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Wave growth rate in a cylindrical metal waveguide with
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This paper addresses the formulae and numerical issues related to the possibility that fast wave may be grown when

a relativistic electron beam through an ion channel in a cylindrical metal waveguide. To derive the dispersion equations

of the beam–wave interaction, it solves relativistic Lorentz equation and Maxwell’s equations for appropriate boundary

conditions. It has been found in this waveguide structure that the TM0m modes are the rational operating modes of

coupling between the electromagnetic modes and the betatron modes. The interaction of the dispersion curves of the

electromagnetic TM0m modes and the upper betatron modes is studied. The growth rates of the wave are obtained,

and the effects of the beam radius, the beam energy, the plasma frequency, and the beam plasma frequency on the wave

growth rate are numerically calculated and discussed.
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1. Introduction

In recent times a great deal of interest has de-
veloped in ion-channel guiding (ICG) of a relativis-
tic electron beam (REB) since the focusing effect of
the ion channel (IC) was proposed as a novel fo-
cusing mechanism for the transport of the REB.[1]

As the REB is injected into the preformed plasma,
in a blow-out region, it expels all the background
plasma electrons out from a region around the axis
and forms the ion channel.[2−4] An ion channel can
be used to guide and focus the REB, which allows
higher beam current than the vacuum limit, helps ra-
diation guiding, and also eliminates the need for con-
ventional focusing magnets. There are important ap-
plications in this subject to accelerators[5,6] and radia-
tion sources, such as the plasma wake-field accelerator,
the free electron laser with ICG,[7−10] the ion-channel
laser (ICL),[11−14] and those devices including an in-
tense electron beam as their active gain medium as
the dielectric Cherenkov maser, traveling wave tube
(TWT)[15] and backward-wave oscillator (BWO).[16]

To create an ion channel, the electron beam den-
sity nb is higher than the preformed plasma density
np. The channel radius ri ' r0(nb/np)1/2 is larger

than the electron beam radius r0. It is assumed that
the transverse electric field due to the ion charge is
much larger than the transverse force on the beam
due to self-fields, which requires np À nb/γ2, where
γ is the Lorentz factor. The beam electrons un-
dergo transverse oscillations at a betatron frequency
ωb = ωp/

√
2γ, where ωp = (npe2/ε0m)1/2 is the

plasma frequency, −e is the electron charge, m is the
electron rest mass, and ε0 denotes the permittivity
in vacuum. The plasma wiggler strength is given by
K = γωbr0/c, where c is the speed of light. As an elec-
tron undergoes betatron oscillation in an ion channel,
it will emit synchrotron radiation. The ICL was con-
ceived as a means to generate tunable coherent radia-
tion. In this device, ion focused force provides a much
higher wiggler strength than that of a conventional
magnetic wiggler, leads to a more effective generation
of radiation.[17] If K À 1, high harmonic radiation
dominates the spectrum and a broadband spectrum
is generated.[18] When K ¿ 1, radiation is emitted
primarily at the fundamental frequency ω = 2γ2

z0ωb,
where γz0 is the initial Lorentz factor for the elec-
tron entering the channel. As K approaches unity,
scattered radiation will appear at harmonics of the
resonant frequency.
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This paper analyses the axial thin REB in an
ICG-metal waveguide, which is an empty metal cylin-
drical waveguide partly filled by an ion channel, op-
erated in the fast-wave regime. We consider that
the preformed plasma radius rp is less than the self-
consistent ion channel radius r0(nb/np)1/2 and the
neutral gas can be dealt as vacuum just like the ion
channel, which means an axial thin REB with ion
channel inside a loss-free metal wall. Hence, when a

and R are the beam radius and inner radius of metal
wall respectively, as illustrated in Fig. 1, the a/R is
arbitrary. In addition, we deal the tiny REB with
nb/γ2 < np < nb, and all transverse and longitu-
dinal oscillations to be unrelativistic and small are
assumed. In this work, the electrons motion is ap-
proximately linear. We shall present a self-consistent
relativistic field theory of the REB betatron resonance
radiation and take self-fields of the electron beam into
account. It will be shown that, under certain condi-
tions, a fast-wave electron betatron resonance radia-
tion can be operated with direct axial injection of an
electron beam. The presented analysis is based on
Maxwell’s equations, the cold-fluid continuity equa-
tion and relativistic momentum-transfer equation. It
will be carried out in the laboratory frame by using a
cylindrical coordinate system (r, θ, z) with the beam
and waveguide axes taken as the z axis.

