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1. Introduction

Fourier transformation is often employed to solve
miscellaneous mathematical physical problems. In
1980, the one-dimensional (1D) fractional Fourier
transformation (FFT) was first introduced by Namias
as a mathematical tool for solving theoretical physical
problems,[1,2] but did not attract much attention un-
til its reintroduction to optics in 1993 by Mendlovic,
Ozaktas and Lohmann.[3,4] Since then a series of works
have been done on its properties, optical implementa-
tions and applications.[5−7] The FFT has been widely
used in signal processing,[5] beam shaping etc. The
connection between the integration kernel of FFT and
the coordinate–momentum representation has been
discussed. The eigenmodes of FFT, the single-variable
Hermite–Gauss function, has also been derived.[3,8,9]

In quantum mechanics theory, the realization of
Fourier transform is the mutual transform of the
coordinate–momentum representation. To be con-
cerned with quantum entanglement, which has been
the subject of much research since the publication of
the famous paper of Einstein, Podolsky and Rosen
(EPR)[10] arguing the incompleteness of quantum me-
chanics, an interesting question naturally arises: Is
there any entangled fractional Fourier transformation
in the context of quantum mechanics? The answer is
affirmative, in Ref. [11], Fan has established the corre-

sponding entangled fractional Fourier transformation
in the bipartite EPR entangled state representation
and investigated its special properties. Later, Drago-
man has shown that its kernel can be classically pro-
duced with rotated astigmatic optical systems that
mimic the quantum entanglement.[12]

In this paper, we try to propose entangled frac-
tional Fourier transformation in three-mode case. For
this aim we shall construct tripartite entangled state
|ρ, χ1, χ2〉, which is the common eigenvector of (Q1 −
Q3), (Q1 + Q2 + Q3) and (P1 − 2P2 + P3), and its
conjugate state representations. We shall derive the
corresponding entangled fractional Fourier transform
(EFFT) in these two representations. As one can see
shortly later, though the EFFT is not a direct product
of three 1D FFTs, it possesses all the properties the
FFT should have.

Our work is arranged as follows: In Sections 2
and 3 we briefly introduce the two mutually conjugate
three-mode entangled states of continuum variables.
We devote Section 4 to the derivation of the three-
mode EFFT in terms of the tripartite entangled states,
and the EFFT’s additivity property is discussed too.
The eigenmode of EFFT is obtained in Section 4. As
an application, in Section 5 we calculate the EFFT of
the three-mode squeezed vacuum state.
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2. Common eigenstate of the

three compatible observable

The orthogonal transformation

R2 =
1√
2


 1 −1

1 1


 , (1)

which relates


 Q1

Q2


 and


 P1

P2


 to Q1 − Q2 and

P1 + P2, can be generalized to the 3× 3 case

R3 =




1√
6
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− 1√
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0 1√
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1√
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1√
3

1√
3


 , (2)

which yields

R3



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Q3


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


1√
6
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− 1√
2
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1√
3
(Q1 + Q2 + Q3)


 (3)

and

R3




P1

P2

P3


 =




1√
6
(P1 − 2P2 + P3)

− 1√
2

(P1 − P3)
1√
3
(P1 + P2 + P3)


 . (4)

Thus we can search for the common eigenvector, de-
noted by |ρ, χ1, χ2〉, of the three compatible operators
Q1 −Q3, Q1 + Q2 + Q3 and P1 − 2P2 + P3.

After some effort, we find that |ρ, χ1, χ2〉 in the
three-mode Fock space has the form

|ρ, χ1, χ2〉 =
1√

6π3/4
exp

[
− 1

12
(
ρ2 + 3χ2

1 + 2χ2
2

)
+
√

2
6 i ρ

(
a†1 − 2a†2 + a†3

)

+
√

2
2

χ1

(
a†1 − a†3

)
+
√

2
3

χ2

3∑

j=1

a†j

− 1
6

(
2a†21 − a†22 + 2a†23

)
− 1

3

(
2a†1a

†
2 − a†1a

†
3 + 2a†2a

†
3

) ]
|000〉 , (5)

where ρ, χ1, and χ2 are real numbers, a†j , and aj (j = 1, 2) are the Bose operators satisfying
[
aj , a

