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1. Introduction

Partial differential equations (PDEs) have wide
applications in science, engineering and technology.
Many PDEs, especially many of those resulting from
practical applications, can be written as various ma-
trix differential systems u’ = Mu, where u is a func-
tion of a single variable ¢ and taking values in X x X
with X being a Hilbert space, and M is an opera-
tor matrix. Note that a PDE usually covers infinitely
many matrix differential systems (corresponding to
M), depending on different types of transformations.

For four-block operator matrices, there is no gen-
eral result concerning spectral problems such as essen-
tial spectrum, eigenvector expansion theorem, etc. So,
it is necessary to introduce some useful tools and de-
velop some effective methods. In fact, off-diagonal op-
erator matrices might be one of the appropriate tools
in the above research. For example, a four-block op-
erator matrix in general can be decomposed into the
sum of an off-diagonal operator matrix and an opera-
tor matrix with certain good properties.[l In 2000 and
2001, V. Hardt, A. Konstantinov and R. Mennicken

(see Refs. [1] and [2]) investigated the spectral prop-
erties of off-diagonal operator matrices, and proved
the commutation relation A(BA — AI)~1B — X\(AB —
M)~! =TI for A € p(AB)\{0}. In Ref. [3], the authors

studied the super-symmetric operator and their appli-

cations in the characterization of self-adjoint extension
of a closed symmetric operator and the strong commu-
tativity of two unbounded self-adjoint operators. Re-
cently, the spectrum of off-diagonal Hamiltonian oper-
ators was considered in Ref. [4]. For more publications
involving the spectral problems of Hamiltonian oper-
ators, see Refs. [5] and [6] and the references therein.
On the other hand, in Refs. [7]-[9] the authors stud-
ied the completeness of certain operator matrices in-
cluding Hamiltonian operators. In Refs. [10]-[13], the
authors considered the analytical solving of problems
of applied mechanics based on Hamiltonian operators.

In this paper, we study the eigenvector expan-
sion theorem of off-diagonal operator matrices. To be
precise, a sufficient and necessary condition for the
orthogonal system of eigenvectors of super-symmetric

operators to be complete in the sense of Cauchy princi-
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pal value is obtained (not necessarily complete in gen-
eral); and for general off-diagonal operator matrices,
a sufficient and necessary condition of the symplectic
orthogonal system of eigenvectors being complete in
the sense of Cauchy principal value is given. Based
on these results, the double eigenfunction expansion
method is introduced to solve upper triangular ma-

trix differential systems.

2. Theoretical aspects

Note that for the eigenvalue A of an operator T,
the set E(\;T) consists of all associated eigenvectors;
where 2(T), A (T) and o,(T) denote the domain,
null space and point spectrum (collection of all eigen-
values) of the operator T', respectively; and the symbol
A represents a countable index set. We begin with the
following definition.

Definition 1 Let Z be a Hilbert space over C,
and let the function (-, -): (ZxZ)x(ZxZ) — Cbe
an inner product on the product space Z x Z. Then,
the function (-, -) is called a symplectic form induced

by the inner product (-, -), where

0 I
-1 0

J:

with I being the identity operator on Z.

A linear space equipped with a symplectic form
is called a symplectic space. In the present paper,
the symplectic form on the symplectic space Z x Z is
always defined by the function (-, -).

Definition 2 Let X be a Hilbert space.
Then, the (symplectic) orthogonal system of vectors
{uk1, k2, ..., ugs, | k € A, s € N} is said to be com-
plete in the sense of Cauchy principal value in X x X,
if for each A € X x X there exists a unique constant

sequence {cg1,Ck2, - - ., Crs, | k € A, s € N} such that

A= Z CE1Ug1 + -+ Chs) Uksy, - (1)
keA

Lemma 1 Let X be a Hilbert space and A :
2(Q) x 2(P) - X x X,

0 P
A= : 2
0 0 (2)

Then, the following statements hold.

(i) A € 0p(A) & =X € 0,(A), and (f ¢)T €
E(X\; A) if and only if (—f ¢)T € E(=X\; A).

(ii) 0 # X € 0p(A) & A € 0,(PQ), and
(f 9)T € E(\; A) if and only if f € E()\?; PQ), where
9=Qf/\

(iii) If P is a closed operator with dense domain,
and @ = P* in Eq. (1), then

Ao 0 P 3)
P* 0

is called the super-symmetric operator. Further, the
operator A is self-adjoint, and o,(A) C R.