Fig. 1. The cross section of the ICG waveguide. The re-

gion 1 denotes the REB, the region 2 including the IC and

the neutral gas.

The paper is organized as follows. Section 2 deals
with the basic formulas such as the expressions of
transverse components of the field in terms of longitu-
dinal components and the longitudinal wave equations
from relativistic Lorentz equation, Maxwell’s equa-
tions and the equation of continuity. In Section 3 the
dispersion relation is derived. In Section 4, we present

the wave growth rate. Section 5 includes results of cal-
culation and analysis of wave growth rate. Section 6
contains the conclusions.

2. Basic analysis of the REB with

ICG

In the present calculations, we consider that the
system consists of a net ion channel and equilibrium
REB, where the equilibrium REB employs an ion
channel density np0 = nb/γ2 and the net ion chan-
nel density is np,net = np − np0. The analysis will be
limited to near-axis betatron motion of beam electron
with an equilibrium position r0 = 0. It assumes that
the electrons beam radius is unaltered under the lit-
tle betatron motion and the perturbation due to the
net ion channel and the propagating electromagnetic
(EM) wave respectively. In this model, the eigen-
modes of cylindrical metal waveguide without beam
are TMnm and TEnm modes, in which the asymmet-
ric TM and TE modes will be replaced by HE and EH
modes when an REB presents. Therefore, the inter-
action of the electron beam with transverse magnetic
TM0m and TE0m mode should be discussed. The re-
mainder of this section will treat the perturbations
and find the basic formulas. The perturbed term is
assumed to have azimuthal symmetry and depend on
e i(kzz−ωt), where ω and kz are the angular frequency
and the axial wave number.

2.1.Relativistic single electron dynam-

ics

To study electron beam dynamics, we integrate
the fully relativistic electron equations of motion in
the ion channel field, the REB self-field, and the dis-
turbed EM field determined by Maxwell equations.
Consider a relativistic and cold electron beam mov-
ing with velocity u0 (u0 = βc and γ =

(
1− β2

)−1/2)
along the z axis in the presence of an ion channel hav-
ing its axis coincident with the z axis. The total veloc-
ity u = u0+ũ is the sum of steady state and perturbed
components of particle velocity, and the total charge
density n = n0 + ñ is the sum of the steady state and
oscillatory components of the electron density.

The electron motion equation will be obtained by
solving relativistic Lorentz equation. Here the trans-
verse focusing force and longitudinal space charge
force are both considered. The component equations
of relativistic Lorentz equation can be written as
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[
∂

∂t
+ (u0z + ũ) ·∇

]
ũ⊥

= − e

mγ

{
Ẽ⊥ +

e
(
np − n e

)

2ε0
r̃ +

[
(u0z + ũ)× B̃

]
⊥
− n ee

2cε0
[(u0z + ũ)× (β × r̃)]⊥

}
, (1)

[
∂

∂t
+ (u0z + ũ) ·∇

]
ũz

= − e

mγ3

{
Ẽz +

[
(u0z + ũ)× B̃

]
· ẑ − n ee

2cε0
[(u0z + ũ)× (β × r̃)] · ẑ

}
, (2)

where Ẽ and B̃ are the fluctuating electric and mag-
netic fields, the subscript ⊥ refers to the transverse
component, the subscript z refers to the longitudinal
(axial) physical quantity, ẑ denotes the longitudinal
unit vector, and the γ3 is originated from the variation
of the total velocity and the qualification of ũ ¿ u0.