†
k

]
= δjk, and

|000〉 is the three-mode vacuum state. In fact, using
[
aj , f(aj , a

†
j)

]
= ∂f(aj , a

†
j)/∂a†j , aj |0〉 = 0, and respectively

operating aj on |ρ, χ1, χ2〉 leads to

a1 |ρ, χ1, χ2〉 =
1
3

[√
2

2
(i ρ + 3χ1 + 2χ2)−

(
2a†1 + 2a†2 − a†3

)]
|ρ, χ1, χ2〉 , (6)

a2 |ρ, χ1, χ2〉 =
1
3

[√
2 (− i ρ + χ2) +

(
a†2 − 2a†1 − 2a†3

)]
|ρ, χ1, χ2〉 , (7)

and

a3 |ρ, χ1, χ2〉 =
1
3

[√
2

2
(i ρ− 3χ1 + 2χ2) +

(
a†1 − 2a†2 − 2a†3

)]
|ρ, χ1, χ2〉 . (8)

It then follows from Qj = (aj + a
†
j)/
√

2 and Pj =
(aj − a

†
j)/i

√
2 that

(Q1 −Q3) |ρ, χ1, χ2〉 = χ1 |ρ, χ1, χ2〉 , (9)

(Q1 + Q2 + Q3) |ρ, χ1, χ2〉 = χ2 |ρ, χ1, χ2〉 , (10)

and

(P1 − 2P2 + P3) |ρ, χ1, χ2〉 = ρ |ρ, χ1, χ2〉 . (11)

By virtue of the technique of integral within an or-

dered product (IWOP) of operators[13−18] and the
normal product form of the three-mode vacuum state
projector

|000〉 〈000| = : exp
(
−

3∑

j=1

a†jaj

)
: , (12)

where : : stands for the normal ordering, it is easily
proved that |ρ, χ1, χ2〉 spans a complete set, i.e.,
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∫
dρdχ1dχ2 |ρ, χ1, χ2〉 〈ρ, χ1, χ2| =

1
6π3/2

∫
dρdχ1dχ2 : exp

[
− 1

6
(
ρ2 + 3χ2

1 + 2χ2
2

)

+ i
√

2
6

ρ
(
a†1 − 2a†2 + a†3 − a1 + 2a2 − a3

)
+
√

2
2

χ1

(
a†1 − a†3 + a1 − a3

)

+
√

2
3

χ2

3∑

j=1

(
aj + a†j

)
− 1

6

(
2a†21 − a†22 + 2a†23 + 2a2

1 − a2
2 + 2a2

3

)

− 1
3

(
2a†1a

†
2 − a†1a

†
3 + 2a†2a

†
3 + 2a1a2 − a1a3 + 2a2a3

)
−

3∑

j=1

a†jaj

]
:

= : e0 : = 1, (13)

where we have used
∫∞
−∞ e−λx2+bxdx =

√
π/λ eb2/4λ. Using Eqs. (9)–(11), we can also calculate

〈ρ′, χ′1, χ′2| (Q1 −Q3) |ρ, χ1, χ2〉 = χ′1 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 = χ1 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 , (14)

〈ρ′, χ′1, χ′2| (Q1 + Q2 + Q3) |ρ, χ1, χ2〉 = χ′2 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 = χ2 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 , (15)

and

〈ρ′, χ′1, χ′2| (P1 − 2P2 + P3) |ρ, χ1, χ2〉 = ρ′ 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 = ρ 〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 , (16)

implying that |ρ, χ1, χ2〉 is orthogonal

〈ρ′, χ′1, χ′2 |ρ, χ1, χ2〉 = δ(ρ′ − ρ)δ(χ′1 − χ1)δ(χ′2 − χ2). (17)

Thus |ρ, χ1, χ2〉 is able to make up a quantum mechanical representation. The Schmidt decomposition of
|ρ, χ1, χ2〉 in coordinate representation |q〉j (j = 1, 2, 3) is

|ρ, χ1, χ2〉 =
1√
2π

e− i ρ( 1
2 χ1+

1
3 χ2)

∫
dqei qρ |q〉1 ⊗ |−2q + χ1 + χ2〉2 ⊗ |q − χ1〉3 , (18)

which exhibits entangled property of |ρ, χ1, χ2〉. This may be used in analysing quantum teleportation of
quantum states with continuous variables.

