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Finite Larmor radius magnetohydrodynamic analysis
of the ballooning modes in tokamaks*
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In this paper, the effect of finite Larmor radius (FLR) on high n ballooning modes is studied on the basis of
FLR magnetohydrodynamic (FLR-MHD) theory. A linear FLR ballooning mode equation is derived in an ‘s — o’ type
equilibrium of circular-flux-surfaces, which is reduced to the ideal ballooning mode equation when the FLR effect is
neglected. The present model reproduces some basic features of FLR effects on ballooning mode obtained previously
by kinetic ballooning mode theories. That is, the FLR introduces a real frequency into ballooning mode and has a
stabilising effect on ballooning modes (e.g., in the case of high magnetic shear § > 0.8). In particular, some new
properties of FLR effects on ballooning mode are discovered in the present research. Here it is found that in a high
magnetic shear region (§ > 0.8) the critical pressure gradient (a¢ rr,r) of ballooning mode is larger than the ideal one
(ac,imuD) and becomes larger and larger with the increase of FLR parameter bg. However, in a low magnetic shear
region, the FLR ballooning mode is more unstable than the ideal one, and the a. LR is much lower than the a¢ vuD.
Moreover, the present results indicate that there exist some new weaker instabilities near the second stability boundary

(obtained from ideal MHD theory), which means that the second stable region becomes narrow.
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1. Introduction

The ballooning mode is an electromagnetic in-
stability associated with magnetic-field line bending,
which is driven by plasma pressure gradient com-
bined with unfavourable magnetic curvature. In the
late 1970s, the theory of ideal magnetohydrodynamic
(MHD) ballooning modes was well established by
the Wentzel Kramers-Brillouin (WKB) method.!"?!
In the past 30 years a large number of theoretical anal-
yses and numerical simulations on the subject have
been carried out. Up to now, the ballooning mode
still has been one of the particularly important is-
sues in tokamak plasmas®~7 because it is one of the
possible candidates to impose a limit (obtained from
the ideal MHD ballooning mode theory) on the maxi-
mum pressure gradient that can be stably confined in
tokamaks.®9 That is, when (the ratio of the kinetic
pressure to the magnetic pressure) increases to a crit-
ical value (., unstable ballooning modes are excited
in the bad curvature region. Lots of calculation!!0—12]
have been carried out to determine 3. from the ideal
MHD equations. In these calculations there is a com-
mon assumption that the parallel electric field pertur-
bation £ vanishes.['3] As we know, however, E| may

become finite when kinetic effects, such as finite Lar-
mor radius effect (FLR effect, also referred to as the ef-
fect of gyroviscosity[m]), Landau resonances, trapped
particles, collisional effects etc, are included. Espe-
cially, in the high-n limit these kinetic effects can be
significant. It is, therefore, very necessary to examine
whether the kinetic effects could significantly modify
the stability of the ideal ballooning modes and hence
B.. In the present paper we pay our attention to ex-
amining the effects of FLR on the high n ballooning
modes.

In 1978 Chu et all'® used the kinetic energy
principle theory to analyse four kinetic effects (FLR,
perturbed electron pressure anisotropy, perturbed ion
pressure anisotropy and longitudinal electric field) on
the ballooning mode. Their analysis comes to the con-
clusion that the FLR and perturbed electron pressure
anisotropy have stabilising effects, whereas the per-
turbed ion pressure anisotropy and the longitudinal
electric field take on the destabilising effects. By min-
imising the stability effect and maximising the desta-
bilising effect, the 5. may be 10% lower than that
predicted by the MHD theory. Thereafter, Cheng!'¢!
has employed the high n ballooning mode formalism
to derive the eigenmode equation for kinetic balloon-
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ing modes of arbitrary wavelength in the frequency
range wy < W < Wie, Where wy; and wye are ion and
electron transit frequencies, respectively. The author
found that the FLR effects reduce the growth rate
And besides, the
critical . is smaller than the ideal MHD one, except

but does not stabilise the mode.

for the case of 1, = 0, where 7; is the scaled value
of ion temperature gradient (ITG). Afterwards, Hi-
rose et al.'"18] made an identification about a kinetic
ballooning mode which is driven by a finite ion tem-
perature gradient 7;. They concluded that the 7; bal-
looning mode can lower the critical o, significantly at
a small magnetic shear.

