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Dynamic analysis of a new chaotic system with fractional
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Based on the stability theory of the fractional order system, the dynamic behaviours of a new fractional order

system are investigated theoretically. The lowest order we found to have chaos in the new three-dimensional system

is 2.46, and the period routes to chaos in the new fractional order system are also found. The effectiveness of our

analysis results is further verified by numerical simulations and positive largest Lyapunov exponent. Furthermore, a

nonlinear feedback controller is designed to achieve the generalized projective synchronization of the fractional order

chaotic system, and its validity is proved by Laplace transformation theory.
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1. Introduction

Although the fractional differential calculus dates
from the 17th century, the applications of fractional
calculus to physics and engineering are just a recent
focus of interest.!'?! Tt was found that many sys-
tems in interdisciplinary fields can be described by the
fractional differential equations, such as viscoelastic
systems, dielectric polarization, electrode—electrolyte
polarization and electromagnetic waves.>=6 There
are essential differences between ordinary differential
equation systems and fractional-order differential sys-
tems. Most properties and conclusions of ordinary
differential equation systems cannot be simply ex-
tended to that of the fractional order differential sys-
tems. Therefore, fractional order systems have at-
tracted more and more attention. Recently, many
investigations were devoted to the chaotic dynamics
and chaotic control of fractional order systems.[7—21
It has been shown that the fractional order general-
izations of many well-known systems can also behave
chaotically.l'®=21 For example, it has been shown that
the fractional order Chua’s circuit with an appropriate
cubic nonlinearity and with an order as low as 2.7 can
produce a chaotic attractor.[*3] The chaotic behaviour

of the fractional order Lorenz system was studied in

Ref. [14], and the fractional order Chen chaotic sys-
tem was also investigated in Refs. [15] and [16]. Ge
and Zhang!'” investigated the chaotic behaviours of
fractional order modified Duffing systems and modi-
fied van der Pol system, respectively. Li and Chen!'!
found that the hyperchaos in fractional order Rossler
equations has an order as low as 3.8, and the dynamic
behaviours in three-dimensional Rdssler system with
fractional order were studied by Zhang et al.['9) The
chaotic behaviour in the fractional order Liu system
was investigated in Refs. [20] and [21], and so on.

A review for Refs. [13]-[21] indicates that phase
portrait and Lyapunov exponent are always the ef-
ficient ways to research the fractional order system.
However, based on the stability theory of fractional or-
der systems, the dynamic behaviours of a new chaotic
system!?? in different fractional order are investigated
in our work. First, we theoretically analyse and com-
pute the range of order in which the new fractional
order system is chaotic. Then, the effectiveness of our
analysis results is further verified by numerical simu-
lations and computation of the largest Lyapunov ex-
ponent. It has been found that chaos exists in the
new three-dimensional chaotic system with an order
as low as 2.46. Period routes to chaos in the new
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fractional order system are also found. Furthermore,
using Laplace transformation theory, a nonlinear feed-
back controller is designed to achieve the generalized
projective synchronization of the new fractional order
chaotic system.

2. Fractional derivative and its

approximation

There are several definitions of fractional
derivatives.[!l The Caputo derivativel?3 is a time do-
main computation method. In practical applications,
the Caputo derivative is more popular since the in
homogenous initial conditions are permitted if such
conditions are necessary. Furthermore, these initial
values are prone to measurement since they all have

[24]

idiographic meanings.'** The Caputo derivative defi-

nition is given by

L ORN: 3 ()
dte den

(a > 0), (1)

where n is the least integer that is not less than «, and
JB (8 > 0) is the B-order Riemann-Liouville integral
operator which satisfies

1 t
760 = o [ ¢-1Peman (@)
L'(B) Jo
where I' stands for Gamma function, 0 < g < 1.
Liu and Chen introduced a new three-dimensional
2], which is de-
scribed by the following nonlinear differential equa-

autonomous chaotic system in Ref. [2

tions.

