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The electromagnetic concentrative coils are indispensable in the functional magnetic stimulation and have potential
applications in nondestructive testing. In this paper, we propose a figure-8-shaped coil being composed of two arbitrary
oblique elliptical coils, which can change the electromagnetic concentrative region and the magnitude of eddy current
density by changing the elliptical shape and/or spread angle between two elliptical coils. Pulsed current is usually the
excitation source in the functional magnetic stimulation, so in this paper we derive the analytical solutions of transient
pulsed eddy current field in the time domain due to the elliptical concentrative coil placed in an arbitrary position
over a half-infinite plane conductor by making use of the scale-transformation, the Laplace transform and the Fourier
transform are used in our derivation. Calculation results of field distributions produced by the figure-8-shaped elliptical
coil show some behaviours as follows: 1) the eddy currents are focused on the conductor under the geometric symmetric
centre of figure-8-shaped coil; 2) the greater the scale factor of ellipse is, the higher the eddy current density is and
the wider the concentrative area of eddy current along y axis is; 3) the maximum magnitude of eddy current density
increases with the increase of spread angle. When spread angle is 180°, there are two additional reverse concentrative
areas on both sides of z axis.
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1. Introduction

The electromagnetic concentrative coils are ini-
tially used for functional magnetic stimulation in or-
der to induce currents only in the target biologi-
cal tissue and avoid the undesirable side effects. At
present, electromagnetic concentrative coils are re-
quired to induce very high current intensities in the
specified deep region with lower frequency and good
concentrative property in many applications, such
as functional magnetic stimulation, bio-conductivity
imaging,[!l' pulsed eddy current nondestructive test-
ing, etc.

There were several types of electromagnetic con-
centrative coils until now. Ueno et all? employed
a pair of oppositely connected coils in the functional
magnetic stimulation in 1988, which was later devel-
oped into a more concentrative figure-8-shaped coil

made of two oblique coils.[*] On this basis, many kinds

of coils were designed for various applications, such as
Slinky coils,[ 3-D differential coils,®! figure-B-shaped
coils,l plane butterfly coils, plane 4-leaf coils, array
coils, etc.l"~1% The problem of eddy current field pro-
duced by these coils at a given pulsed current is in-
dispensable for functional magnetic stimulation. It is
difficult to solve the analytical solution of the transient
pulsed eddy current field produced by oblique electro-
magnetic concentrative coils, while it is a basic work.
Tsaknakis and Kriezis!'!] have given the eddy current
distributions within a conducting plate produced by
a circular current loop with pulsed current parallel or
perpendicular to the plate, and they have also given
the field distributions due to a circular current loop
placed in an arbitrary position above a conducting
plate and analytical solution of time-harmonic eddy
current field.'? Zhang and Leil® have given the an-
alytical solution of time-harmonic eddy current field

due to a figure-8-shaped coil composed by two oblique
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circular loop coils. Xie and Lei ['3] have researched the
time-varying linear electromagnetic initial-boundary
value problem.

Based on the above research, the figure-8-shaped
coil made of two arbitrary oblique elliptical coils is
proposed in this paper, which can change the electro-
magnetic concentrative region and the magnitude of
eddy current density by changing the elliptical shape
and spread angle between two elliptical coils. Ana-
lytical solutions of transient pulsed eddy current due
to elliptical concentrative coil placed in an arbitrary
position over a half-infinite plane conductor are de-
rived. First, the electromagnetic model of single el-
liptical coil placed in an arbitrary position over a
half-infinite plane conductor is built, and the initial-
boundary value problem is provided. Secondly, the
electromagnetic field produced by an elliptical coil is
solved by transforming it into a circular current loop
by the scale-transformation, and the analytical solu-
tion of transient pulsed eddy current field produced
by oblique elliptical coil in the s domain is obtained
by making use of the Laplace transform, the Fourier
transform and the inverse Fourier transform. Thirdly,
the analytical solution in the time domain is obtained
by the inverse scale-transformation and the inverse
Laplace transform. Finally, for the figure-8-shaped
coil composed of two oblique elliptical coils, the an-
alytical results are obtained and compared with the
numerical solutions by using Ansoft software. The
eddy current fields are computed and the effects of
coil’s parameters on concentrative characteristics are

analysed.