3. The conjugate state of |ρ, χ1, χ2〉
On the other hand, by observing Eqs. (3) and (4) we search for the common eigenvector of P1 − P3,

P1 + P2 + P3 and Q1 − 2Q2 + Q3; the result is

|χ, ρ1, ρ2〉 =
1√

6π3/4
exp

[
− 1

12
(
χ2 + 3ρ2

1 + 2ρ2
2

)
+ i

√
2

2
ρ1

(
a†1 − a†3

)

+ i
√

2
3

ρ2

( 3∑

j=1

a†j

)
+
√

2
6

χ
(
a†1 − 2a†2 + a†3

)

+
1
6

(
2a†21 − a†22 + 2a†23

)
+

1
3

(
2a†1a

†
2 − a†1a

†
3 + 2a†2a

†
3

) ]
|000〉 , (19)

which obeys the eigenvector equations

(P1 − P3) |χ, ρ1, ρ2〉 = ρ1 |χ, ρ1, ρ2〉 , (20)

(P1 + P2 + P3) |χ, ρ1, ρ2〉 = ρ2 |χ, ρ1, ρ2〉 , (21)

and

(Q1 − 2Q2 + Q3) |χ, ρ1, ρ2〉 = χ |χ, ρ1, ρ2〉 . (22)

The term “conjugate” originates from the canonical
conjugate commutators of the operators appearing in
Eqs. (9)–(11) and those in Eqs. (20)–(22), i.e.,

[Q1 −Q3, P1 − P3] = 2 i, (23)

[Q1 + Q2 + Q3, P1 + P2 + P3] = 3 i, (24)
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and

[P1 − 2P2 + P3, Q1 − 2Q2 + Q3] = 4 i . (25)

|χ, ρ1, ρ2〉 is complete and orthogonal too, i.e.,
∫

dχdρ1dρ2 |χ, ρ1, ρ2〉 〈χ, ρ1, ρ2| = 1, (26)

and

〈χ′, ρ′1, ρ′2 |χ, ρ1, ρ2〉
= δ(χ′ − χ)δ(ρ′1 − ρ1)δ(ρ′2 − ρ2). (27)

The Schmidt decomposition of |χ, ρ1, ρ2〉 in momen-
tum representation is

|χ, ρ1, ρ2〉 =
1√
2π

ei χ( 1
2 ρ1+

1
3 ρ2)

∫
dp e− i χp |p〉1

⊗ |−2p + ρ1 + ρ2〉2 ⊗ |p− ρ1〉3 , (28)

where the momentum eigenvectors |p〉j (Pj |p〉j =
pj |p〉j , j = 1, 2, 3) are defined as

|p〉j = π−1/4 exp
(
−1

2
p2 + i

√
2pa†j +

1
2
a†2j

)
|0〉j . (29)

Employing the relation

j 〈q |p〉j = (2π)−1/2 ei pjqj (30)

and with the help of Eqs. (18) and (28), we obtain the
overlap between 〈ρ, χ1, χ2| and |χ, ρ1, ρ2〉 ,

〈ρ, χ1, χ2 |χ, ρ1, ρ2〉 =
1

6 (2π)3/2
exp

[
− i

6
(ρχ

− 2χ2ρ2 − 3χ1ρ1)
]
, (31)

we name it the kernel of three-dimensional entangled
Fourier transformation.

Finally, the overlaps between the three-mode co-
herent state

|z〉 ≡ |z1, z2, z3〉 = exp
[
−

3∑

j=1

( |zj |2
2

+ a†jzi

)]
(32)

and |χ, ρ1, ρ2〉, |ρ, χ1, χ2〉 are

〈ρ, χ1, χ2| z〉 =
1√

6π3/4
exp

[
− 1

12
(
ρ2 + 3χ2

1 + 2χ2
2

)−
√

2
6 i ρ (z1 − 2z2 + z3)

+
√

2
2

χ1 (z1 − z3) +
√

2
3

χ2

3∑

j=1

zi − 1
6

(
2z2

1 − z2
2 + 2z2

3

)