(iv) Assume that the operator A possesses count-

able simple eigenvalues. By (i), we set
UP(A) = {/\k,wk eC ‘ ke /1}

with wy = —Ag. Then, for (fi gr)T € E(A; A) (M #
0, k € A), we have that (—fx gx)T € E(wg; A). In
particular, if Q = P*, then

(P P [ A0 k=
(fkafj)_( )\k ) )\Jj> :07 k#]

Moreover, for the eigenvalue 0, we have that

(v) 0 € 0p,(A) & 0 € o,(P) U 0p(Q). Thus
(f 9)F € E(0;A) if and only if f € F(0;Q) and
g€ N (P),or g€ E0;P)and f e AN(Q).

(vi) If 0 ¢ 0,(PQ), then 0 ¢ 0,(Q), and hence
0 € op(A) if and only if 0 € o, (P).

(vii) If 0 € 0,(PQ), then 0 € o, (P) Uop(Q), ie.,
0 € op(A) by the statement (v).

Proof The statements (iii) and (v) are obvious,

(4)

and the proofs are omitted here. Let A € 0,(A4) and
(f 90T € BE(\; A). Then, (f ¢)T # (00)T and

A —Pg=0, (5)
Ag—Qf =0. (6)
Since
(car—ay [ )2 (M)
g Qf — g

it follows that —\ € o,(A) and (—f g)T € E(—); A).
The converse implications are proved similarly. Thus,
the assertion (i) is proved.

Let 0 # A € 0,(A) and (f ¢)T € E(\; A). Then,
f # 0 (otherwise f = g = 0 by Eq. (6), a contradic-
tion occurs). By Eq. (6), we have that g = Qf/) and
substituting it into Eq. (5) yields

Nf—PQf =0,
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which implies that A% € 0,(PQ) and f € E(\?; PQ).
Conversely, let A% € 0,(PQ). Then, there exists a vec-
tor f # 0 such that PQf = A\2f. Setting g = Qf/\,
we have Pg = Af. Thus, A € o,(A). This proves the
assertion (ii).

To prove the assertion (iv), it suffices to verify the

relation (4). Since A is self-adjoint, we have

o ([ 17)) =o )
Ik g;
9k 9j

Note that g = (1/A;)P* fx. Thus, for A\ # w;, we
obtain by relation (8)

9)

(i fi) + (P*f’“ P*fj) o,

YRR
In particular, taking j = k yields

P*fe P fi
0
Ak 9 )\k )# ’

since fr # 0. For A\, # A;, ie, k # j, we see by
relation (7) that

s = (

P*fi P*f;
(Fif) + (7 2 ) =0, (10)
JYRRADY
which together with Eq. (9) implies that
P* P* . .
(fkvfj): fkv fj :07 k#]
e A

So, relation (4) is valid.

Now we prove assertion (vi). Suppose that 0 €
op(Q) and h € E(0;Q). Then, Qh = 0, and so
PQh = 0. This shows 0 € 0,(PQ), which is a con-
tradiction to the assumption 0 ¢ o,(PQ). Further,
we see that 0 € o,(A) if and only if 0 € o, (P), since
0€0p(A) < 0€0,(P)Uoy(Q) in assertion (v). The

proof of the assertion (vi) is finished. The assertion
(viil) can be proved in the same way. O

Next, we give complete descriptions of the com-
pleteness of the system of eigenvectors of super-
symmetric operators, i.e., we obtain an eigenvector
expansion theorem of such operators.

Theorem 1 Let the operator PP* possesses
countable simple non-zero eigenvalues {vj}rea with
fr € E(vg; PP*) and yo € E(0; P). Then, the orthog-
onal system of eigenvectors of the super-symmetric op-
erator A defined in Eq. (3) is complete in the sense
of Cauchy principal value if and only if the systems
{frtrea and {yo, P* fr/ i trea of vectors are both
complete in X, where v = /\i and 0 ¢ A.