2. Electromagnetic model of el-
liptical coil placed in an arbi-

trary position

The oblique elliptical coil is neither parallel nor
perpendicular to the surface of conductor with ellipti-
cal section. Figure 1 shows the coordinate system o-
zyz and the electromagnetic model, where an oblique
elliptical current loop C', made of thin wire, is located
over a half-infinite plane conductor. Suppose the ra-
dius of transverse axis of elliptical coil is R, the longi-
tudinal axis is parallel to y axis, and its radius ratio
of longitudinal axis to transverse axis is 7, called the

scale factor. Axis z is through the geometric centre of

elliptical coil. « is the angle between the normal di-
rection of coil’s plane and the positive direction of axis
z, which is named the tilt angle of the coil. h is the
distance from the geometric centre of coil to the plane
zoy. The relationship between the reference direction
of the current i(¢) in the coil and the positive direc-
tion of axis z obeys the right-hand screw relationship.
The region 1, z > 0, is the air, u; = po and o1 = 0;
the region 2, z < 0, is the conductor, us = pu = o
and 09 = 0. Suppose that the displacement current

density is ignored.

elliptical coil

y region 1: p1 = pg, 01 =0

conductor region 2: pg = p, 02 =0>0

SN\

Fig. 1. Electromagnetic model of oblique elliptical coil.

Suppose that the waveform of the excitation cur-
rent i(t) is square wave, and the eddy currents at the
end of each cycle decay to zero. We only calculate the
field distributions produced by a single pulsed current,
shown in Fig. 2. The expression of i(t) is

it) = Iofu(t) — u(t —to)], (1)

where [y is the magnitude of electrical current and

u(t) is the unit step function,

1, ¢t >0,
u<t>={
0,t<0.

i(t) A

Io

to t

Fig. 2. The waveform of the exciting current.
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Initial-boundary value problem of the electromag-
netic field is written below.

(i) Equations

In the region 1, there is the exciting current den-

sity J and the electromagnetic fields satisfy

V x Hy =J, (2)
0B,
E,=——. 3
V x 1 ot ( )
In the region 2, there is the conduction current

and the electromagnetic fields satisfy

VXH2:0E27 (4)
0By
V x By = ———2.
) ot (5)

(ii) Initial conditions

E;li<0o =0,
H’i‘tSO - 07

(iii) Interface conditions

T2 X (HQ — Hl) = 0,
T2 X (E2 — El) = 0,
where mnqo is the unit normal vector pointing from

medium 1 to medium 2.

(iv) Finite conditions

lim rH; = D;j,, (i=1, 2), (10)
lim rE; = D;., (i=1,2), (11)

where 7 is the size of field point’s radius vector, D; j

and D, . are all finite known vector.

3. Analytical solutions of tran-
eddy
problem due to the oblique el-

sient pulsed current

liptical coil
3.1. Magnetic vector potential in the
conductor region

The region 2 is the conductor. Let B = V x A.
Substituting Hy = ,u;lv x As into Eq. (4) and ac-
cording to the Coulomb’s gauge

V. Ay =0, (12)

the magnetic vector potential As in the region 2 pro-
duced by the eddy current satisfies the equation

dA,
VA, = .
2 = H202 ar
Applying the Laplace transform to the above equation

for the variable ¢,'4 then
V2 Ay, = pa0a5Aa,, (13)

where Aoy is the Laplace transform of A,. Applying
the Fourier transforms!'! for the variables z, y and
considering that the Fourier transform of Aqs(z,y, 2)
is aias(u, v, 2), equation (13) changes into

D%z,
ER
Considering that the field distribution in the infinite
space is finite, that is, Egs. (10) and (11), the solution
of Eq. (14) can be written as

—ulas — vi0n, + — pgo2sap, = 0. (14)

Qs = 02547T2e)\z, (15)

where A = y/u? + v2 + pooas, Cay, is the unknown co-
efficient in the s domain. Applying the inverse Fourier
transform for the variables u and v, the expression (15)

changes into

AQS(xaya 2, S) = /

— 00 —0o0

+oo —+o0 .
Cy, MU0 4y dy. (16)

3.2. Magnetic vector potential in the air
region

The magnetic vector potential A; in the air region
1 is the sum of A;; produced by the elliptical coil and
Ajs produced by the eddy current in the conductor,
that is

A1 = A11 =+ A12. (17)
3.2.1. Magnetic vector potential in the air re-
gion produced by the eddy current

Substituting H; = ul_lv x Aj into Eq. (2) and

according to the Coulomb’s gauge
V-A =0, (18)

the magnetic vector potential A5 in the air region 1
produced by the eddy current satisfies the equation

V2A.5 = 0.

