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This paper concerns the absolute stability problem of discrete-time descriptor systems with feedback connected

ferromagnetic hysteresis nonlinearities. The ferromagnetic hysteresis model satisfies the passivity conditions of hysteresis

operator, that is the input—output relation of the transformed operator is passive. The bound condition of the solution

of the ferromagnetic hysteresis model is given. Through the framework of loop transformation, an augmented discrete-

time descriptor system model is established for the stability analysis. A new extended Tsypkin criterion for the absolute

stability of discrete-time descriptor systems with hysteresis is presented based on the linear matrix inequalities technique.

A numerical example is given to illustrate the effectiveness of the extended criterion.
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1. Introduction

Hysteresis phenomenon widely occurs in elec-
tronic relay circuits, shape memory alloys, smart ma-
terials actuators, mechanical gears and electromag-
netic devices. Hysteresis nonlinearity, which is one
of the typical nonlinearities, has a nonlinear loop
that depends on the amplitude of the system input.!*!
There are various types of hysteresis models, such
as the Preisach model,[? Prandtl-Ishlinskii model,®!
Duhem model,* and ferromagnetic model.l>%/ Some
researchers studied the physical characteristics of the
hysteresis nonlinear phenomenon, such as adhesion

(7 the hysteresis of subharmonic

elastic hysteresis,
in liquid containing microbubbles.l8] The parameter
identification problem was studied for metal rub-
ber isolator with hysteresis nonlinearities.[?) Gener-
ally speaking, unlike those sector bounded memory-
less nonlinearities such as deadzone or saturation, the
output of hysteresis nonlinearity at any given time is
a function of the entire past history of the input, and
thus hysteresis nonlinearity has memory.['?! The loop

and memory characteristics of hysteresis complicate

the system analysis. A differential equation form of
the ferromagnetic hysteresis model was presented to
describe the relationship between the magnetic field
strength and the magnetic flux density in ferromag-
netic materials.>6! An adaptive backstepping control
method was presented to solve the tracking problem
of uncertain nonlinear system with ferromagnetic hys-
teresis nonlinearity.!*!]

On the other hand, descriptor systems have been
one of the major research fields of control theory
due to the comprehensive applications in electrical
and mechanical models.'2=19] The applications for
descriptor systems in describing large-scale systems,
power systems and interconnected networked systems
are well known. Some kind of fuzzy descriptor sys-
tems were studied through guaranteed cost control

16-18] General-

or neural network control methods.!
ized quadratic stability and stabilization for singular
systems were presented in the viewpoint of system

families.[19]

The absolute stability problem was pro-
posed by Lur’e and Postnikov as a condition for sta-

bility of feedback connected systems consisting of a
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linear part with nonlinear feedback constrained by a
sector condition.2923] Extended strict positive real-
ness (ESPR) was developed for descriptor systems,[l?’]
where ESPR was studied for both continuous and dis-
crete time singular systems by using generalized al-
gebraic Riccati equations and inequalities. An LMI
(linear matrix inequality)-based strictly positive real
lemma was given for discrete time singular systems,
and the LMI-based result was applied to investigate
the absolute stability of discrete time systems.['®) The
ESPR and strongly absolute stability were investi-
gated for descriptor systems with output feedback
nonlinearities.'? However, the nonlinearities consid-
ered in Ref. [12] are sector bounded memoryless non-
linearities, not the hysteresis type nonlinearities. As
is stated, hysteresis is a kind of important inherent
nonlinear phenomenon, and widely occurs in practical
system devices. There have been few works on descrip-
tor systems with hysteresis nonlinearities in the exist-
The KYP lemma and invari-

ance principle were applied to achieve absolute stabil-

ing literatures so far.