− 1
3

(2z1z2 − z1z3 + 2z2z3)− 1
2

(
|z1|2 + |z2|2 + |z3|2

) ]
, (33)

and

〈z′| χ, ρ1, ρ2〉 =
1√

6π3/4
exp

[
− 1

12
(
χ2 + 3ρ2

1 + 2ρ2
2

)
+
√

2
2 i ρ1 (z′∗1 − z′∗3 )

+
√

2
3 i ρ2

( 3∑

j=1

z′∗i

)
+
√

2
6

χ (z′∗1 − 2z′∗2 + z′∗3 ) +
1
6

(
2z′∗21 − z′∗22 + 2z′∗23

)

+
1
3

(2z′∗1 z′∗2 − z′∗1 z′∗3 + 2z′∗2 z′∗3 )− 1
2

(
|z′1|2 + |z′2|2 + |z′3|2

) ]
, (34)

respectively.

4. Three-mode EFFT in tripar-

tite entangled state represen-

tations

Firstly we calculate the matrix element of
exp

[
f

∑3
j=1 a†jaj

]
between 〈ρ, χ1, χ2| and |χ, ρ1, ρ2〉.

Using Eqs. (33) and (34), and the overcompleteness
relation of |z〉,

∫
d2z

π3
|z〉 〈z| = 1, (35)

as well as the operator identity

efa†1a1 = : exp
[(

ef − 1
)
a†1a1

]
: , (36)

we have
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〈ρ, χ1, χ2| exp
[
f

3∑

j=1

a†jaj

]
|χ, ρ1, ρ2〉

=
∫

d2z

π3

d2z′

π3
〈ρ, χ1, χ2| z〉 〈z| : exp

[(
ef − 1

) (
a†1a1 + a†2a2 + a†3a3

)]
: |z′〉 〈z′| χ, ρ1, ρ2〉

=
1

6π3/2 (e2f + 1)3/2
exp

[
ef − e−f

12 (ef + e−f )
(
ρ2 + 3χ2

1 + 2χ2
2 + χ2 + 3ρ2

1 + 2ρ2
2

)

+
1

3 (ef + e−f )
(3 iχ1ρ1 − iχρ + 2 iχ2ρ2)

]
, (37)

where we have used

〈z| : f
(
a†, a

)
: |z′〉 = f (z∗, z′) 〈z| z′〉 . (38)

Let f = i
(

π
2 − α

)
, equation (37) arrives at

〈ρ, χ1, χ2| exp
[

i
(π

2
− α

) ( 3∑

j=1

a†jaj +
3
2

)]
|χ, ρ1, ρ2〉

=
1

6 (2π sinα)3/2
exp

[
i

12 tan α

(
ρ2 + 3χ2

1 + 2χ2
2 + χ2 + 3ρ2

1 + 2ρ2
2

)
+ i

6 sin α
(−χρ + 3ρ1χ1 + 2ρ2χ2)

]

≡ A (α) . (39)

Specializing now, in the case of α = π/2, equation (39) reduces to Eq. (31), as expected. Now we take the
right-hand side of Eq. (39) as the kernel of EFFT of the α-th order, i.e., we define the α-th EFFT of function
g (χ, ρ1, ρ2) as Fα (g (χ, ρ1, ρ2)) via the following relation,

Fα (g (χ, ρ1, ρ2)) = ei 3(α−π/2)/2

∫
dχdρ1dρ2A (α) g (χ, ρ1, ρ2) ≡ G (ρ, χ1, χ2) . (40)

We will show that this EFFT can help us to reveal some new properties which have been overlooked in the
formulation of the direct product of three real FFTs. Now we prove the additivity property of EFFT,

Fβ [Fα (g (χ, ρ1, ρ2))] = Fβ [G (ρ, χ1, χ2)] = ei 3(β−π/2)/2

∫
dρdχ1dχ2A (β) G (ρ, χ1, χ2)

=
ei 3(β−π/2)/2

6 (2π sinβ)3/2

ei 3(α−π/2)/2

6 (2π sinα)3/2

∫
dρdχ1dχ2

× exp
[

i
12 tan β

(ρ2 + 3χ2
1 + 2χ2

2 + χ′2 + 3ρ′21 + 2ρ′22 )+ i
6 sin β

(−χ′ρ + 3ρ′1χ1 + 2ρ′2χ2)
]