Applying the Laplace transform for the variable ¢ for
the above equation, then we have

V2Ai5, =0, (19)
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where Ajs, is the Laplace transform of Ajs. Apply- as
ing the Fourier transforms for the variables x, y and
considering that the Fourier transform of Ajs5(x,y, 2)

. . . Q125 = Crgdn’e™, (21)
is ay2s(u, v, 2), equation (19) changes into
820412 ;
2 2 s
—uTQ2s — VT Q25 + 022 0. (200 where C'; is the unknown coefficient in the s domain.

Considering that the field distribution in the infinite = Applying the inverse Fourier transform for the vari-

space is finite, the solution of Eq. (20) can be written  ables u and v, the expression (21) changes into

“+oo “+oo
Apgs(2,y,2,5) = / C e Hiluetvy) qudo. (22)

3.2.2. Magnetic vector potential in the air region produced by the oblique elliptical coil

First, we give the expression of current density in the oblique elliptical coil.

The elliptical loop C' can be expressed by the intersecting line of two surfaces

(23)

. {m(z,y,z) =zsina — (z — h)cosa =0,
. q(z,y,2) = \/[xcosa+ (z—h)sina)?+ (y/n)? — R=0,

where the equation m(x,y, z) = 0 represents the plane of elliptical coil, and the equation g(x,y, z) = 0 represents
the oblique elliptical cylinder surface whose central axis is through the coil’s geometric centre and perpendicular
to the coil’s plane.

For convenience, the scale-transformation!*® will be applied to transform the original coordinate system
o—zyz into the new coordinate system o'~z'y’z’ in order to transform the elliptical current loop into the circular

current loop. The relationship between two coordinates is that the origins of two coordinates coincide and

r=T-r, r=[zyz|", v=[2vy ], (24)
1 00
where the transformation matrix T'= [ 0 1/5 0
0 01
The expression of the circular loop C” in the new coordinates is
m/(2',y',2') =2'sina — (2 — h) cosa = 0,
¢ (@y,2") = /[x'cosa+ (2 —h)sina]2 +y2 — R=0.

Then, the current density J'(a’,y’,2,t) at any point P(x’,y’,2’) in the coordinates o’—z’y’z" in the region 1
can be expressed as

V¢ (P) x Vm/(P)

V' (P) x Vm/(P)]
1

J (2 y 2 ) = i(t)d(m')d(q")

= i(t)0(m")0(¢") = (—ewy' cosa + ey x' — ey sina), (26)
P
/ ! / : / ‘ 3
where X' = a'cosa 4+ (2 —h)sina and p’ = and the electromagnetic parameters pu; and o; are
/X/2 + y/2.
: /o —1 /I -1
After the scale-transformation, the magnetic vec- transformed into piy =y M™T and oy = oy M™T,
tor potential A1y is transformed into . . 1/n0 0
where the transformation matrix M =| 0 1 0
Ay =T Ay, (27) 0 01/
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The magnetic vector potential A’1; in the air re- where

gion produced by the coil satisfies
I, = L[i(t)] = (Io/s)(1 — e7™%). (30)
V' x (W'V x A'yy) = J'(Pt). (28)
The Coulomb’s gauge V - A;; = 0 in the coordinates
Applying the Laplace transform for the variable ¢ to  o-xyz is transformed into
Eq. (28), we obtain
V'p/ Ay =0 (31)
V x (W]'V x Aliyy)
1 , After applying the Laplace transform to Eq. (31), sub-
= I,0(m")0(q") - (—ewy cosa e . .
P stituting it into Eq. (29) and applying the Fourier

+eyx —eny sina), (29)  transform for the variables z’, 3/, 2z’ by the form of

|
+Oo +(X) +(X> B r_! ro ! !
F(u’m’,w’) :/ / / f(l'/,y/,zl)eﬂ(uw+vy+wz)dl’/dy/dzl,
there are
I, +oo  ptoo ptoo 0 .,
_(u/2 + ’11/2/’[’)2 + w/2)F1/1$/s — H1ls COS ¥ / / / y—lé(m/)(S(q/)e*J (u'z"+v'y +w'z )dx/dy’dzl, (32)
?7 — 00 — 00 — 00 p
2 27,2 12\ 1/ _ oo pree e Xil / N =i (w2’ vy w2 3,0 300 1.7
— (W + 0"/ + W) Fyy g = —panls p,5(m )é(q)e da'dy’dz’,  (33)
IS i +OO +Oo +OO ! B ro! ro 0 r_ 0
_(u/2 + 11/2/7}2 + w/2)F1/1z’s _ H1ls SM G / / / 2]6(m/)5(q/)e—J (u'2'+v'y 4w’z )dm/dy'dz’, (34)
77 — 00 — 00 — 00 p