ity criterion for standard linear systems with hystere-
sis nonlinearities.['?! Passivity properties were investi-
gated for Preisach type hysteresis nonlinearities.24 A
multivariable extension of the Tsypkin criterion was
presented for a standard discrete system with sec-
tor bounded nonlinearities.2>) However, whether such
kind of control method is suitable for discrete-time de-
scriptor systems with hysteresis nonlinearities is still
an open problem.
In this paper, absolute stability problem of
discrete-time descriptor system with feedback con-
nected ferromagnetic hysteresis nonlinearities is stud-
ied. To the best of our knowledge, this is the first
time in the literature that absolute stability prob-
lem of discrete-time descriptor systems with hystere-
sis feedback is investigated. The circulation orienta-
tion of the ferromagnetic hysteresis loop is counter-
clockwise, thus the hysteresis model satisfies the pas-
sivity conditions of the hysteresis operator, besides,
the input—output relation of the transformed operator
is passive. The bound condition of the solution of the
ferromagnetic hysteresis model is given to establish a
local Lipschitz condition. Through the framework of
loop transformation, an augmented discrete-time de-
scriptor system model is established for the stability
analysis. A new extended Tsypkin criterion for the ab-
solute stability analysis of the discrete-time descriptor
system with hysteresis feedback is presented based on
the LMI technique. A numerical example is given to

demonstrate the effectiveness of the method.

Throughout the paper, if not explicitly stated, all
matrices are assumed to have compatible dimensions.
Let M be a complex matrix, and let MT and M* stand
for the transpose and the conjugate transpose of M,
respectively. The inequality M > 0 (M > 0) means
that M is a positive-definite (semidefinite) matrix,
while M < 0 (M < 0) means that M is a negative-
definite (semidefinite) matrix.

2. Ferromagnetic hysteresis

2.1. Ferromagnetic hysteresis model

Consider the following ferromagnetic hysteresis

modell11]

By = a|Hp| [ f(Hm) = Bn] + Hing(Hm), (1)

where the magnetic flux density B,, and the mag-
netic field strength H,, are real-valued functions of
time with piecewise continuous derivatives B,, and
H,,, o is a positive constant, |H,,| is the absolute
value of H,,, f(-) and g(-) are real-valued functions
on (—o0,+00) and must meet the following assump-
tive restrictions:

Assumption 1 The function f(-) must be a
piecewise smooth, monotonously increasing odd func-
tion of H,,, with a derivative f’(-) which obtains a
finite limit f’(oco) while H,, — oo.

Assumption 2 The function ¢(-) must be a
piecewise continuous, even function of H,,, with a
limit obeying g(H,,) — f'(Hp), Hm — o0.

Assumption 3 For all finite H,,, the functions
1/(+) and g(-) must satisfy the inequalities

f'(Hm)

Y

Q(Hm)
> aetn / L) — g(6)] e Cde.

H,,

According to the above model and assumptions,
the relationship between B,, and H,, can be ob-
tained as a function B,,(H,,), named hysteresis loop
curve. As an illustration, the functions and param-
eters are selected as follows: f(H,,) = Otanh(H,,),
9(Hp) = f/(Hp) (1—Xe ?Hnl) H, = Isin(wt),
where 3, A\, p, «, | and w are arbitrary parameters.
Select 6 =1, A = 085, p = 0.1, a = 5,1 = 2,
w = m,0.57,0.2w, and 0.1w. The hysteresis loop is
shown in Fig. 1. Note that the traversed orientation
of the hysteresis loops is counter-clockwise.
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w = 0.57

Fig. 1. Ferromagnetic hysteresis loop with w = 7, 0.57,0.27, and 0.17.

In physical systems, hysteresis nonlinearity is usu-
ally denoted as w(t) = @[v](t), where ¢ denote the
hysteresis operator with v(t) as the hysteresis input
and w(t) as the hysteresis output. The hysteresis op-
erator w(t) = P[v](t) typically refers to the input—
output relation between two time-dependent quan-
tities which cannot be expressed as a single-valued
function. The relationship usually takes the form of
loops that are traversed either in clockwise or counter-
clockwise direction. Typically, hysteresis can be clas-
sified as rate independent hysteresis and rate depen-
dent hysteresis, respectively. For the rate independent
hysteresis, the shape of the input—output relation is
unchanged for arbitrary time rate of input function;
while for the rate-dependent hysteresis, the shape is
changed with the frequency of the input signal. The
details of rate dependence/independence of hysteresis
can be referred to Ref. [4]. As shown in Fig. 1, the
shapes of the response for different input frequencies
are the same. Thus such a kind of hysteresis models
are called rate-independent hysteresis models.