T =ax — Yz,
y="by+az, (3)
z=cz+xy,

where x, y, and z are state variables; and a, b, ¢ are
system parameters. When a = 5, b = —10, ¢ = —3.4,

= ()t he he
k n+1 P
Z (OZ ¥ 2)f(t’n+1?‘rh(tn+1)) + F(a + 2)

system (3) exhibits a chaotic behaviour. Its attrac-
tor is similar to Chen’s attractor,[2:26 as depicted in

Fig. 1.
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Fig. 1. The Chen-like attractor of system (3).

The fractional order system (3) is described as

d?

Qi =ar — Yz,

dQ2y

dtq2 - by + zz, (4)
dz

Qe =cz + Yy,

where ¢; is the fractional order, 0 < ¢; <1 (i = 1,2, 3).
[27]-29],
corrector scheme for system (4) is derived.

According to Refs. the predictor—
This
scheme is the generalization of Adams—Bashforth—
Moulton one.[?]
The following differential equation
()

2®)(0) = 5",

0<t<T,

k=0,1,2,...,n—1,

is equivalent to the Volterra integral equation!28!
n—1 k t
) t 1 / f(r,2)
t) = E — dr. (5
z(®) 210 BT ), o O
Let h = T/N, t, = nh (n = 0,1,2,...,N). Then

equation (5) can be discretized as follows:

xh n+1 Zaj,n+1f(tj"rh(tj))7
where
ntt —(n —a)(n + 1), j=0,
Ajnt1 = (n ] + 2)a+1 + ( )a+1 (n —j + 1)()¢-‘,—17 1 S ] S n,
1, Jj=n+1,

n+1 Z n+1 + - ij,n-‘rlf tj,q,‘h( )), bj,n-&-l =

(03

=5+ 1"~ ()%
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The error estimate is e = Max |z(t;) — zx(t;)| = O(R?) (j =0,1,...

,N), where p = Min(2,1 + «).

|
Applying the above method, equation (4) can be discretized as follows:

ha , b hat n
Tpt1 = To + m(ﬁwnﬂ ~ Ynt1%n41) T T(q +2) Zﬂl,jm—l(‘m]’ —Y5%);
§=0
ha2 haz n
— b 4 P P . by .
et =0+ g gy (W ) F g gy 2 P (B £ 232) ©
ha3 ha3 n
_ p PP _ _ .
Zn+1 Zo + F(Q3 + 2) (CZnJrl + ‘rnJrlynJrl) + F(Q?, ¥ 2) jgo 53,j,n+1(czj + x]yj)v
where
n
Thon =0+ = Y Njmii(ar; —y;z),
* I'(q1) =0
1 n
Ynt1 = Yo + (@) Z V2,541 (0Y; + 2525),
j=0
1 n
Zp1 = %0+ T Z%J,nﬂ(%‘ + 5Y5);
(g3) =0
ndtl — (n—0;)(n+1)%, Jj=0;

ﬁihj,n—&-l =
1
hai

)

Vijntl = 7((” —Jj+ 1) —(n—j5)%),

7

3. Dynamic analysis of the new

fractional order chaotic system

Theorem 1 For n-dimensional fractional system,
if all the eigenvalues (A1, Ag,...,\,,) of the Jacobian

matrix of some equilibrium point satisfy

larg(Ai)| > am/2, o =max(q1,q2,- -, qn)

(i=1,2,...,n), (7)

then the fractional order system is asymptotically
steady at the equilibrium.

A jw
stable

stable am/2 unstable

|
—am/2
unstable

stable

Fig. 2. Stability region of the fractional order system.

(n—j+2)% T 4 (n— et —2(n—j+ 1)t 1<j<m

|
—

0<j<mn, i=123.

\
According to the stability theory of fractional or-

der systems,% it is easy to prove Theorem 1. Figure
2 illustrates Theorem 1. Obviously, if the equilibrium
is stable, the fractional order system will be steady at
one point; only when none equilibrium is stable, is the
fractional order system in chaos.