where F'115(u', v, w') = €4 Fiy 0 +€y Fiy o +e. Fiy i, is the Fourier transform of A'115(2", 9/, 2) = €xr Ay, +
ey Ay, s + € Aly . Equations (32) — (34) can be further simplified as

h+Rsin o

j2pIscota Ciw'p —in (p—} .
Flllx’s = n(u/2 i 0/25/772 - w/2) - e~ iw'pg—iu’ (p—h) cot sm(v’n)dp, (35)
— sSin @
2pnl RS i p—nh
Fli .= s / e W PeTiu (P=h) coter oog (4 ) —dp, (36)
Y w2 + v/2/7]2 + w'? h— Rsin o nsm- o«
. h+Rsin «
j2ml, —jw'pg—ju’ (p— i
Flllz’s = n(u/2 T U/Z/n; n w/2) /}; . e W po—iu (p—h) cot a sm(v’n)dp, (37)
— It SIn &

where n = \/R2 — (p— h)2/sin? a.
The following step is to apply the inverse Fourier transform

AN 1 oo oo e 1ol o Y o (W Y w2 3000 9,0 0
f(x,y,z):8—3 Fu', v w')é Y du'dv'dw
u — o0 — 0o — 00

to Eqs. (35)—(37) for the variables u’, v' and w’ to obtain the magnetic vector potential A’1.
Firstly, the inverse Fourier transform for the variable w’ is applied to Egs. (35)—(37).
Because the inverse Fourier transform of the function e %7 /"2 + w2 for the variable w’ is e *'1='~7l /i’

ie.,

Lo PN exp(—K]2 —p)
w k2 + w,2 - k! ’
we can obtain the inverse Fourier transform G’1;5 of F’1, for the variables w’:

/2

j 1 RIg cos .
wts = M%/ g1 (v, 2, a, 0) sin(v' R cos ) cos 0d6, (38)
n —7/2
Ig 7\'/2
Ty's = M?]?:/% : / g1 (v, 2’ o, 0) cos(v' R cos ) sin 0 d6, (39)
—m/2
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: : /2
¢, —iflssina / g1(u', 2", a, 0) sin(v' R cos ) cos 6 db, (40)

11z's — nk_/ /2

A . . . .
where k/ _ /u/Q ¥ U’Q/T}? and gi(u/’ 217079) _ efk |z 7h7R51nasm0|efju Rcosozsmﬁ.

In the region |z’ — h| > Rsin«, there are

/2 / .
/ g1 (', 2, a, 0) sin(v' R cos ) cos 0df = W%Il (Ry")eTF (= =h)
—7/2

and

/2 sl k' si
/ g1 (', 2, 0) cos(v' R cos 0) sin 0d6 = pl 041; S
—7/2

where ¢/ = \/—u cos(2a) — v/2(1 — sin® a/n?) F jk'u’ sin(2a), I;(z) is the first kind one-order modified Bessel

I, (Rd}l)eq:k:/(z/—h)7

function,'”l the negative sign (~) corresponds to the region z’ — h > Rsina, while the positive sign (+)
corresponds to the region 2’ — h < —Rsin a.
According to the above two equations, by applying inverse Fourier transform for the variables u’, v’ to the

expressions (38)—(40), the magnetic vector potential A’y;5 can be obtained

juiRI cosa [T°° [T o L v
Alllx <= 7/ / k/’(/}/ (R’l/) ) FE'( h)+j ( +v'y )du'dv', (41)
+oo  pto0 s
Allly .= 71“‘177RI / / JU COS Zé/j;/k/ SIHOZI1 (Rw/)e$k’(z/,h)+j (u/m/+v/y,)du/dvla (42)
jprRIgsina 1o [T o ol Byt ('
Alllz’s = T[ [m WIl(R¢/)e$k ( h)+i( Ty )du’dv’. (43)

We apply the inverse scale-transformation according to Egs. (24) and (27), u = v’ and v = v’ /1 to the expressions