×
∫

dχdρ1dρ2g (χ, ρ1, ρ2) exp
[

i
12 tan α

(
ρ2 + 3χ2

1 + 2χ2
2 + χ2 + 3ρ2

1 + 2ρ2
2

)

+ i
6 sin α

(−χρ + 3ρ1χ1 + 2ρ2χ2)
]

, (41)

according to the relationship between trigonometric functions

cot α− sinβ

sinα sin (α + β)
= cot β − sinβ

sinα sin (α + β)
cot (α + β) , (42)

equation (41) becomes

Fβ [Fα (g (χ, ρ1, ρ2))] =
ei 3(α+β−π)/2

6 (2π)3/2 [sin (α + β)]3/2
exp

[
i
(
χ′2 + 3ρ′21 + 2ρ′22

)

12 tan (α + β)

] ∫
dχdρ1dρ2g (χ, ρ1, ρ2)

× exp
[

i
12 tan(α + β)

(
χ2 + 3ρ2

1 + 2ρ2
2

)− i
6 sin (α + β)

(χχ′ − 3ρ1ρ
′
1 − 2ρ2ρ

′
2)

]
. (43)

By letting χ′ = −ρ′, ρ′1 = −χ′1, ρ′2 = −χ′2 in Eq. (43) we obtain the additivity property of EFFT as expected

Fβ [Fα (g (χ, ρ1, ρ2))] = Fβ+α (g (χ, ρ1, ρ2)) = Gβ+α (ρ′, χ′1, χ
′
2) . (44)
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5. Eigenmodes of EFFT

Funcion g (χ, ρ1, ρ2) can be considered as the wave
function of the state vector |g〉 in the 〈χ, ρ1, ρ2| rep-
resentation, i.e., 〈χ, ρ1, ρ2 |g〉, then from Eq. (40) and
the completeness relation (26) we see that the EFFT
of 〈χ, ρ1, ρ2 |g〉 is actually

Fα (g (χ, ρ1, ρ2))

= ei 3(α−π/2)/2

∫
dχdρ1dρ2 〈ρ, χ1, χ2|

× exp
[

i
(

π

2
− α

)( 3∑

j=1

a†jaj +
3
2

)]

× |χ, ρ1, ρ2〉 〈χ, ρ1, ρ2 |g〉

= 〈ρ, χ1, χ2| exp
[

i
(π

2
− α

) 3∑

j=1

a†jaj

]
|g〉

≡ G (ρ, χ1, χ2) . (45)

Furthermore, let G(ρ, χ1, χ2) ≡ 〈ρ, χ1, χ2 |g〉, equa-
tion (45) implies

|G〉 = exp
[

i
(π

2
− α

) 3∑

j=1

a†jaj

]
|g〉 . (46)

The formulas (26) and (45) can help us to derive
EFFT of some wave functions easily. For example,

when |g〉 is a three-mode number state

|n,m, l〉 =
a†n1 a†m2 a†l3√

n!m!l!
|000〉 ,

then the EFFT of the wave function 〈χ, ρ1, ρ2 |n,m, l〉
is

Fα (〈χ, ρ1, ρ2 |n,m, l〉)

= 〈ρ, χ1, χ2| exp
[

i
(π

2
− α

) 3∑

j=1

a†jaj

]
|n,m, l〉

= in+m+le− i α(n+m+l) 〈ρ, χ1, χ2 |n,m, l〉 . (47)

To calculate 〈ρ, χ1, χ2 |n,m, l〉, we define the polyno-
mials H{R}nml(y1, y2, y3) by means of its generating func-
tion

exp
[
−1

2
SRS̃ + SRY

]

=
∞∑

n,m,l=0

sn
1 sm

2 sl
3

n!m!l!
H{R}nml(y1, y2, y3), (48)

where S = (s1, s2, s3), Ỹ = (y1, y2, y3), and sj and yj

are arbitrary complex numbers, and R is a symmetric
matrix. From Eq. (48) we see

H{R}nml(y1, y2, y3) =
∂n+m+l

∂sn
1∂sm

2 ∂sl
3

exp
[
−1

2
SRS̃ + SRY

]

s1=s2=s3=0

. (49)