Proof Since the operator PP* possesses count-

able eigenvalues, the super-symmetric operator

0 P
P 0

A:

does so by Lemma 1 statement (ii). Obviously, yo €
E(0; P) implies 0 € o,(A). Write A\g = 0, then
upr = (0,y0)T € E(M\o; A). By Lemma 1 statement
(iv), it follows that the point spectrum and the system
of eigenvectors of A can be given by { Ao, Ak, wi| k € A}

and {uo1,up1, uge| k € A}, respectively, where

0 Jr —Jfk

Up1 = UL = prfo s W2 = PRf |
Yo " "

and wy = — A, with

(Me)? = (wp)? =vg, 0#£ke A

Sufficiency By Lemma 1 statement (iv) and the
self-adjointness of A, it can be readily seen that for
k,j €A,

(uklauﬂ) = (UOthjl) = (U017uj2) =0, (U01>U01) = (iUo,yo),

Q(fkvfk)a k:J7 2(fkafk)7 k:]a
(ug1,uj1) = C o (ukg,ujo) = ,
0, k # 3, 0, k# 3.
For each A = (z y)T € X x X, set
Cop = (A7u01) ’ _ (Aaukl) 7 _ (Avuk:Z) , k EA (11)
(U01,U01) (Um,um) (Uk27uk2)
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Then, we see that

Co1Up1 + E Ck1Uk1 + CroUg2 =
keA

Note that {fr}tres and {yo, P*fi/A}rea are both
complete in X, and the two components of the vector
on the right-hand side of Eq. (12) are Fourier series ex-
pansions associated with « and y in terms of {fi}rea

and {yo, P* fx./ Mk }ken, respectively. Thus,

A = coruo1 + Z CR1UL1 + Ch2Up2- (13)

keA
On the other hand, we assume that there is another
constant sequence {éo1, éx1, ér2| k € A} such that the

expansion (13) is valid. Then, we have

(cor — €o1)uor + Y _ (ck1 — k1)t
keA

+ (cr2 — Cr2)urz =0,

which clearly implies that cp1 = ¢ép1, k1 = G
and cya = éra (K € A). Therefore, the system
{uo1, ug1, uk2| k € A} of eigenvectors of the super-
symmetric operator A is complete in the sense of
Cauchy principal value by Definition 2.

that  the

{uo1, uk1, uk2| k € A} of eigenvectors of the operator

Necessity Assume system
A is complete in the sense of Cauchy principal value,
ie., for each A = (z y)T € X x X, there exists a
unique constant sequence {co1, cx1,Cr2| k € A} such
that the equality (13) holds. Then, taking the inner
product of the relation (13) by wg1, ug1 and ugz on
the right, respectively, we deduce that cg1, cx1 and

ck2 (k € A) are determined by Eqgs. (11). Thus,

= (cr—cr)fe =) (& fi) s

keA keA (fres fi)
_ (ck1 + cr2) P* fi
Yy = co1yo + Z .
keA

b2t
— (Yy0) "M ) P fe
B (yo,yo)yong;1 (fer fi) A

Therefore, by relation (4) and the arbitrariness of x
and y, the systems {fi}rea and {yo, P* fr./ Mk }ren of

Y, Yo
((, ))y
Yo, Yo Py

('T7 fk)
2 g™

(12)

o)
0+Z e ) P*fr

(frs fu) M

vectors are both complete in X. The proof is com-
pleted. O

By Lemma 1 statement (vi), we know that 0 ¢
op(P) if and only if 0 ¢ o,(A), when 0 ¢ o, (PP*).
So, in fact, the case when 0 ¢ o,(PP*) and 0 € 0,(A)
is considered in Theorem 1. We can similarly prove the
following corollary, when 0 ¢ o, (PP*) and 0 ¢ o, (A).

Corollary 1 Let the operator PP* possesses
countable simple non-zero eigenvalues {vy}rea with
fr € E(vg; PP*) and 0 ¢ 0,(P). Then, the orthogo-
nal system of eigenvectors of the super-symmetric op-
erator A defined in Eq. (3) is complete in the sense
of Cauchy principal value if and only if the systems
{fr}rea and {P* fi./ A} ke of vectors are both com-
plete in X, where v = )\i.

Remark 1 Combining Lemma 1 statements (v)
and (vii) with the previous results, one can prove
and obtain the eigenvector expansion theorem when
0 € op(PP*) in the same way.

Corollary 2 Let the operator PP* possesses
countable simple eigenvalues {vi}rea with fr €
E(vg; PP*), where 0 € A, vy = 0 and P*fy = 0.
Then,

(I) if 0 ¢ op(P), then the orthogonal sys-
tem {uga, ug1, urz| k € A\ {0}} of eigenvectors of the
super-symmetric operator A is complete in the sense
of Cauchy principal value if and only if the systems
{fe}rea and {P* fi./Ax}rea\qoy of vectors are both
complete in X, where v, = A2, up2 = (fo,0)T and
Ao = 0.