(41)—(43), then the expressions in the coordinate system o—zryz can be obtained as follows:

: +oo ot
Allps = W‘Zﬂ/ Oo/ > L. Il(Pﬂ}Rl/Jl) eTP(z=h)+] (W‘*‘“y)dudu (44)
7 1
+oo  ptoo H
Apyys = —H0RLs / / Jucos ap;F psimna Il(’;f%) oFPE—h)Hi(us o) gy (45)
1
. . +oo “+oo
Apae = JMlUJZ: Sin o / / % . (Pfﬂ’l) Fp(z—h)+j (ua:+vy)dudv (46)
1

where p = Vu? + v? and ¢; = \/—(u/p)2 cos(2a) — (v/p)2(n? — sin® &) F j usin(2a).

3.3. Determination of the unknown coefficients

The electric field strength E and the magnetic field intensity H at the adjacent surface z = 0 satisfy
Egs. (8) and (9), there are

Agaslz=0 — Atzs|=0 = 0, (47)
Agyslz=0 — A1ys|z=0 = 0, (48)
3<A225 B Alzs) o) (AQms B Ams) (49)
Ox \| p2 B/ o T 02\ e wo )
6(A2zs B Alzs) 9 <A2yb B "41yb> . (50)
Oy \ pe w )y 0z /=0

According to the above four equations and two Coulomb’s gauges V - A; = 0 and V - Ay = 0, the coefficients

C,s and Coqy are solved, and A19, and Ag, are obtained as follows:

paoktl /+°° /”/ ? 5. PREL) (i1 — pap) cos atj2puapsin Fsina
/2 (/s pa2p + 1A

A12xs -
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x cos Bsin(yp cos F)e PRI Hizosing (51)
A B umRI /+oo /*”/2 pr+) [2p cos(28) + prA]sina + j (pep + p1A) sin Bcosa
12ys = :
Y /2 p2p + A
X cos(yp cos B)e Pt Fip ““5 (52)
o I +oo +7r/2 ) .
Ato,s = umR s1na/ dp/ LpRY+) -cos fsin(yp cos B)eFPE—h+izpsing (53)
7r/2 ¢+
Ay — uanI /+°° a /*”/2 L(pRYy)
m /2 Yy pok + pn A
(J sin B'sin o — cos @) p cos Bsin(yp cos f)er* ~khtizpsin (54)

Py pok + pa A
X psin B(sin Bsin a + j cos a)cos(yp cos F)er*~Phtizpsing (55)

Agzs =0, (56)

Apys = —uanI /+°° /*”/2 L(pRYy)
ys —
/2

where ¢ = \/— sin? 3 cos(2a) — cos? B(n2 — sin® o) +j sin Bsin(2a).

3.4. Expressions of the magnetic flux density and the eddy current density

According to B =V x A and Jy; = —0sAgs, and considering that pu1 = pug and ps = pop-, the magnetic

flux densities in the regions 1, 2 and the eddy current density in the region 2 are written as

I +oo +7/2 .
Bizs = ﬂ077R / / dg - psin Beos(yp cos ﬁ){ i (sinﬁsina + jcosa)
/2

A+ p
711(/)]%1/)” —PGEHR) L (sin Bsin o T j cosay) - 7(pr$) —plz= hl} elpsing (57)
:F
+o00 +7/2 k
Biys = MOHRI / dp/ dg - pcos Bsin(yp cos B) L\ +,u k(J sin Bsin a — cos @)
/2
Il(pR/(/H*) 7p(z+h) + (J SIHﬂSII’lOZ . (:F cos a)) l(p,(bRw:F)ep|zh|:| . ej xpsinﬁ’ (58)
:F
+oo +7/2
Bi.s = /l077RI / / dg - pcos(y pcosﬂ)[)\ firP - (j sin B sin o — cosa)
/2 +
% Il(pR¢+) e —p(z+h) _ (:F,] Sinﬁsina — cos 0[) l(przF)e—p\z—M]ej wpsinﬁ’ (59)

Py (22

where 5 = \/f sin? 3 cos(2a) — cos2 B(n? — sin® ) Fj sin Fsin(2a).