Retaining terms up to first order in oscillatory
components and using the expression of radial veloc-
ity

ũr = r̂dr̃/dt

= r̂ (∂/∂t + u0z∇z) r̃

= −i (ω − βckz) r̃, (3)

where ∇z = ∂/∂z is the longitudinal gradient functor,
we reduce the component equations of motion to

ũr = −i
e

mγ

1
(ω − βckz)

(
Ẽr + βc× B̃θ

)
ηr, (4)

ũθ = −i
e

mγ

1
(ω − βckz)

(
Ẽθ + βc× B̃r

)
, (5)

ũz = −i
e

mγ3

1
(ω − βckz)

Ẽz, (6)

where

ηr = (ω − βckz)2/[(ω − βckz)2 − ω2
b] (7)

is the parameter of the REB with ICG, and the elec-
tron betatron frequency becomes

ω2
b = (ω2

i − ω2
e/γ2)/(2γ), (8)

since the self-fields of the electron beam are taken into
account, ω e = (n ee

2/ε0m)1/2 is the plasma frequency
of the REB.

2.2.Perturbed current and charge den-

sities

From now on, we shall solve the linearized
Maxwell’s equations

∇× Ẽ = iωB̃, (9)

∇× B̃ = µ0J̃ − iωε0µ0Ẽ, (10)

∇ · Ẽ = −eñ/ε0, (11)

∇ · B̃ = 0, (12)

for oscillated EM fields presented in the waveguide
along with the continuity equation of beam

iωeñ + ∇ · J̃ = 0, (13)

where J̃ is the perturbed current density of the beam.
Total current density is J = −e (n0 + ñ) (uz0 +

ũ). Since the perturbed components are assumed to
be small, we can neglect second order term and take
the approximation of perturbed current density. Us-
ing Eqs. (4), (6), (9), and (13), we can obtain the per-
turbed current densities of the electron beam affected
by perturbed EM field and the betatron focused force
as

J̃r = iωε0

ω2
e

γ

(
1
ω2

Ẽr +
βc

iω2(ω − βckz)
∇rẼz

)
ηr, (14)

J̃θ = iωε0

ω2
e

γ

(
1
ω2

Ẽθ +
βc

iω2(ω − βckz)
∇θẼz

)
, (15)

J̃z = iωε0

ω2
e

γ
×

{
βc

iω2(ω − βck)
(ηr∇rẼr +∇θẼθ) +

[
1

γ2(ω − βck)2
−

(
βc

ω(ω − βck)

)2

(ηr∇2
r +∇2

θ)

]
Ẽz

}
,

(16)

where ∇r = ∂/∂r and ∇θ = (1/r)∂/∂θ are the transverse gradient functor, ∇2
r = ∂/∂r(r∂/∂r)/r, and ∇2

θ =
(1/r2)∂2/∂2θ.
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2.3. Expression of EM field components and wave equations

From Maxwell’s equations, we can obtain the expressions of transverse components of the fields in terms of
longitudinal components and the longitudinal wave equations. Using Eqs. (9) and (10), transverse components
of the fields can be expressed in terms of longitudinal components to obtain

Ẽr =
i

T 2
r

{[
kz − β

c

ω2
e

γ

1
(ω − βckz)

ηr

]
∇rẼz + ω∇θB̃z

}
, (17)

Ẽθ =
i

T 2
θ

{[
kz − β

c

ω2
e

γ

1
(ω − βckz)

]
∇θẼz − ω∇rB̃z

}
, (18)

B̃r =
i

T 2
θ

{
kz∇rB̃z −

[
ω

c2
−

ω2
e

γc2

1
(ω − βckz)

]
∇rẼz

}
, (19)

B̃θ =
i

T 2
r

{
kz∇θB̃z +

[
ω

c2
−

ω2
e

γc2

1
(ω − βckz)

ηr

]
∇rẼz

}
, (20)

where

T 2
r =

(
ω2

c2
− k2

z

)
−

ω2
e

γc2
ηr, (21)

