenvalues Ay = (1/2)(A+2R),
where 2r = VA? + 22. When the driving fields are
so strong that {2 > ~, the dressed states are well sep-
arated from each other. In terms of the dressed atomic
states, the Hamiltonian H, is rewritten as Hy =
25:1 hi(Ayoty +A_o”_). We tune the cavity fields
detunings [dq,p| > [0a+0b|, (2R, 0ap) > [2R —0ap| >
(7, 19a (A1), |gp{B1)|), make a unitary transformation
U = exp(—iHpt/h), and neglect rapidly oscillating
terms. The effective Hamiltonian can be obtained
from Heg = —(i/h)Hy(t) [ Hi(t')dt' .32l Taking de-
tunings 6,+6, = (|gs|? sin® 6 + |ga|? cos* 0) /(6. — 2r),
we can remove the Stark shifts and write the effective
Hamiltonian as

Heg = h(§" A1 By + €AIB]) (0~ —opy),  (11)

where ¢ = [NgZg;/(2r — 6,)] cos?sin® 0 and 044 =
(1/N) 25:1 oli .. Tt is seen that the effective Hamil-
tonian is proportional to the dressed population dif-
ference (0__ — o44). If we go to the picture where
the equivalent driving field {2 is treated quantum me-
chanically, the effective Hamiltonian is intuitively un-
derstood as follows.?3] In this picture we have a lad-
der of doublets |+#,n) = cos |1, n) + sin 0|]0*, n + 1)
and |-*,n) = —sind|1#,n) + cosf|0*,n + 1). The
effective Hamiltonian corresponds to the two-photon
transitions |[+#,n 4+ 1) — |-#,n) — |+*,n — 1) and
[—*,n+1) — |+*,n) — |-*,n — 1). Since the equiv-
alent driving field {2 is strong and has a narrow dis-
tribution of photons, we can neglect the differences
between n and n + 1. As a result, these two-photon
transitions as one-step processes give rise to the de-
pendence of dressed populations o44. The difference
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between dressed populations (o__ — o14) is due to
the destructive interference between the two sets of
transitions.34 With the effective Hamiltonian and the

dressed states we rewrite the master equation (10) as
. i
p1= _ﬁ[Heffapl] + L1 + Zepr, (12)

where Zlp; = ﬁ_f_a_)pl + f_@pl + jgs)pl’ gg?m -

N
ZM:1(’th/4)(20;;PlUf; - 0505,01 - ,01(7505)7 T+- =

ysintf, v_, = ~cosé, Yph = 2vsin? 6 cos* 0,
oy = o', —o”_. Since we treat weak cavity

fields, the expectation value for the population dif-
ference can be obtained from the master equation
in the absence of cavity fields as (o__) — (o44) =
cos(26)/(sin* @ + cos* #). Now we can make an esti-
mate of the parametric interaction strength &({o__) —
(01+4)). Note that |(o__) — (614 )] takes the maximal
value of 1 when |A| > (2, and the minimal value of
zero when A = 0. The parametric interaction strength
is 7 = cos? 0sin” 0 cos(20)/(cos* @ + sin 0) in the unit
of [Ngags/(£2r — 0a)l.
action Hamiltonian has been mainly confined to the

So far, the parametric inter-

far off-resonantly driven system.[!3] In that case all
atoms are in the ground state and o__ — o4 = %1,
Le, |[Al > 02, cosf ~ 1,sinf =~ 0.1, or sinf = 1,
cosf =~ 0.1, one has |n| = 0.01. Here, we focus on
the near-resonantly driven system, A ~ (2. We have
the maximal value |nmax| &~ 0.15 at |A|/2 = 0.55, as
shown in Fig. 2. We can also see that || > 0.1 in a
very wide range of A/f2. Tt is clear that in the near-
resonant case the parametric interaction strength is
larger than that in the far-resonant case by one order.

0.2

0.1

—0.1r

0.2 : : :
—50 25 0 2.5 5.0

A/

Fig. 2. The function 7 versus the normalized detuning
A/0.