I +o00 +7/2
By, = ,unR / dp/ dg - pcos(yp cos ) sin B(sin [ sin « + j cosa)
/2

(prJr) )\z ph+j prmﬁ (60)
urp +A
RI “+o0 +7r/2
Boys = sl / dp/ dg - pcosBsin(ypcos B)(j sin fsina — cos @)
/2
(prJr) >\z ph+j prmﬁ (61)
A
I, +00 +7r/2 I R . .
Bs.s = nR / d,o/ cos(yp cos B)(cos a — ] sirlﬂsinoz)Mcs>‘z_”h'H epsinl - (62)
/2 + A Yy

1, 400 +7/2
Jozs = NGURS / dp/ dp - cos Bsin(yp cos B)(cos a — jsin B sin @)
w/2
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P (qu/}+) erz—phtjzp smﬁ (63)
A
I +oo +7/2
Joys = “UnRS / dp/ dp - cos(ypcos B) sin B(sin Fsin o + j cos «)
/2
P L (pRi) re—phtizpsin (64)
pep+ Ay
Jazs = 0. (65)

3.5. Field distributions in the time domain

Applying the inverse Laplace transform to the expressions (57)-(59) and (63)-(65), the expressions of
electromagnetic field distributions in the time domain can be obtained as follows:

MOnR +oo +m/2
By, = / dg - psin 3 cos(yp cos 3) {z(t) (sin Bsin a F j cosa)
0 /2
I
(pr:F> —p|z h| _ ( ) % @(t) . (Sinﬁsina +jcosa) . 1(p¢R’(/J+) —p(z+h):| prmnﬁ (66)
+

jHonR uonR B A
By = / dp/ dj - pcos Bsin(yp cos ) {i(t)(sin Bsina F jcosa)
/2

Il(pr:F) .e—Plr=hl _ i(t) * O(t) - (sin Gsin —l—jcosa)ll(prJr)e_p(z*'h)} glzpsing (67)
(VRS Yy
+oo +7/2
B, = MOnR / dg - pcos(yp cos ﬁ){i(t)[cosa — j(FsinBsina)]
/2
y (prﬂF) =154 (1) + O(¢) - (cosa — j sin Fsin ) I (PR¢+)e—p(z+h)} Ledwpsing (68)
(VR Yy

where

2P 2y 2007 (2_1) firt
Ot) = —6(t) + —— =P t/no _ 2T ol —1p /‘“’erfc( ),
(t) (t) ot oo Y

erfc( ) is the complementary error function,

2 & 2
erfc(9) =1 —erf(V) = —/ e ¥ dy;
)

VT
f1(t) * f2(t) is the inverse Laplace transform of Fi(s) - F5(s), f1(t) * = [7 fi(7) f2(t — 7)dT. When z <0,
R +oo +7r/2
Joy = N ;wz/ / t) xT(t) - pcos Bsin(yp cos 3)
/2
X (j sin @sin o — cos o) ————= L w+) e phtizpsin (69)
—nR +oo +7r/2
Joy = N /MZ/ / t) « T'(t) - psin G cos(yp cos 3)
/2
X (sin Bsina + j cos a) - L(pRY+) cePhtiwpsing (70)
Yy
Jas = 0, (71)

where i'(t) = di(t)/dt and

—p?t/po—z2po /4t
r) = {ep%/’“’ {1 —p ﬂe’“pZt/"“”erfc <p pt )] } * {e }
Vat "\ koo [100 Tt

When z =0,
RI +oo +7r/2
Jar = MBI [y [ a5 0) Tofe) - peos fsin(upcos 6
w/2
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Il (pr+) . efpthjzp sin 38

X (cosa — j sin B sin ) (72)
(L
RI “+o0 +7/2
Joy = BT [ dp [ a5 2(0) # Do (0) - peos(ypcos )
m 0 —/2
Li(pR A
x sin f(sin Ssina + j cos Q)M .eTPhFizosing (73)
+
Ja. = 0, (74)
where )
2 2
(1) = e P t/no P Ptur/peo f ot )
R e Y )

3.6. Field distributions of transient pulsed eddy current

Substituting the expression of excitation current i(¢) into the expressions (69)—(74), electromagnetic field

distributions in the time domain excited by the pulsed current can be obtained, and some expressions can be

simplified by

. _ 1 e 2 ot
()« L) = I - {e Pt/ no [ — —ef t“"/”ogerfc( ﬂ}
(&)= I'(t) = Io = p’/uoa py/ 0o

e =P (t—to)/po—22uo /A(t—to)  o—p*t/po—z>uo /4t
x [u(t —tg) - ] (75)
7T(t - t())g 7Tt3