Then 〈ρ, χ1, χ2| can be rewritten as

〈ρ, χ1, χ2| =
1√

6π3/4
〈000| exp

[
−1

4
|yj |2 + y∗1 (i a1) + y∗2 (i a2) + y∗3 (i a3)

+
1
6

[
2 (i a1)

2 − (i a2)
2 + 2 (i a3)

2
]

+
1
3

[2 (i a1) (i a2)− (i a1) (i a3) + 2 (i a2) (i a3)]
]

=
1√

6π3/4
〈000| exp

(
− 1

4

3∑

j=1

|yj |2
) ∞∑

n,m,l=0

(i a1)
n (i a2)

m (i a3)
l

n!m!l!
H{R}nml(y1, y2, y3), (50)

where

R =
1
3




2 2 −1

2 −1 2

−1 2 2


 , (51)

and

y1 =
√

2
6

[ρ + i (3χ1 + 2χ2)] , y2 =
√

2
3

[−ρ + iχ2] , y3 =
√

2
6

[ρ− i (3χ1 − 2χ2)] . (52)

Similarly, we have

〈χ, ρ1, ρ2| =
1√

6π3/4
〈000| exp

(
− 1

4

3∑

j=1

|ζj |2
) ∞∑

n,m,l=0

(a1)
n(a2)

m(a3)
l

n!m!l!
H{R}nml(ζ1, ζ2, ζ3), (53)
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where

ζ1 =
√

2
6

[χ + i (3ρ1 + 2ρ2)] , ζ2 =
√

2
3

[−χ + i ρ2] , ζ3 =
√

2
6

[χ− i (3ρ1 − 2ρ2)] . (54)

It then follows that

〈ρ, χ1, χ2 |n,m, l〉 =
1√

6π3/4
exp

(
− 1

4

3∑

j=1

|yj |2
) ∞∑

n,m,l=0

in+m+l

√
n!m!l!

H{R}nml(y1, y2, y3), (55)

〈χ, ρ1, ρ2 |n,m, l〉 =
1√

6π3/4
exp

(
− 1

4

3∑

j=1

|ζj |2
) ∞∑

n,m,l=0

1√
n!m!l!

H{R}nml(ζ1, ζ2, ζ3). (56)

Using Eqs. (55) and (56) we can see that equation (47) becomes

Fα

{
exp

(
− 1

4

3∑

j=1

|ζj |2
)

H{R}nml(ζ1, ζ2, ζ3)
}

=
(−e− i α

)(n+m+l) exp
(
− 1

4

3∑

j=1

|yj |2
)

H{R}nml(y1, y2, y3). (57)

If we consider the operation Fα as an operator, we can say that the eigenfunction of Fα (the eigenmodes
of EFFT) is the three-variable polynomials H{R}nml with the eigenvalue (−e− i α)(n+m+l). The eigenmode of
EFFT is different from the usual Hermite polynomials. This is a new property of EFFT. One can confirm
that the eigenmodes of EFFT form an orthogonal and complete basis set, i.e., the function space spanned by
H{R}nml(y1, y2, y3) is complete,

∫∫∫
d2ζ1d2ζ2d2ζ3

π3/2
exp

(
− 1

4

3∑

j=1

|ζj |2
)

H{R}nml(ζ1, ζ2, ζ3)
[
H{R}n′m′l′(ζ1, ζ2, ζ3)

]∗

=
√

n!m!l!n′!m′!l′!δn,n′δm,m′δl,l′ . (58)

6. Some wave function’s EFFT

Equation (45) provides us with a new approach for calculating the EFFT of quantum mechanical wave
functions in the |χ, ρ1, ρ2〉 representation. For instance, when |g〉 is the three-mode squeezed vacuum state
which reads

|g〉 → S3 |000〉 =
µ3/2

√
6π3/4

∫
dχdρ1dρ2 |µχ, µρ1, µρ2〉 exp

[
− 1

12
(
χ2 + 3ρ2

1 + 2ρ2
2

)]
, (59)

where S3 is the squeezing operator, in the |χ, ρ1, ρ2〉 representation it can be expressed as

S3 = µ3/2

∫
dχdρ1dρ2 |µχ, µρ1, µρ2〉 〈χ, ρ1, ρ2|µ = eλ. (60)