4. Quantum correlations

In this section, we will discuss the output quan-
tum correlations by including the fluctuations caused
by the population difference (o—_ — o4 ) in Hamilto-
nian (11). Choosing the normal ordering Al, B o,

By, Ai, defining the corresponding c-number vector
O(t) = (a*, 8%, 2,3, ), and using the closure relation
for the atomic population o4y +o__ =1, we derive
the set of Langevin equations from Eq. (12) as follows:

G = —ieh +€(1- 28" = Tat Fa), (13)

§ = —igs + €1 —22)a" = LA+ Fy(t), (14)
3 = vysin® @ — y(sin? @ + cos 0)z + F.(t) (15)

with &7, = €3, cos¢ + g3, sin¢ and e = g, cos¢ +
€p, Sin g, where g4, , and ey, , are the input signals
for the fields a; 2 and by 2. For simplicity we have
The
fluctuation forces have zero averages (Fy(t)) = 0 and
delta corrections (F,(t)Fy,(t')) = Dy 0(t — t') with
nonzero diffusion coefficients Dyg = Dy<gr = d/2,

assumed that ¢ = i is assumed to be real.

D,, = 2yzcos*f, where we have used d = 2¢'(1 —
27) with z = (6,,) = sin®/(cos* @ +sin? ) be-
ing the steady state population for the state |+).
The steady state solutions for the cavity fields can
be obtained as a = 2i(kpel — dep,)/(d% — Kakp), B =
2i (Kl — dea)/(d* — Kakyp). Using 60(t) = O(t)—0,
we obtain the following equation:

%50@) — _ROO(t) + F(t), (16)

where the drift matrix R and the noise correlation ma-
trix D for (F(t)FT(t')) = D§(t + ') can be easily ob-
tained from the Langevin equations. The procedure of
assuming small fluctuations about a steady-state de-
terministic solutions is only consistent if the determin-
istic solution @& , [ and Z are stable. This is the case
only when all eigenvalues of the matrix R have positive
real parts. The normally ordered intracavity correla-
tion spectrum S(w) = [7_ e'“T(50(t)60T (t + 7)) dT
can be derived as!3°]

S(w) = (R—iwl) 'D(R" +iwl)™,  (17)

where [ is a unit matrix.

Now we are in a position to discuss the collective
correlations. To do this, we define a pair of Einstein—
Podolsky-Rosen (EPR) like operators, u = x4 — zp,
v =pa + pp, in which

1
Ty = ﬁ

i
pa = \/5
rp — :L’A(A — B), pPB = pA(A — B),

(ATt eion + Al emion),

. P
(A(l)uteupA_AIOu e 1¢A),

where the superscripts “out” denote the output fields.
The collective modes at the output port are entangled
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if the sum of variances of EPR-like operators u and v

satisfy the inequality!3°!

V = ((Au)?) + ((Av)?) < 2. (18)

The equation V = 0 corresponds to EPR entangle-
ment. At the same time, we should note ((Au)?) =
((Av)?), which means that V < 2 corresponds to
squeezing of the multimode operators u and v. Us-
ing the standard input-output theory,®>] we obtain
the fluctuation correlation spectrum for the collective
output fields

V(w)
= 2+ Ka[S15(w) + S51(w)] + Kp[S24(w) + Ssz(w)]
—V/kakp[S12(w) + S21(w) + Sas(w) + Ssa(w)]. (19)
At zero-frequency we have
V(0)

_ d — \/Kakb

h d + /Kakb
32(¢")?zcost 0

v(sin? 6 + cost 0)2

2

2

e = B (o

d + v/KaFb

In Eq. (20), the first term originates from the vacuum

fluctuations and the second term is due to the spon-
For the far off-resonant case,!*!
ie., |A|/2 > 1, we have sinf — 0, then z — 0.

This shows that the contribution due to spontaneous

taneous emission.

emission is negligibly small. However, for the near-
resonant case, |A|/{2 ~ 1, the fluctuations from spon-
taneous emission generally are non-negligible. We
note that the destructive interference occurs when
d = /Kakp, from which we have a\/k, = B*\/@
This means that the two terms in Eq. (20) trend to
vanish when destructive interference takes place. As
a result, we have V(0) = 0, which indicates that one
can have perfect multimode squeezing and the collec-
tive EPR entanglement. At the same time, we can
also see that the larger the parameter d the larger the
cavity damping rates k, and kp for the above ideal
squeezing and entanglement. From the above analy-
ses, we can summarize the quantum interference ef-
fects as follows. First, two quantum beats are cre-
ated, this determines that the sum modes A; and B
mediate into interaction but the difference modes Ao
and By remain in the vacuum state and decouple from
the system. Second, two sum modes A; and Bj are
detuned and enter into parametric interactions, the
fluctuations due to spontaneous emission and the vac-
uum couplings are cancelled due to destructive inter-
ference. These two effects combine to take effect, and

so almost perfect multimode squeezing and collective
EPR entanglement are obtained.