. 1 P 2 Urt _ 2
(¢ Ih(t) = I - t) - __F .pTtur/poo £ Prr A pt/po t—t
10 1o0) = fo- ute) |2 Lere e (p [ 1) ult — to)

o { 1 B Le pZ(t—to)ui/uoerfC (p Mr(t — to)):| 'e_”z(t_t())/ua}- (76)

wuo(t —tg)  Hoo HoOo

4. Figure-8-shaped elliptical coil
and validation of analytical so-

lutions

Based on the above analytical solutions of tran-
sient pulsed eddy current field generated by a single
oblique elliptical coil, and according to the linear su-
perposition principle in the homogeneous isotropic lin-
ear medium, electromagnetic fields produced by multi-

turn coils can be obtained by integral.

In the following, we will calculate and analyse the
field distributions generated by the figure-8-shaped el-
liptical concentrative coil, which is composed of two
identical geometric elliptical single-turn loops C7 and
C5 on the symmetry of plane yoz, as shown in Fig. 3.
The angle between two loops 23 = 180° — 2« is called

the spread angle of figure-8-shaped elliptical concen-

\
trative coil. The lift-off height hy = h — Rsina.

conductor

Fig. 3. Model of figure-8-shaped elliptical concentrative
coil.

Assume that the half-infinite conductor is alu-
minum, whose relative magnetic permeability p, = 1
and conductivity o = 37 x 10 S/m. The radius of
transverse axis is R=5mm. hy = 1 mm, [ =1 A
and tgp = 1 ms.

For the measurement of transient pulsed eddy cur-
rent field is difficult for us, here analytical solutions

will be compared with numerical solutions.
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4.1. Comparisons of analytical solutions and numerical solutions

Assume that the spread angle 23 = 120° and n=1.4. Let to, = 1 x 10~% s. The Ansoft software is applied
to our calculation. The current loop is modeled by a conducting loop whose section is 0.01 mmx0.01 mm, and
the half-infinite conductor is modeled by a conductor of 100 mm(length)x100 mm(width)x20 mm(thickness).
The magnetic flux densities at some points when ¢ = 0.9 ms are listed in Table 1.

We can see from Table 1 that the analytical solutions are basically the same as the numerical solutions. The
differences of analytical and numerical methods are: compared with the numerical method, analytical method
can obtain the solutions quicker and more accurate. For example, from the expression (67), we know that

By = 0 when y = 0, while numerical solutions are close to zero, but not zero.

Table 1. Magnetic flux densities B (x107° T).

No. (zvg 3) (Bz, By, B:)
R'R'R analytical solutions numerical solutions
1 (0.2, 0, 0) (14.60, 0, 19.00) (15.37, ~0.11, 19.38)
2 (0.4, 0, 0) (3.47, 0, 15.70) (3.84, ~0.00, 16.05)
3 (0.6, 0, 0) (-0.29, 0, 11.99) (0.15, ~0.03, 12.30)
4 (0.8, 0, 0) (-1.87, 0, 9.47) (-1.49, -0.02, 9.82)
5 (1.0, 0, 0) (-2.72, 0, 7.65) (-2.40, -0.02, 8.03)
6 (1.2, 0, 0) (-3.22, 0, 6.20) (-2.96, -0.02, 6.59)
7 (1.4, 0, 0) (-3.48, 0, 4.92) (-3.30, ~0.01, 5.31)
8 (1.6, 0, 0) (-3.55, 0, 3.71) (-3.43, -0.01, 4.10)
9 (1.8, 0, 0) (-3.39, 0, 2.64) (~3.34, -0.01, 2.98)
10 (2.0, 0, 0) (-3.06, 0, 1.71) (-3.03, ~0.01, 2.01)

4.2. Eddy current distributions on the surface of conductor

Assume the spread angle 23 = 120°, n = 0.6 and 1.4, t = 0.01 ms. The eddy current distributions on the

surface of conductor, z = 0, are shown in Figs. 4 and 5.

i
il

il
1

i
Iy 10
i

i it
| ‘("i\'
e

i

z/R
(b)

Fig. 4. Eddy current distributions by analytical method when (a) n = 0.6 and (b) n = 1.4.

From Figs. 4 and 5, we can see that eddy current distributions by analytical method and Ansoft software

are consistent with each other. The eddy currents are focused on the conductor under the geometric symmetric
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centre of concentrative coil, where eddy currents have a good concentrative effect.