The system (4) has five equilibriums,
ie, 50(0,0,0), Si(xo,¥0,20), S2(x0,—Y0,—20),
S3(—x0,y0,—20) and  Sy(—wo, —Y0,20), where
zo = Vb, yo = +/—ac, 2z = +/—ab.
When ¢ = 5, b = —10 and ¢ =
—3.4, we obtain Sy(0,0,0), S;(v/34,V17,5v/2),

S (VL —VT7, ~5v3)
54(7\/374a 7\/ﬁa 5\/5)

First, we choose Sy(0,0,0) to study: the eigenval-

S3(—+/34,+/17,—5v/2) and

ues of the Jacobian matrix are A\ = 5, Ao = —10 and
A3 = —3.4. We can obtain arg(A1) = 0, arg(A\s) = 7
and arg(A\3) = w. According to Theorem 1, we can
easily conclude that the equilibrium Sy of Eq. (4) is
unstable when 0 < a0 < 1, i.e., Sy will never be stable.

When we choose S;(v/34,v/17,5v/2) to study, the
eigenvalues of the Jacobian matrix are A\; = —12.6496,
Ay = 2.1248 4+ 7.0172i and A3 = 2.1248 — 7.0172i.
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We can obtain arg(\;) = =, arg(A2) = 1.2768 and
arg(Az) = —1.2768. According to Theorem 1, we can
conclude that when ¢1, ¢2, and g3 are all less than
0.8128 (1.2768 x 2/m), the equilibrium S; of Eq. (4)
is stable. On the contrary, when ¢1, g2, and g3 are all
greater than 0.8128, the equilibrium S; of Eq. (4) is
unstable.

In the same way, when ¢, g2, and ¢3 are all less
than 0.8128, the equilibrium Ss, S3 and Sy of Eq. (4)
are stable; and when ¢1, g2, and g3 are all greater than
0.8128, the equilibriums Sa, Ss, and Sy of Eq. (4) are
unstable.

To sum up, when ¢, g2, and g3 are all less than
0.8128, there exists at least one stable equilibrium, i.e.,
the system (4) will be stabilized at one point (57, Sa,
Ss or Sy) finally; when ¢;, g2, and g3 are all greater
than 0.8128, all the equilibriums of Eq. (4) are unsta-
ble, the system (4) will exhibit a chaotic behaviour;
when ¢ = ¢ = ¢3 = 0.8128, the system (4) will
exhibit a limit cycle around some equilibrium point;
when ¢; < 0.8128 < ¢; (i # j), the problem will be
complicated, the system (4) may be convergent, peri-
odic or chaotic, it seems hard to analyse its behaviour
theoretically now, so we do not consider such a case
here.

Using the discretization scheme in Section 2, we
obtain the simulation results of the system (4) with
different fractional orders as shown in Figs. 3-9. In
these simulations, we select three kinds of values as

0.8128 < ¢1, g2, g3 < 1: (i) the larger values ¢; =
g2 = g3 = 0.95 (Fig. 3); (ii) unequal values ¢; = 0.85,
g2 = 0.9, g3 = 0.95 (Fig. 4); (iii) the minimum values
g1 = g2 = g3 = 0.82 (Fig. 5) in 0.8128 < q1, ¢2, ¢3
and two decimals are retained. Correspondingly, for
0 < q1, g2, q3 < 0.8128, we also collect three kinds of
values: (I) the maximum values ¢; = g2 = g3 = 0.81
(Fig. 7) in ¢1, g2, g3 < 0.8128 and two decimal is re-
tained; (IT) unequal values ¢; = 0.6, g2 = 0.7, g3 = 0.8
(Fig. 8); (III) the smaller values g1 = ¢2 = g3 = 0.5
(Fig. 9).