To unify the expression of the aforementioned fer-
romagnetic hysteresis model in the controller design,
let H,, = v(t), By, = w(t), then equation (1) trans-

lates into

w(t) = alo®)| [ f(v(t) —w(@)] +o(t)g(v(t).  (2)

Considering the initial value point (vg,wp), where

v(0) = vy, w(0) = wp, we denote the solution of
Eq. (2) as
w(t)

= f(v(t)) + [wo - F(wp)] e—esen(®)(@w=vo)
_ e_asgn(i))v/ (f'(ﬁ) —g(f)) eocgsgn(i;)dg7 (3)

vo
when vg = 0, wy = 0, solution (3) changes to

wlt) = 1(o(0)) — e PO — 9(6)

0
> eagsgn(i))dg'

(4)
Define
() 2 == [ (16 g(6)) et
then equation (4) changes to
w(t) = [](t) = f(u(t)) + d[v](1). (5)
The following proposition gives the bound con-

dition of the solution of the ferromagnetic hysteresis
model.
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Proposition 1  For arbitrary input function
v(t), d[v](t) is bounded in a finite bound By, By € RT,
R* denotes the set of positive integers.

Proof When v > 0 and v — o0,

Jo (f'(§) —g(8)) e*dg

lim d[v](t) = — lim
v—+00 v— 400 eav
g(+00) — f'(+00)

= ) (6)

(07

when v < 0 and v — —o0,

Jo (f(&) — g(&)) em>¢d¢

UEI—noo d[U}(t) - Uli)l_noo e—av

From Assumptions 1, 2 and 3 we know that g(co) and
f/(00) are limited, so g(co) — f’(c0) must be limited,
too. Thus, lim, . |(g(v) — f(v))/a] < By. Besides,
it is obvious that when v = 0, d[v](¢) = 0, hence for
arbitrary v(t), d[v](¢) is bounded in By. O
Remark 1 The bound condition of the consid-
ered ferromagnetic hysteresis model shows that the
disturbance term cannot be arbitrarily large, this ful-
fills the demand of the practical physical systems.

2.2. Passivity of hysteresis operator

In order to analyse the absolute stability of sys-
tems with hysteresis, the passivity property of hystere-
sis model should be studied and a passive hysteresis
operator is needed to be established. From the view-
point of energy loss, for a hysteresis nonlinearity @[]
as shown in Fig. 2, it is not passive from p to n. The
associated energy pair is not (u,n), but (u,n). This
agrees with the well-known result that the hysteretic
energy loss in a magnetic circuit due to periodic exci-
tation is equal to § H,,,dBy,, the area of the hysteresis
loop.?4) Hence we will demonstrate a proposition that
it is passive from y to 7.

D[] sI >

Fig. 2. Passive hysteresis operator.

Proposition 2 Consider a vector hysteresis non-
linearity @[] as in Eq. (5), where ¢;[-] is differen-
tiable a.e. in R, 0 < ¢i[] < ki @ = 1,...,m,

K = diag(1/k1,...,1/ky), ki is the maximum slope

of ¢;[-], and the traversed orientation of the hysteresis
loops is counter-clockwise. Then the input—output re-
lation of the operator @[] shown in Fig. 2 is passive,
i.e., for @[] it is passive from p to .