T 2
θ =

(
ω2

c2
− k2

z

)
−

ω2
e

γc2
. (22)

Using Eqs. (9)–(13) and (17)–(22), the longitudi-
nal EM function can be written as

∇2
rẼz + κ2

TMẼz = 0,

B̃z = 0 (23)

for TM0m modes, where

κ2
TM =

(ω − βckz)2 − ω2
e/γ3

(ω − βckz)2 − ηrω2
e/γ3

T 2
r , (24)

and

∇2
rB̃z + κ2

TEB̃z = 0,

Ẽz = 0 (25)

for TE0m modes, where

κ2
TE = T 2

θ . (26)

Compare the equations of TM0m modes and the
equations of TE0m modes, one can find that the
term of betatron motion (ωb) is absent in the TE0m

modes. This means that the interaction between the
EM modes and betatron modes arises only in TM0m

modes.

3. Dispersion equation

From the above analysis, for TM0m modes, the
wave equation inside the beam is defined by Eqs. (23)

and (24). Outside the beam we have

∇2
rẼ2z + κ2

2Ẽ2z = 0, (27)

κ2
2 = ω2/c2 − k2

z = T 2
2 . (28)

The appropriate solutions are

Ẽ1z = A1J0(κ1r) e i(kz−ωt), (29)

Ẽ2z = [A2J0(κ2r) + A3N0(κ2r)] e i(kz−ωt), (30)

where J0(x) and N0(x) are Bessel and Neumann func-
tions of the zero order, respectively, and a top dot will
denote the derivative.

The relativistic boundary conditions are

Ẽ1z = Ẽ2z at r = a, (31)

B1θ − β/c×E1r = B2θ − β/c×E2r at r = a,

(32)

Ẽ2z = 0 at r = R, (33)

which will yield three equations for three unknown co-
efficients A1, A2, and A3. The necessary and sufficient
condition for nontrivial solution is obtained by equat-
ing the determinant of coefficients to zero. This will
yield

(
1− 1

γ3

ω2
e

(ω − βckz)2 − ω2
b

)
κ1

J̇0(κ1a)
J0(κ1a)

=
T 2

r

κ2

J̇0(κ2a)N0(κ2R)− Ṅ0(κ2a)J0(κ2R)
J0(κ2a)N0(κ2R)−N0(κ2a)J0(κ2R)

, (34)

where J̇0(x) and Ṅ0(x) are the derivative of J0(x) and
N0(x) respectively. This is the dispersion relation for
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the space-charge, betatron, and TM waves, which de-
scribes the dispersion properties of pure EM modes
in the combined beam self-field and ion channel field.
When β → 0 and ω e = ωi , equation (34) reduces
to the dispersion relation of a metallic tube which
is partially filled with a cylindrical plasma column.
Using the Lorentz transformation, we can transform
equation (34) into the dispersion relation of the beam
frame, which takes the same form as demonstrated in

Ref. [19] (Eq. (50) in Ref. [19]). The numerical results
and analysis of the dispersion relation in the beam
frame had been detailed in Ref. [19] by Rouhani et al.

4. Growth rate of the wave

In order to display the feature of betatron res-
onance radiation, we rewrite the dispersion relation
Eq. (34) as

[
(ω − βckz)2 − ω2

b

]


1−

[
J0(κ2a)N0(κ2R)−N0(κ2a)J0(κ2R)
J̇0(κ2a)N0(κ2R)− Ṅ0(κ2a)J0(κ2R)

J̇0(κ1a)
J0(κ1a)

]2




=
ω2

e

γc2
(ω − βckz)2

(
ω2

c2
− k2

z

)−1

− ω2
e/γ3(ω − βckz)−2

[
(ω − βckz)2 − ω2

b

]
Γ

− ω2
e/γ3(ω − βckz)−2

[
(ω − βckz)2 − ω2

e/γ3
]

Γ, (35)

where Γ =

[
J0(κ2a)N0(κ2R)−N0(κ2a)J0(κ2R)
J̇0(κ2a)N0(κ2R)− Ṅ0(κ2a)J0(κ2R)

J̇0(κ1a)
J0(κ1a)

]2

.