From these simulation results (Figs. 3-9), we can
see that when ¢, ¢, and ¢3 are all greater than
0.8128, the system (4) will exhibit a chaotic behaviour
(Figs. 3-5). When ¢ = g2 = g3 = 0.8128, the system
(4) will exhibit a limit cycle around some equilibrium
(Fig. 6). When ¢1, g2, and g3 are all less than 0.8128,
the system (4) will stabilize at one of fixed points Si,
So, S3, and Sy, and the specific point will be deter-
mined by the initial states of the system (4) (Figs. 7—
9). In this case, because Sy is always unstable, it is
not included.

We calculate the largest Lyapunov exponents of
the fractional order system (4) using the well-known
Wolf algorithm.!) The value of the largest Lyapunov
exponent is 0.3516 with ¢ = g2 = g3 = 0.82. There-
fore, it indicates that when ¢ = ¢2 = ¢3 and two
decimals are retained, the lowest order we found for
the system (4) to yield chaos is 2.46.
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Fig. 3. The projections of the attractor of system (4), when g1 = 0.95, g2 = 0.95, and g3 = 0.95.
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Fig. 4. The projections of the attractor of system (4), when g1 = 0.85, g2 = 0.9, and g3 = 0.95.
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20 20 20
10 16 16
12 12
b= 0 N N
8 8
—10 4 4
—20 0 0
—20 -10 0 10 20 —20 20
x
Fig. 5. The projections of the attractor for system (4), when g1 = 0.82, g2 = 0.82, and ¢3 = 0.82.
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Fig. 6. The projections of the attractor for system (4), when g1 = 0.8128, g2 = 0.8128, and g3 = 0.8128.
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Fig. 7. When ¢1 = 0.81, g2 = 0.81, and g3 = 0.81, system (4) converges to one of its equilibriums.
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Fig. 8. When g1 = 0.6, g2 = 0.7, and g3 = 0.8, system (4) converges to one of its equilibriums.
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Fig. 9. When g1 = 0.5, g2 = 0.5, and g3 = 0.5, system (4) converges to one of its equilibriums.

4. Generalized projective syn-
chronization of fractional order

chaotic system

The system (4) is defined as the drive system
of fractional order generalized projective synchroniza-
tion, then the fractional order response system can be

written as
dar o’
g =@~y
d4az /
T = by 2 s, ®)
de 2/
T = cz' + 'y + us,

where 2/, ¢/, and 2’ are state variables and u =

T
(uh U2, U3)
alized projective synchronization errors between sys-

is a nonlinear control vector. The gener-

tems (4) and (8) are defined as e; = 2/ — Bz, e0 = ¢/ —
By, and e3 = 2z’ — 3z, where [ is a nonzero constant,
and is a scaling factor that defines a proportional rela-
tion between the synchronized systems. Hence, com-
plete synchronizations and anti-synchronizations are
the special cases of generalized projective synchroniza-
tion when the scaling factor 8 = 1 and § = —1, re-

s Ey(s) — st Leq (0)
592 Fy(s) — 5927 Ley(0) = bEy(s),

spectively.
Theorem 2 Consider the following nonlinear
feedback controller

uy = —key + Bzes + Byes + eses + (8% — Byz,

uy = —fBze; — Pres — eres + (B — 5%z,
usz = (5 - ﬁ2)$y7

9)

where k (k > a) is a coupling constant, then, the gen-
eralized projective synchronization of the fractional
order chaotic systems (4) and (8) can be accomplished,
through changing the value of the scaling factor g.

Proof Substituting Eq. (9) into Eq. (8) and sub-
tracting Eq. (4) from Eq. (8), we obtain the following
error dynamical system

dlhel

e —(k —a)ey,

dQ262

e - bes, (10)
d®e

dtq33 = ce3 + e1eo + fyer + PBres.