(IT) If 0 € op(P) and yo € E(0; P), then the or-
thogonal system {up1,uge|k € A,0 € A} of eigenvec-
tors of the super-symmetric operator A is complete
in the sense of Cauchy principal value if and only
if the systems {fx}rea and {yo, P* fx/Ar}rea\foy of
vectors are both complete in X, where v, = )\i7
uo1 = (0,10)T, uo2 = (fo,0)T and Ao = 0.

Remark 2 In Corollary 2, if 0 ¢ o,(P*), then
0 € o,(P). Further, 0 € 0,(A). Thus, the complete-
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ness of eigenvectors of the super-symmetric operator  and 0 ¢ o,(P) implies that 0 ¢ o,(A). Similar to
A can be reduced to Theorem 1. the discussions in Theorem 1, we see that the off-

In the following, we consider the completeness of diagonal operator matrix A — ( 0o P ) also pos-
0

the general off-diagonal operator matrices. Q

sesses countable non-zero eigenvalues {Ap,wi|k € A
Theorem 2 Let the operator P(Q possesses & e, il }

) ) . with wr = — A, and the associated eigenvectors are
countable simple non-zero eigenvalues {vy}rea with
fe € E(wp; PQ) and 0 ¢ op(P). Assume that ., i ., — fa
) — ; k1 — ) k2 —
(Qfk, fr) # 0 and (Qf, f;) = 0,k # j € A. Then, QFfe/ M QFfe/ M\

the symplectic orthogonal system of eigenvectors of

the off-diagonal operator matrix A defined in Eq. (1) respectively, where

is complete in the sense of Cauchy principal value if 9 9

. . (Ae)” = (wr)” = v

and only if the system { fi } ke of vectors is a Schauder

base in X. By (Qfr, fj) =0 (k # j), we may prove the following
Proof By Lemma 1 statement (vi), 0 ¢ 0,(PQ)  symplectic orthogonal relations

Qfi ) ( ka> L
(ukl,Jujl) _ < 7fk fk7 ) Js

0, k # J,
QN (p Q)
(ur1, Jujz) = ( k > * (fk’ Ak )7 F=4
0, k# J,
QN (p QY
(ur2, Jujz) = ( k > <fk’ Ak )7 F=J
0, k.

Now, we prove that the system {ug1,uga|k € A} of eigenvectors is complete in the sense of Cauchy principal
value. For each A = (z )T € X, set

(A Jugr) (uge, Juge) — (A, Juga) (uge, Jug:)
Cr1 — )
(ug1, Jugr)(ur2, Jure) — (ugs, Juge) (urz, Jur1)
(A, Juga) (ug, Jugr) — (A, Jugr) (ugs, Jugz)
Cka = , ke 14
" (g, Jugn) (ura, Jugz) — (urr, Jugs) (uga, Jugr) (14)
| . . .
Then, we have component of the right-hand side of Eq. (15) is exactly
the expression of x in terms of the base , l.e.,
(2. QF) @.Qf) p {fitrea
frs Qf)
Z Cr1UR1 + Cr2Ug2 = Z ( . (15) - Z (2, Qfr) AL, CTk) f
keA rea | (v i) IR oy, = (fr Q)
(Qfks fr)

Since {fi}rea is a Schauder base in X, there exists a On the other hand, for each j € 4, we see that

unique constant sequence {dg(z)}rea such that (

x = d(@)fr

keA

y kGZA(Qf f)kavf]) 7(yaf]) (yafj) 0

which implies that
for each x € X. Taking the inner product of the

above relation by Qf on the right, we clearly obtain Y= Z (y, fx)

di(z) = (z,Qfr)/(fx, Qfr), which shows that the first (Qfk: fr) @ )

keA
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since {f;}jea is a Schauder base. Thus,
A= Z CR1UKL + CRaUk2. (16)
keA

In addition, the uniqueness of such constant sequence

{ck1, cko| k € A} can be proved similar to that of The-

orem 1. By Definition 2, the proof of sufficiency is
finished.
Conversely, suppose  that the system

{ug1,ur2|k € A} of eigenvectors of the off-diagonal
operator matrix A defined in Eq. (1) is complete in
the sense of the Cauchy principal value, i.e., for each
A= (x y)T € X x X, there exists a unique constant
sequence {cg1,ck2| k € A} such that the equality (16)
holds.
tion (16) by Jug; and Juga on the right, respectively,

Then, taking the inner product of the rela-

we see that ¢x; and ¢ (K € A) are determined by
relation (14). Thus,

2= (cx1—c2)fn =) Mfk-

Py = (fr Q)
Write di(z) = (2, Qfx)/(fx, Qfx). Note that
(z,Qf) 1Qfxll

di(x)| = < z||.