Yy

Fig. 5. Eddy current distributions by using Ansoft software when (a) n = 0.6 and (b) n = 1.4.

5. Calculations of electromag-
netic field due to a figure-8-

shaped coil

All the parameters in the following calculations

are the same as those in Section 4.

5.1. Time domain responses of eddy cur-
rent density

Figure 6 shows the change of eddy current den-
sity J, at the point Py(0,0,0) when 25 = 120° and
n=14.

|
|
2 I
I
a I
| I
g \ |
< )

i) 0 - | T
S I
5 I
< !
21 l
|
f

0 0.5 1.0 1.5 2.0
t/ms

Fig. 6. Eddy current densities Jy versus time ¢.

The eddy current densities J, have the large peak
values at the rising and falling edges of the excitation

current, then decrease to zero quickly.

5.2. Time domain response of magnetic
flux density

Figure 7 shows the changes of magnetic flux den-
sity component in direction z, B,, with time ¢ at three
points P;(0.4R,0,0), P»(R,0,0) and P5(2R,0,0) when
263 =120° and n = 1.4.

1.5}

1.0 f

B./1074 T

0.5

1.0 1.5

t/ms

0 0.5 2.0

Fig. 7. Magnetic flux densities B, versus time ¢.

The magnetic flux densities B, at these three
points raise to the steady-state values from zero
quickly at the rising edge of the excitation current,
and decrease to zero quickly at the falling edge of the
excitation current. The closer the point is to eddy cur-
rent centre, the more like square-wave of time-varying
curve of magnetic flux density B, on the point. In
the eddy current testing, the magnetic flux densities
are usually measured for obtaining the information of
defects in the conductor.

120302-11



Chin. Phys. B Vol. 19, No. 12 (2010) 120302

5.3. Effects of scale factor of ellipse on the concentrative characteristics

Figure 8 shows the eddy current densities J, in the direction « and y at the point Fy(0,0,0) when 23 = 120°,

t = 0.01 ms and the scale factor of ellipse n = 0.6, 0.8, 1.0, 1.2, and 1.4, respectively, corresponding to the
curves a—e.

Jy/105 A-m~2

z/R y/R
Fig. 8. Eddy current densities of different scale factors n: (a) along x axis; (b) along y axis.

The greater the scale factor of ellipse 7 is, the higher the eddy current density is and the wider the
concentrative area of eddy current along y axis is.

5.4. Effect of spread angle on the concentrative characteristic

Figure 9 shows the eddy current densities along = axis and y axis generated by the figure-8-shaped elliptical
coils with different spread angles at the point Py(0,0,0) when n = 1.4 and ¢ = 0.01 ms, where the curves a—d
are corresponding to 20 = 0°, 60°, 120°, and 180°, respectively.

4

Jy/10% A-m—?2

Fig. 9. Eddy current densities of different spread angles: (a) along z axis; (b) along y axis.

The maximum magnitude of eddy current density increases when spread angle 23 increases, while there are
two reverse concentrative area on both sides of x axis when 23 = 180° besides the central concentrative area.

6. Conclusions

In this paper, the analytical solutions of transient pulsed eddy current problem due to elliptical concentrative
coil over the half-infinite plane conductor have been derived. Through calculating the electromagnetic fields
produced by a figure-8-shaped elliptical coil, we have the following conclusions: i) eddy currents are focused on
the conductor under the geometric symmetric centre of figure-8-shaped concentrative coil, where eddy currents
have the good concentrative characteristics; ii) at the rising edge of the excitation current, the eddy current
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density has a large peak value, then decreases to zero quickly, and the magnetic flux density also raises to the
steady-state value from zero quickly; while at the falling edge, the eddy current density has a reverse large peak
value, then decreases to zero quickly, and the magnetic flux density also decreases to zero quickly. The closer
the point is to eddy current centre, the more like square-wave of time-varying curve of magnetic flux density on
the point; iii) the greater the scale factor of ellipse 7 is, the higher the eddy current density is and the wider
the concentrative area of eddy current along y axis is; iv) the maximum magnitude of eddy current densities
increases when spread angle 23 increases. When 23 = 180°, there are two additional reverse concentrative areas
on both sides of z axis.

The research on the analytical solutions of transient pulsed eddy current problem due to elliptical con-
centrative coils plays an important role in improving the measurement sensitivity and designing new magnetic

probe in the applications of biomedical functional magnetic stimulation and nondestructive testing, etc.
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