Taking Laplace transform[®? on both sides of Eq. (10),
letting E;(s) = L(e;(t)), (i = 1,2,3) and applying
L(d%;/dt?) = s1E;(s) — s771e;(0) (i = 1,2,3), we
obtain

—(k —a)Er(s),

(11)

583 E3(s) — s Le3(0) = cE3(s) + E1(s)Ea(s) + B(L(yer) + L(zes)).

Equation (11) can be rewritten as follows:

. sqlilel(())
Ey (5) = m’
Bs(s) = Squeg((l)q:r_Ecl(S)EQ(s)

| BL(er) + Laes))

s — ¢
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By the final-value theorem of the Laplace transforma-

tion, 3 we obtain:

. . Sqlel(O)

1 t) =1 E =lim —— =0, (13
Jim et = Jiy o) = iy Sy = 0 013)
. L o 8%es(0)

A e2(t) = limysBy(s) = lim ~2=57 =0, (14)

a3 E E

lim e3(t) = lim sE3(s) = lim stea(0) + sBa(s) Eals)
t—o0 s—0 s—0 s43 — ¢

n B(sL(yey) + sL(xeg)).

1
P (15)

Because of the boundedness of the chaos attractor,
there exists M > 0 such that |z] < M < oo,
ly| <M < co. So, we have

| L(wea)| < M|Es(s)], (16)
[L{yer)| < MIE1(s)]. (17)
According to Egs. (13) and (14), we obtain

tlim es(t) = 0. Hence the proof is completed.

40

30

a 20

10

o) . )
—40 —20 0
x,

According to the above analyses, with nonlin-
ear feedback controller (9), the error system (10) is
asymptotically stable at the origin. This indicates
that the generalized projective synchronization of the
drive system (4) and the response system (8) with dif-
ferent initial values is achieved, as time goes to infinity.

In the following, the fractional order ¢; = 0.85,
g2 = 0.9, g3 = 0.95 are chosen as examples in this
paper. The scaling factor = 2 and § = —1.5 are se-
lected, respectively. The above discretization scheme
in Section 2 is used to solve the differential equations
of the systems (4) and (8). It is supposed that k =7 >
a. The initial values of the drive system (4) and re-
sponse system (8) are (z(0),y(0),2(0)) = (1,3,9) and
(2'(0),4'(0), 2(0)) = (—1,0,1), respectively. Simula-
tion results of generalized projective synchronization

are shown in Figs. 10-12.

20

—20

—40
—40

—-20 0 20 40

z,x’

Fig. 10. The projection of attractors of system (4) and system (8) on the two-dimensional plane: (a) g1 = 0.85,
g2 = 0.9, g3 = 0.95, 8 =2; (b) g1 =0.85, g2 = 0.9, g3 = 0.95, 3 = —1.5.
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Fig. 11. The history of e;(¢), e2(t), and e3(t) for ¢ = 0.85, g2 = 0.9, g3 = 0.95, 8 = 2.
2.5 8
2.0 10 ]
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15 ]
o = 1 i
s 1.0 3 4 | = 8 ]
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o M— (b) 1 0
0
—0.5 Y
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Fig. 12. The history of e; (¢), e2(t), and e3z(t) for g1 = 0.85, g2 = 0.9, g3 = 0.95, 8 = —1.5.
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From Fig. 10, it can be seen that state variable
amplitudes of system (8) are respectively 2 times and
1.5 times of those of system (4), whereas the phases
of systems (8) and (4) are in-phase and anti-phase,
respectively. Figures 11 and 12 show that the errors
e1(t), ea(t), and es(t) have been exponentially stabi-
lized to zero, respectively, namely the attractors of
systems (8) and (4) are synchronized up to the given
scaling factor .

5. Conclusions

In this paper, we have studied the dynamic be-
haviours of the new fractional order system using the
stability theory of fractional order systems. We found
that chaos exists in the fractional order system with
an order as low as 2.46. Periodic routes to chaos in the
new fractional order system are also found. The nu-
merical simulations have verified the theoretical anal-
ysis.