At ‘(fk,CQJk) e Qpol
Therefore, by the arbitrariness of x, the system
{fr}rea of vectors is a Schauder base in X. O

Remark 3  Similar to the case of super-

symmetric operator, we can obtain the complete char-
acterization of the eigenvector expansion theorem for
the off-diagonal operator matrix with (Qfg, fx) # 0

and (Qfi. f;) =0,k # j € A.

3. Double eigenfunction expan-

sion method

Consider the upper triangular matrix differential

system in Z x Z with Z being a Hilbert space of func-

tions:
A C
2P o G
dy q 0 B q
where
A C
M = D(M)— ZxZ (18)
0 B

is the corresponding upper triangular differential op-
erator matrix. Clearly, the matrix differential system
(17) can be equivalently written as the following sys-

tem of differential equations

9

9y Ap+Cq, (19)
dq

Assume that both diagonal block operators A and
B of the upper triangular operator matrix M have
complete normed (symplectic) orthogonal systems of
eigenfunctions. Then, the equation (20) can be solved
by the (symplectic) eigenfunction expansion method
based on the completeness of the system of eigenfunc-
tions of the operator B; further, substituting the ob-
tained ¢ into Eq. (19), one can similarly solve the un-
known function p. Thus, we obtain the general so-
lutions of the problem (17). We call this method of
finding analytical solution of matrix differential sys-
tem double eigenfunction expansion method.

The reason for introducing the double eigenfunc-
tion expansion method is that many problems in elas-
ticity and related fields can be described by upper tri-
angular matrix differential systems (for instance, see

the examples in Section 4).

4. Applications

In this section, the previous conclusions will be
applied to solve the upper triangular matrix differen-
tial system, mainly in elasticity theory. Note that the
diagonal block operators A and B appearing from up-
per triangular matrix differential systems in elasticity

theory usually possess the off-diagonal form, i.e.

0 P
A: 3 B:

Q1 0

0 P
Q2 0

with P; and Q; (i = 1,2) being the differential opera-
tors in a Hilbert space X of functions. Hereafter, we
always let X = L2(0,1), and write V = X x X x X x X.
We start with the following example.

Example 1 Consider that the boundary value

problem of harmonic equation is
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0%u  0%u
— +=—=0 0<zx<l,0<y<bd
ax2 + 8y2 ) x ) y )
u(0,y) = u(1,y) =0, 0<y<b, @)
u(z,0) = p1(x), ulz,b) =¢a(z), 0<ax<1.
Let p = —0u/dy,q = —0u/dx, then the matrix differential system of Eq. (21) is
0
0 ——
52 Pl=1, o= |("]. (22)
Y\« — 0 q
Ox
and the supersymmetric operator matrix is
0
O o
A=1| 5 z (23)
ox
By the the boundary conditions u(0,y) = u(1,y) = 0, we have p(0,y) = p(1,y) =0, so
P(4) = c X x X P, q are absolutely continuous,
p(0) =p(1) =0,p",¢" € X
\
Direct calculations show that eigenvalues and as- 9o, /0y, ¢ = 0, + 0y, We have
sociated eigenfunctions of the operator PP* are vy = o
(km)?, fr = sinkmx, k € A = {1,2,...}. Also, 1 € - 0 T or 0 0 .
B(0; P), {fi = sinkna| k € A} and {yo, P fi/ M|k e ! 9y 0 0 !
T T
A} = {1,coskmx|k € A} are both complete in X, o vl=| o gf I, (26)
where A\ = kmw. So, by Theorem 1, the system of P 0 0 O 9.2 b
eigenfunctions of the operator A is complete in the q 0 0 1 0 q

sense of Cauchy principal value in X x X.