Proof From the general passivity theory we have

T T
d du
T _ T
/0 pt¢dt —/O p des[”](t)ﬂ dt

Pl pl(T) .
— 4 utaelyzo. ()
@[ p](0)

As the circulation of the hysteresis loops is counter-
clockwise, from Ref. [10], the last inequality of the
integral (8) holds. For the closed path, the value of
the integral (8) equals the area enclosed by the hys-
teresis loop. Hence, the operator <.1:>[] is passive from
u to C. O

Remark 2 A hysteresis with counter-clockwise
loops is considered as a passive hysteresis.!'?) Note
that only the counter-clockwise circulation of the pas-
sive hysteresis allows it to be converted to a passive
operator by transformation. As shown in Fig. 1, the
orientation of the loops is counter-clockwise, thus the
considered ferromagnetic hysteresis is passive hystere-
sis. A consequence of Proposition 2 is the conclusion
that the transformed passive hysteresis operator &[]
fulfills the following sector condition:

[ p)(KP[p] —p) <0 YpeR™ 9)

In this paper, the ferromagnetic hysteresis model
(1) with Assumptions 1-3 satisfies the conditions men-
tioned in Proposition 2, and the bound condition is
This allows

us to establish a local Lipschitz condition for the

presented through the Proposition 1.

ferromagnetic hysteresis nonlinearity as follows: If
R™ — (C]0,t], where v(t2) is a suf-
ficiently small perturbation of v({;) on an interval
lo(tr)—v(t)|| < 6, Vt € [t1, 2], then the local Lipschitz
condition [@[v](t1) — P[v](t2)] < Plaxllv(ts) — v(t2)
will hold, where 0 < &'[v] < @, .. < oo, &, . is the

max max

the input v :

maximum slope appearing in the hysteresis nonlinear-
ity. This Lipschitz condition ensures that the trans-
formed operator is a bounded operator on C0,¢] and
is required for a differentiable Lyapunov function.

3. Discrete descriptor systems

Consider a normal discrete descriptor system as
follows:
Ex(k+1) = Az(k) + Bu(k),

(10)
y(k) = Cx(k) + Du(k),
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where z(k) € R™ is the state, u(k) € R™ is the ex-
ogenous input, y(k) € R™ is the output. The matrix
E € R™™ may be singular, rank(E) = r < n. The
A, B, C, D are known real constant matrices with
Let (E, A, B,C,D) denote
the descriptor system of the form (10). The transfer

appropriate dimensions.

function of the above descriptor system is as follows:
G(z)=C(zE— A)"'B+D. (11)

Definition 1 The pair (E, A) is said to be regular
if det(zE — A) is not identically zero; the pair (F, A)
is said to be causal if deg(det(zE — A)) = rank(E);
the pair (E, A) is said to be stable if its generalized

= max A < 1;
Ae{z|det(zE—A)=0}

the pair (E, A) is said to be admissible if it is regular,

spectral radius p(E, A)

causal and stable.

Suppose that the pair (E, A) is regular, then there
exist two nonsingular matrices M and N such that
(E, A, B,C, D) can be transformed to the Weierstrass
canonical form

(E,A,B,C,D)= (MEN,MAN,MB,CN, D) (12)

with
5o 4, 0
E= A= | :
0J 0 I,
_ B _
B= |1, c=lo al,
By

where J € R(™=7)x(n=7) ig a nilpotent matrix, i.e.,
J! = 0 for some integer [ > 1, A} € R"™*", and By, B,
(1, Cy are in compatible dimensions. The pair (E, A)
is causal if and only if J = 0.

Definition 2 (i) The descriptor system (10) is
said to be positive real (PR) if its transfer function
G(z) is analytic in |z| > 1 and satisfies G(z) +G*(z) >
0 for |z| > 1.

(ii) The descriptor system (10) is said to be
strictly PR (SPR) if its transfer function G(z) is ana-
lytic in |z| > 1 and satisfies G(e’?) + G*(e7%) > 0 for
8 € [0, 2m).

(iii) The descriptor system (10) is said to be ex-
tended SPR (ESPR) if it is SPR and G(c0)+GT(c0) >
0.