Next, we analyse the correlations for the indi-
vidual fields. For the individual modes a; and b;
(k,j = 1,2) we define the pair of EPR-like operators
Ukj = Ta, — Tp, and vg; = pa, + Pp,, where

1 . .
t
(azut e'Par alou e ¥ar),

mak:ﬁ

Ty, = Tap(ar — bj),

- azouteiiwak)v
Pb; = Pay (ar — by).

We have ((Aug;)?) = ((Avg;)?). Noise squeezing for
quadrature uy; and vy; and entanglement between the
individual modes aj, and b; are obtained if the follow-
ing inequality is satisfied:

Vij = ((Aug;)?) + ((Avg;)?) < 2. (21)

The correlation spectra Vj,;(w) for the pairs of individ-
ual fields at the output port are related to the collec-
tive mode correlation spectrum V' (w) by the following
relations:

Vii(w) = V(w)cos? ¢ < 2,
Viz(w) = Va1(w) = V(w)cosgsing <2, (22)
Vag(w) = V(w) sin? ¢ < 2.

It is seen from Eq. (22) that the squeezing and
entanglement for the collective fields correspond to
those for any two individual components from dif-
ferent collective modes. When cos¢ = sin¢, i.e.,
2 = §25, we have Vi1(w) = Vig(w) = Vor(w) =
Vas(w) = (1/2)V(w).
we can manipulate the degree of squeezing and en-

By varying the ratio 25/,

tanglement for different pairs of cavity fields. When
cos ¢ — 1,i.e., £21 > (2, the pairs of individual modes
from different collections have the correlation spec-
tra Vii(w) = V(w), Vis(w) = Vo1(w) = Vaa(w) = 0.
Similarly, for sing — 1, i.e., 25 > (21, we have
Vas(w) = V(w), V11(w) = Via(w) = Va1(w) =~ 0. For
the case of extreme disparity in the Rabi frequencies
of applied fields, the perfect squeezing and the EPR
entanglement for the collective modes correspond to
the perfect squeezing and the EPR entanglement for
individual modes a; and by or for individual modes as
and bs. In this case, the squeezing and entanglement
for individual modes a; and by or for individual modes
ao and by almost vanishes.

Finally, it is easy to generalize the present scheme
to a general case. For a (j + 1)-level system, there are
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J (4 > 3) excited states and one ground state. The j
driving fields couple the j excited states to the com-
mon ground state. We assume that all driving fields
are cross-correlated and the coherent depopulation ef-
fect is preserved. When all excited states have the
same decay rates, the (j — 1) superposition states are
decoupled. We obtain a pair of quantum beats as
above, each of which has at most j cavity fields. Then
we have entanglement between two collective fields,
each has m; 2 = j components. We also have squeez-
ing and entanglement for collective fields, in each of
which there are different numbers of modes, m; < j,
mao < j, mp #* meo. In a special case, one group con-
tains a single mode and the other consists of 7 modes.
This gives squeezing and entanglement for a single
mode (m; = 1) and a group of ma > 2 modes.

5. Conclusion

In conclusion, we have shown the multimode
squeezing and collective continuous-variable entangle-
ment in a near-resonantly driven three-level V' system.
Two quantum beats are induced via atomic coherence
effects. This yields the collective parametric interac-
tions, whose coupling strength is scaled up by the pop-
ulation difference of the atomic ensemble. The fluctu-
ations due to spontaneous emission and the vacuum
fluctuations are cancelled due to quantum interference
at the output port. One has almost perfect squeezing
and EPR entanglement for the collective modes. This
also corresponds to squeezing and entanglement for

two individual fields from different collections.
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