Then according to Eq. (45), the EFFT of the wave function of the new squeezed state is

Fα (〈χ, ρ1, ρ2|S3 |000〉) = 〈ρ, χ1, χ2| exp
[

i
(

π

2
− α

) 3∑

j=1

a†jaj

]
S3 |000〉

=
µ3/2

√
6π3/4

∫
dχdρ1dρ2 〈ρ, χ1, χ2| exp

[
i
(π

2
− α

) 3∑

j=1

a†jaj

]
|µχ, µρ1, µρ2〉

× exp
[
− 1

12
(
χ2 + 3ρ2

1 + 2ρ2
2

)]

=
(

µei α

(i sinα + µ2 cos α)

)3/2 1√
6π3/4

exp
[

i−µ2 tanα

12 (tan α− iµ2)
(
ρ2 + 3χ2

1 + 2χ2
2

)]
. (61)

In summary, for the first time we introduce three-mode entangled fractional Fourier transform in two
mutually conjugate entangled state representation, which is different from that in Ref. [19] where the two
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representations are actually not conjugate to each other, this can be seen from their overlap (see Eq. (22)
in Ref. [19]). To be more concrete, we have employed the two mutually conjugate three-mode entangled state
representations (|χ, ρ1, ρ2〉−|ρ, χ1, χ2〉) in order to establish the formulation of EFFT, which means that we have
linked the fractional Fourier transformation to appropriate operator transformation between the two kinds of
entangled state representations. In doing so, the EFFT of squeezed wave functions can be derived more directly
and concisely. Because multimode squeezed states are simultaneously entangled states,[20−24] the introduction
of EFFT is a necessity.

References

[1] Namias V 1980 J. Inst. Math. Appl. 25 241

[2] McBride A C and Kerr F H 1987 IMA J. Appl. Math. 39

159

[3] Ozaktas H M and Mendlovic D 1993 J. Opt. Soc. Am. A

10 1875

[4] Lohmann A W 1993 J. Opt. Soc. Am. A 10 2181

[5] Mendlovic D, Zalevsky Z, Dorsch R G, Bitran Y, Lohmann

A W and Ozaktas H 1995 J. Opt. Soc. Am. A 12 2424

[6] Pellat-Finet P 1994 Opt. Lett. 19 1388

[7] Lohmann A W, Mendlovic D and Zalevsky Z 1996 Opt.

Lett. 21 281

[8] Mendlovic D, Ozaktas H M and Lohmann A W 1994 Appl.

Opt. 33 6188

[9] Mendlovic D, Zalevsky Z, Dorsch R G, Bitran Y, Lohmann

A W and Dzakts H 1995 J. Opt. Soc. Am. A 12 2424

[10] Einstein A, Podolsky and Rosen B N 1935 Phys. Rev. 47

777

[11] Fan H Y and Fan Y 2002 Euro. Phys. J. D 21 233

[12] Dragoman D 2009 J. Opt. Soc. Am. A 26 274

[13] Fan H Y, Zaidi H R and Klauder J R 1987 Phys. Rev. D

35 1835

[14] Fan H Y and Hu L Y 2009 Chin. Phys. B 18 902

[15] Fan H Y and Hu L Y 2009 Chin. Phys. B 18 1061

[16] Fan H Y and Hu L Y 2009 Chin. Phys. B 18 611

[17] Fan H Y and Hu L Y 2008 Chin. Phys. B 17 1640

[18] Fan H Y and Hu L Y 2008 Chin. Phys. B 17 697

[19] Fan H Y and Jiang N Q 2003 Commun. Theor. Phys. 40

39

[20] Si K, Ji X H and Jia H Y 2010 Chin. Phys. B 19 064205

[21] Jiang N Q and Zheng Y Z 2006 Phys. Rev. A 74 012306

[22] Jiang N Q, Jin B Q, Zhang Y and Cai G C 2008 Europhys.

Lett. 84 14002

[23] Jiang N Q and Fan H Y 2008 Commun. Theor. Phys. 49

225

[24] Jiang N Q, Wang Y J, Zheng Y Z and Cai G C 2008 Chin.

Phys. Lett. 25 1943

120303-8