Lemma 12! The discrete descriptor system (10)
is admissible and ESPR if and only if there exists a
matrix P = PT such that the following LMIs hold:

ETPE >0,

CT - ATPB
—(DY+ D - BTPB)

ATPA - ETPE
CB'PA < 0.(13)

4. Main results

In this section we will extend the Tsypkin crite-
rion to the discrete-time descriptor systems with fer-
romagnetic hysteresis nonlinearities. Consider the ab-
solute stability problem for the following system:

Ex(k+1) = Az(k) + Bu(k),

y(k) = Cu(k), (14)
u(k) = —@[y](k),

where @[] = (¢1[-],...,dm[])T is the hysteresis non-
linearity discussed in Section 2. The system is shown
in Fig. 3. The transfer function is G(z) = C(zE —
A)~!B. The following theorem is the extended Tsyp-

kin criterion for the absolute stability of the discrete-
time descriptor systems with ferromagnetic hysteresis

nonlinearities.
0 +  u(k) BEa(k+1)=Az(k)+ Bu(k) y(k)
—» > L
y(k) = Cz(k)

A

Fig. 3. Discrete-time descriptor systems with ferromag-
netic hysteresis nonlinearities.

Theorem 1 Let I' = diag(vi,...,vm) > 0, and
the ferromagnetic hysteresis nonlinearity &[] satisfies
the condition (9). The discrete descriptor system (14)
is absolutely stable, if there exist matrices P, L, and
W with P = PT satisfying

ATPA— ETPE+LTL =0,
BTPA—-C+WTL =0,

. . (15)
2K — B"PB - WTW =0,
ETPE >0,
where the transformed system matrices are as follows:
[E 00 A00
E=|o10|, A=|Ccoo0],
1001 0710
B
B=|o|, ¢=lor+r-r|, D=K
0
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Proof The proof is given in the Appendix. [
Remark 3 Theorem 1 is a novel extension of
traditional Tsypkin criterion for the discrete-time de-
scriptor systems with ferromagnetic hysteresis nonlin-
earities. The LMIs (A5) conditions in the proof are
the equivalence of the equations conditions in Theo-

rem 1.

5. Numerical example

Consider a discrete-time descriptor system (14) as
follows:

10 0 -1 0 1
) A ) B= )
00 0 -2 -1

C:[l 1}7 K=1 I'=1.

The ferromagnetic hysteresis nonlinearities @[-] have
the same parameters as those in Fig. 1. Hi(z) =
(2023 — 1822 4+ 122 — 1)/(2023 + 222) can be verified
to be ESPR. The LMIs (A5) is solved, and have the
feasible solution as

0.2122 —0.3546 0.4296 —0.2674
~ | —0.3546 —1.2627 1.8894 —0.8711
0.4296 1.8894 5.5150 —1.6434

—0.2674 —0.8711 —1.6434 1.9793

The norm of the system state is shown in Fig. 4.

0 10 20 30
t/s
Fig. 4. The state norm ||z| with the initial value z(0) =
[6,0]T.

6. Conclusion

This work investigates the properties of ferro-
magnetic hysteresis nonlinearity. The absolute stabil-

ity problem of discrete descriptor systems with feed-
back connected ferromagnetic hysteresis nonlinearities
is studied for the first time. An extended Tsypkin cri-
terion is presented within the framework of loop trans-
formation. Numerical example is given to demon-

strate the effectiveness of the stability criterion.

Appendix: Proof of Theorem 1

Consider a loop transformation shown in Fig. 5,

we have:

G(z) = 271G(2).

For a discrete descriptor system (10), the transfer
function is Eq. (11). Then

B

G(z) = |271C(zE — A7t 27T
oG- a ]|

EO0 AO0(\-1|B
=lod 10 1))

017 co D
2 G(:F— A) 1B, (A1)
Thus the transformed system can be described in the
augmented state-space model as

(A2)

where the augmented system state is Z(k) £ [2T(k +

1),yT(k)]T € R"™™ | the augmented system output is
§(k) = y(k) € R™, the augmented system input is
a(k) £ u(k +1) € R™, and the augmented system
matrices are

- |EO| . |A0| . |B
E= , A= , B= :
01 Co D

é:[OI}, D=o.