In Eq. (35), if we let ω e = 0, we can obtain

FB = 1−
[

J0(κ2a)N0(κ2R)−N0(κ2a)J0(κ2R)
J̇0(κ2a)N0(κ2R)− Ṅ0(κ2a)J0(κ2R)

J̇0(κ1a)
J0(κ1a)

]2

= 0, (36)

and

(ω − βckz)2 − ω2
b = 0. (37)

Equation (36) is the no-beam dispersion equation

of a TM0m mode with the metal waveguide, and equa-

tion (37) represents a beam mode. These two modes

are coupled via the term on the right-hand side of

Eq. (35) and the coupling is proportional to the den-

sity of the electron beam. The betatron radiation

occurs when equations (36) and (37) are satisfied si-

multaneously, and the electrons give net work to the

radiation wave to enable the wave to grow. Conse-

quently equations (36) and (37) are the simultaneous

conditions to produce the Betatron radiation.

Equation (35) can be rewritten as

FB[(ω − βckz)2 − ω2
b] = αB, 0 < r ≤ a, (38)

where αB is the right-hand side of Eq. (35).

The no-beam dispersion equation (36) of a TM0m

mode with the metal waveguide can be cut off to

Jn(κ2R) = 0. (39)

Since wave in the empty metal waveguide is a fast

wave, only the upper solution of Eq. (37) could cou-

ple with the guided EM wave. Let the solution of

Eqs. (37) and (39) be ω0, it takes

ω0 = βckz + ωb. (40)

Expressing ω0 as ω = ω0 + δω with δω ¿ ω0, one

can obtain

(δω)3 + 2ωb(δω)2 =
(

αB

∂FB/∂ω

)∣∣∣∣
ω=ω0

. (41)

Three solutions of this cubic equation (41) can be

rewritten as

(δω)ν = −1
3
p +

1
6
tν +

2
3

p2

tν
, ν = 1, 2, 3, (42)

where p = 2ωb, q = −(αB/(∂FB/∂ω))|ω=ω0 , tν =

− |t| e i(ν−1)(2π/3), ν = 1, 2, 3, and they meet the equa-

tion

t3 = −108q − 8p3 + 12(81q2 + 12qp3)1/2 .
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When q > 0, the roots of Eq. (41) are a real

(δω)1 and two conjugated complex number (δω)2,3,

the imaginary part of the complex root is

Im(δω) = ±
√

3
2

(
1
6
|t| − 2

3
p2 1
|t|

)
. (43)

When the beam density is neglected (ω e = 0),

the radiation frequency is real for real values of the

axial wave number kz and no betatron radiation is

expected. To obtain the growth rate of the wave, a

nonzero value of ω e must be used and the dispersion

equation must be solved for complex values of ω for

real values of kz. The wave growth rate GB can ap-

proximately be solved as

GB = Im(δω). (44)

5. Numerical results and analysis

Here, a numerical computation is conducted to

investigate the effect of the REB radius (a), the beam

energy (γ), the plasma frequency (ωp), and the REB

plasma frequency (ω e) on the wave growth rate (GB).

The calculation results, which are obtained by the so-

lution of the complete dispersion equation (35), for

TM01 are shown in Figs. 2–7. In these calculations,

the parameters of the frequency, such as ωp, ωb, GB,

are normalized by c/R, and the beam radius a is nor-

malized by R, the axial wave number kz is normalized

to 1/R.

Fig. 2. Plot of the growth rate (the lower figure), the

betatron frequency (the middle figure) and the operating

frequency (the upper figure) of the wave as functions of

the Lorentz factor and the beam radius. The normalized

preformed plasma and the beam plasma frequencies are

ωpR/c = 10 and ωeR/c = 12 respectively.