Example 2 The two-dimensional elasticity

problem based on stress is given by

0oy OTuy

Ox Oy =0

oo 0T,

57; 8xy =0, (24)
0? 02

(axz * ay) (o + o) =0,

where the boundary conditions for x = 0 and = 1
are
o,=0, v=0, forx=0,1. (25)
0o, /0y +
|

Introducing the state functions p =

which is an upper triangular matrix differential system

derived from Eq. (24), and the corresponding operator

matrix is
d
0 -3, 0 O
d d
M=| d de 1 (27)
0 0 0 -3z
0O 0 1 o0
By the stress-displacement relation OJv/dy =

(1/E)(oy — voy), it can readily be shown from the
boundary conditions (25) that

oy=0, ¢g=0, forz=0,1 (28)

By conditions (28), the domain of the operator M is

described as

)T Uy<0) = Uy(l) =0, Q(O) = q(l) =0, Txy,ayvqaq/ are

absolutely continuous, 7/

xy? Uy/? q/7 q// e X

120201-7



Chin. Phys. B Vol. 19, No. 12 (2010) 120201

Note that
0 _d e
A= q dz , B = dz2 , (29)
5 0 1 0
where
oy 0y(0) = 0,(1) = 0,0y, Tyy is
@(A) = e X xX 5
Ty absolutely continuous, 7, ,0,," € X
0)=¢q(1) =0,q,q¢ is
2(B) = p X xX q(0) = q(1) 4,9
q absolutely continuous, ¢/, q” € X
\
By Example 1, we see that the system of eigen- Example 3 The bending problem of rectangu-

functions of the operator A is complete in the sense  lar thin plates on elastic foundation with two opposite
of Cauchy principal value. On the other hand, the  edges simply supported is

eigenvalues and associated eigenfunctions of the oper-
9> 9%\°
ator P2Q2 are D (81’2 + ay2> W+ Kw = f(x,y) (30)
v = (km)?,  fp=sinkrz, ke A={1,2,...},
and (Qafe, fr) = 1/2, and (Qafi, f;) = 0,k # j. with f(z,y) being the laterally load in the region
Then, by Theorem 2, the system of eigenfunctions of {(z,9) | 0 <@ < h0 <y < 1}, and the bound-

the operator B is complete in the sense of Cauchy — ary conditions for simply supported edges y = 0 and

principal value since {fy = sinkny| k € A} is an or- Y =l are
thogonal base in X, which is clearly a Schauder base. 52
w
Therefore, we can apply double symplectic eigenfunc- w =0, a—yz =0, fory=0andy=1. (31)

tion expansion method to solve the upper triangular

matrix differential system (26). Let

ow PBw Bw . ow Pw  Pw |
9—8x7Q—D(8xB+axay2+lx/ﬁ/Dax), QD( + +1i ﬁ/Dw).

0% " 0y?

Then, the upper triangular matrix differential system derived from Eq. (30) is

0 1 0 0
w 92 1 w 0
—iJE 0 o el
2 I Oy? D 2D 0 N 0 (32)
a_ - 2 . )
m y m 0
0 0o 2 0
where the associated operator matrix is
0 1 0 0
d? 1
~w7 W 00 D
M= g 14> i [w (33)
0 00 532 2D
0 0o 2 0
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According to the boundary conditions (31), we have

Here,

with

IM)=L(w 0 ¢ m)T eV
0 1
A= 2
4B,
dy? D
P(A) = EXxX
9B) = %) exxx
m

w(0) =w(l) =0, m(0) =m(1) =0, w',m are

absolutely continuous, w”,m” € X

14> i [r

2dy? 2
2 0

D

w' is absolutely continuous,

w(0) = w(1) = 0,w” € L?[0,1]

m/ is absolutely continuous,

m(0) = m(1) = 0,m” € L?[0,1]

Direct calculations show that the eigenvalues and associated eigenfunctions of the operator P;@Q; are

Vj:(jﬂ)ziiVH/Da

fi=sinjny jeA={1,2,...}.

We see that (Q1.fk, fx) = (1/2)((k7)* —i\/k/D), and (Q1 fx, fj) = 0,k # j. Then, the assumptions of Theorem

2 are satisfied. Therefore, the system of eigenfunctions of the operator A is complete in the sense of Cauchy

principal value since {f; = sinkny| k € A} is an orthogonal base in X. Similarly, we can check that the system

of eigenfunctions of the operator B is complete in the sense of Cauchy principal value, where the eigenvalues

and associated eigenfunctions of the operator P>(Q)o are

v; = (jm)* +ivk/D,

fi = sinjmy,

jeA

Therefore, the upper triangular matrix differential system (33) can be solved by the double symplectic eigen-

function expansion method.
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