For the system (14) considered in this paper, the

augmented system matrix Bis B = [BT O] , hence
the transformed system is as follows:
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(k)
04 ulk) y(k) 0+ o e L

y

A

D[] =zl

A
&
A

Hy
> K
0+ e -
+
> 2 = G(2) > [+ (1—2" 1) >
e ] 1% T P
2 — P[] |« T+(1-2"Hr)t <+
&[] +
> K
Hy

Fig. 5. Loop transformation.

First we should verify that the transfer function H;(z) is ESPR. From the loop transformation shown in
Fig. 5, we transform the augmented system as follows:

Hi(z) = K+ (I+(1—2"H)G(2)

(zE — A1 0 B
(zI)"'C(zE — A)~' (D)~ |0

watEED

D+ C(zE — A)™'B, (A4)

=K + [(I+F)é fr}

B
0

A0
C o0

E 0
01

K+[0+re 1] (

(1>

where the transformed augmented system matrices are

£00 400 B
E=loro|l, A=|coo|, B=|0], é:@1+r—ﬂ, D=K
007 070 0

Define the transformed augmented system state as 2(k) = [#7(k+1), 7T (k)]T = [T (k +2),yT(k + 1), yT(k)]T,
the output as §(k) 2 (k) = y(k), the input as a(k) 2 a(k + 1) = u(k + 2).

Note that E#(k 4+ 1) = Az(k) + Ba(k) = Az(k) — B®[jj](k + 1), where the hysteresis nonlinearities are
B[] = (1[],. -+, dm[])T, the transformed system matrix C' is C' = [0 I+7T —F} = [0 I 0} + I {0 1 —I} =
C1 + I'Cy, then the output can be recognized as y(k + 1) = C12(k), and y(k) = (Cy — Co)2(k).
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The equations and inequality in expression (15) are equivalent to the LMIs as follows:
ETPE >0,

ATPA - ETPE CT - ATPB

o .| <o. (Ab)
C-BT™PA 2K+ B'PB

According to Lemma 1, Hy(z) is ESPR.
Next, we prove that the system is absolutely stable. Consider the Lyapunov function candidate as follows:

V(z(k)) = 2T (k)ETPE#(k) +2Z / Yidilo (A6)

Since ETPE is positive semi-definite, the ferromagnetic hysteresis nonlinearity & satisfies the properties men-
tioned in Section 2 and Proposition 2, and I" > 0, it follows that V(& (k)) given by Eq. (A6) is positive-definite.
The Lyapunov function difference is given as follows:

AV (&(k V(E(k+1)) — V(z(k))
T( YATPAG(K) — 2T (k)ET PE#(k) — ®[5)" (k + 1)BT PAi(k)
9i(k+1)
T (k)ATPB®[g)(k + 1) + ()T (k + 1) BT PBd[g)(k + 1) +2Z/ ’ Yidiloldo. (A7)
i (k)
Note that the integral term in Eq. (A7) can be bounded by
m  rgi(k+1) m
Z/-(k) ’Yz(bz o< Z [9i](k + 1)vi(9i(k + 1) — 9:(k)),

thus

AV (&(k)) <2V (k)ATPA&(k) — 2T (k)ETPE#(k) — 85" (k + 1) BT PAi (k)
— &Y (k)ATPBO[g](k + 1) + D[] (k + 1) BT PB[] (k + 1)
2

Note that I'(§(k+1) — (k) = I'(y(k+1) —y(k)) = T(Cr(k) — (C1 — Co)(k)) = T'Cait(k) = (C — C1)i(k) =
Ci(k) — g(k + 1), thus,

)
(9" (k + 1) (KD[G)(k +1) — §(k +1)). (A9)

Using expression (15) yields

AV (&(k)) < — (La(k) = WLF)(k + 1)) (La(k) — W[F)(k + 1))
+28[5]" (k + 1)(KB[G](k +1) — §(k +1)). (A10)

From inequality (9) we obtain AV (Z(k)) < 0, thus the absolute stability of the considered systems is proved.
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