We show in Fig. 2 the normalized growth rate,

the betatron frequency and the normalized operat-

ing frequency versus the beam energy and the nor-

malized REB radius, corresponding to the normalized

plasma frequency ωpR/c = 10 and the normalized

beam plasma frequency ω eR/c = 12. The plots of

the normalized growth rate as a function of the beam

energy and the normalized REB radius are shown in

Figs. 3 and 4, respectively. As seen from Fig. 2, if

we increase the values of a/R and γ, several regions

of betatron resonance radiation will present one af-

ter another. For the first region of radiation growth

with smaller values of the REB radius and energy, the

growth rate is small and the maximum growth rate

decreases with increasing beam energy as shown in

Fig. 4. The next regions will begin at some strong

resonance point and attenuate quickly with increasing

beam energy and REB radius as shown in Figs. 2, 3,

and 4.

Fig. 3. Dependence of the wave growth rate on the beam

energy for different radii of the REB. The normalized

preformed plasma and the beam plasma frequencies are

ωpR/c = 10 and ωeR/c = 12 respectively.

Fig. 4. Dependence of the wave growth rate on the

beam radius for different Lorentz factors. The normal-

ized preformed plasma and the beam plasma frequencies

are ωpR/c = 10 and ωeR/c = 12 respectively.
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In Fig. 5 the normalized growth rate, the betatron

frequency and the normalized operating frequency ver-

sus the plasma frequency and the beam plasma fre-

quency is plotted for the beam energy γ = 6 and the

normalized REB radius a/R = 0.3. The dependence of

the normalized growth rate on the normalized plasma

frequency and the normalized beam plasma frequency

are shown in Figs. 6 and 7, respectively. As seen from

Fig. 5, if we increase the values of ωpR/c and ω eR/c,

several regions of betatron resonance radiation will

present one after another. For ωb/γ < ωp < ωb, in

the first region of radiation growth with smaller val-

ues of ωpR/c and ω eR/c, the maximum growth rate

increases with increasing ω eR/c as shown in Fig. 7.

The next regions will begin at some strong resonance

point and attenuate quickly with increasing ωpR/c

and ω eR/c as shown in Figs. 5, 6, and 7.

Fig. 5. Plot of the growth rate (the lower figure), the

betatron frequency (the middle figure) and the operating

frequency (the upper figure) of the wave as functions of

the normalized preformed plasma frequency and the beam

plasma frequency. The Lorentz factor and the beam radius

are γ = 6 and a/R = 0.3 respectively.

Fig. 6. Dependence of the wave growth rate on the beam

plasma frequency for different preformed plasma frequen-

cies ( ωpR/c = qωeR/c, 1/γ < q < 1). The Lorentz factor

and the beam radius are γ = 6 and a/R = 0.3 respectively.

Finally, it is instructive to compare our results

with the dielectric Cherenkov maser in Refs. [20] and

[21]. Quantitatively, our growth rates could be ap-

proximate or larger when some appropriate parame-

ters are chosen. It is well known that a Cherenkov ra-

diation needs employing a slow wave medium to slow

down the phase velocity of guided EM mode to less

than the velocity of light. In our design this slow wave

medium is unnecessary so that we can use a much

smaller inner radius of metal wall (R) and gain the

much larger growth rate.

Fig. 7. Dependence of the wave growth rate on the pre-

formed plasma frequency for different beam plasma fre-

quencies. The Lorentz factor and the beam radius are

γ = 6 and a/R = 0.3 respectively.

6. Conclusion

In this paper, the radiation growth characteris-

tics of a betatron resonance radiation, which consists

of a cylindrical metal waveguide and an REB with

an ion channel guiding, were investigated. The per-

formed plasma radius is considered less than the self-

consistent ion channel radius, so that this waveguide

have a simple structure, and the beam radius and in-

ner radius of metal wall are arbitrary. This ICG-metal

waveguide should have a significant wave growth by se-

lecting the appropriate parameters. It is shown that

only the TM0m mode can be effectively grown, and the

growth rates of the wave depend on the REB radius,

the beam energy, the plasma frequency, and the REB

plasma frequency. Furthermore, the results obtained

were compared with those for the dielectric Cherenkov

maser.
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