Applying our analysis methods to the fractional
order Lorenz system!'¥ and the fractional order Chen
system!'®! respectively, we have obtained some theo-
retical results: the fractional order Lorenz system is
chaotic when ¢1, g2, g3 > 0.99, and chaos exists in the
fractional order Chen system when ¢, g2, g3 > 0.69.
These results are consistent with the simulation results
in Refs. [14] and [15]. Moreover, in Refs. [13]-[21], the
dynamic behaviours of a fractional order system can
only be obtained by numerical simulations and com-
putation of the largest Lyapunov exponent, but now
we can analyse them theoretically.

Furthermore, in this paper, suitable conditions for
achieving the generalized projective synchronization
of two identical fractional order systems are derived
by using Laplace transform theory. A nonlinear feed-
back controller is designed to complete the generalized
projective synchronization of the new fractional order

chaotic systems.

References

[1] Podlubny I 1999 Fractional Differential Equations (New
York: Academic Press)

[2] Hilfer R 2001 Applications of Fractional Calculus in
Physics (New Jersey: World Scientific)

[3] Bagley R L and Calico R A 1991 J. Guid. Control Dy-
namics 14 304

[4] Koeller R C 1984 J. Appl. Mech. 51 294

[5] Koeller R C 1986 Acta Mechanica 58 251

[6] Heaviside O 1971 Electromagnetic Theory (New York:
Chelsea)

[7] Yan X M and Liu D 2010 Acta Phys. Sin. 59 3043 (in
Chinese)

[8] Xu Z, Liu C X and Yang T 2010 Acta Phys. Sin. 59 1524
(in Chinese)

[9] Zhang R X, Yang S P and Liu Y L 2010 Acta Phys. Sin.
59 1549 (in Chinese)

[10] Shao S Q, Gao X and Liu X W 2007 Chin. Phys. 16 2612

[11] Zhou P, Wei L J and Cheng X F 2009 Chin. Phys. B 18
2674

[12] Yang J and Qi D L 2010 Chin. Phys. B 19 020508

[13] Hartley T T, Lorenzo C F and Qammer H K 1995 IEEE
Trans. CAS-I 42 485

[14] Grigorenko I and Grigorenko E 2003 Phys. Rev. Lett. 91
034101

[15] Li C and Chen G 2004 Chaos, Solitons and Fractals 22
549

[16] Li C P and Peng G J 2004 Chaos, Solitons and Fractals
22 443

[17] Ge Z M and Zhang A R 2007 Chaos, Solitons and Fractals
32 1791

[18] Li C G and Chen G R 2004 Physica A 341 55

[19] Zhang W, Zhou S, Li H and Zhu H 2009 Chaos, Solitons
and Fractals 42 1684

[20] Wang F Q and Liu C X 2006 Acta Phys. Sin. 55 3922 (in
Chinese)

[21] Varsha D G and Sachin B 2010 Comput. Math. Appl. 59
1117

[22] Liu W and Chen G 2003 Int. J. Bifurc. Chaos 13 261

[23] Caputo M 1967 Geophys. J. R. Astr. Soc. 13 529

[24] Samko S G, Klibas A A and Marichev O I 1993 Fractional
Integrals and Derivatives: Theory and Applications (Am-
sterdam: Gordan and Breach)

[25] Chen G and Ueta T 1999 Int. J. Bifurc. Chaos 9 1465

[26] Ueta T and Chen G 2000 Int. J. Bifurc. Chaos 10 1917

[27] Diethelm K 1977 Electron. Trans. Numer. Anal. 5 1

[28] Diethelm K and Ford N J 2002 J. Math. Anal. Appl. 265
229

[29] Diethelm K, Ford N J and Freed A D 2002 Nonlinear
Dynamics 29 3

[30] Matignon D 1996 Comput. Eng. Sys. Appl. 2 963

[31] Wolf A, Swinney J B, Swinney H L and Vastano J A1985
Physica D 16 285

[32] Hara S, Iwasaki T and Shiokata D 2006 IEEE Contral.
Syst. Mag. 26 80

[33] Muth E J 1997 Transform Methods with Applications to
Engineering and Operations Research (Englewood Cliffs:
Prentice-Hall)

120507-8