In general one uses the kinetic theory™ or gy-
rokinetic formulation!®'?! to study the kinetic effects
on the ballooning mode. However, in as early as the
1960s, attempts were made to use MHD theory instead
of kinetic theory to study the system in which FLR
effects became important: Roberts and Taylor,2% and
Braginskiil?!l independently incorporated the FLR ef-
fects into the momentum equation of MHD theory via
anisotropic ion (FLR) stress tensor, which is always
referred to as finite Larmor radius magnetohydrody-
namic (FLR MHD) theory. So far, however, all the
subjects that the FLR, MHD theory is employed to
analyse concentrate on the Rayleigh-Taylor instabil-
ity in different plasma configurations: Ruden!'¥ and
Hubal?? used this theory to study independently the
Rayleigh-Taylor instability in the plasma configura-
tion of two-dimensional geometry. Recently, Qiu et
al.?® and Huang et al.24 have used the FLR MHD
theory to investigate the Rayleigh-Taylor instability
in Z-pinch incompressible plasma with a sheared ax-
ial flow and compressible plasma without sheared ax-
ial flow. And their results show the FLR effect to be
a stabilising factor for Rayleigh—Taylor instability in
either incompressible or compressible plasma. In the
present paper, we for the first time use FLR MHD
theory to analyse the ballooning mode in a more com-
plicated toroidal plasma system. By taking advantage
of the simplicity of the FLR-MHD theory model, we
derive a linear FLR ballooning mode equation. Be-
cause the operator of FLR ballooning mode equation
is no longer self-adjoint and hence its eigenvalue is
a complex. That is, the present model introduces a
real frequency into ballooning mode as shown by the
previous kinetic theory.['5! After solving the equation
numerically, the results indicate that in a high mag-
netic shear region (§ > 0.8) the FLR has a stabilis-
ing effect on ballooning modes. Here it is found that

the critical pressure gradient (o prr) is larger than
the ideal one (o, mvup) and becomes larger and larger
with the increase of FLR parameter by. The property
may be conducive to the ballooning mode suppression
observed on the edge of H mode plasmas,?° where the
shear § is high. However, in a low magnetic shear re-
gion, when FLR parameter by is small (e.g., by < 0.03)
the FLR ballooning mode is more unstable than the
ideal one, and the critical pressure gradient oc rrr
is much lower than the acvup. In particular, the
present results indicate that there exist some weaker
new instabilities near the second stability boundary,
obtained from ideal MHD theory, which means the
second stable region becomes narrow.

The remainder of this paper is organised as fol-
lows. In Section 2 the fundamental equations are given
and linear ballooning mode equation including FLR
effects is derived. In Section 3, the numerical results
of the eigenmode equation are presented. And a sum-
mary is provided in Section 4.

2. Fundamental

model

equations and

2.1. Fundamental equations

In the present paper, we assume that the plasma
is a perfect conducting fluid. So, MHD equations in-
clude the convective density evolution equation, the
convective pressure evolution equation, and the mo-
mentum equation, i.e.,

dp

a-ﬁ-V-Vp—i—pV-V:O, (1)

0

ai;+v.v;>+pv-V=o, (2)
0 f

p(at—i—V-V>V:—Vp+J><B—V-H ,(3)

where Hf is the collisionless viscosity tensor due to
the FLR effect, which is also known as gyroviscosity.
And only the leading order of divergence of the tensor
is kept,[26] then we have

Fo1
v = §pwcip12b x V2V
1
= 5pveb X V2V. (4)

This is not real viscosity at all, since the associated
viscous stresses are always perpendicular to the veloc-
ity, implying that there is no dissipation (i.e., viscous
heating) associated with this effect. Here, p is the
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mass density, p; the ion Larmor radius, V' the veloc-
ity of the plasma, p the pressure and we; = eB/mjc
the ion cyclotron frequency, b = B/B is the unit vec-
tor in the direction of local magnetic field, and v, is
defined as the gyroviscosity coefficient: v, = weip?.
Furthermore, the magnetic field equations are

%—?:VX(VXB), (5)
V-B=0. (6)

Equations (1)-(6) are complete for the balloon-
ing mode analysis in a perfectly conducting plasma
by taking the FLR effects into account and hence fun-
damental equations in the present paper.

2.2. FLR ballooning mode equation

The linearised ballooning mode equation, taking
into account the FLR effects, is derived as follows.
The plasma variables and the field variables are writ-
tenas V. =Vy+ Vi, p=po +p1, and B = By + By,
where the subscripts ‘0’ and ‘1’ denote the equilibrium
quantity and the perturbation quantity, respectively.
As we know, in static equilibrium, marginally unsta-
ble displacements are divergence-free,?” so that the
incompressible condition

V-V=0 (7)

can always be used in marginal stability analysis of the
ballooning mode.[?8 We obtain the usual linearised
MHD equations of static plasma from the Eqs. (1)—
(7) respectively,

dp1

EJer'Vpo:O, (8)
op1 -
WqLVpro—O, (9)
0
pOa‘fl
= —vp1+(VXBl)XBo+(VXBo)XB1
1
— 5Povgbo X vivi, (10)
B
aatl =V x (Vi x By), (11)
V-B; =0, (12)
and
V-V =0. (13)

To consistently introduce our ordering scheme, we
expand all perturbations in powers of 1/n, where n is
the toroidal mode number, according to

Ay =AY 4 (1/m) AW + (14)

where superscripts (0), (1), ... denote the order of the
perturbations. For representing ballooning-type insta-
bilities, the covering space concept is invoked so that

any perturbation Agk) is expressed as!2:29]

Agk) = Agk) (,’I,'J_, LU”) exp [—iwt +inS (.’I,'J_)] ,
k=0,1,2..., (15)

where x; and x| denote the coordinates across and
along the magnetic field lines respectively, and S is the
eikonal representation accounting for the rapid cross-
field variations. Furthermore, for the sake of the ex-
istence of non-zero solutions we might as well assume
the gyroviscosity coefficient v, to be of the order of
o(1/n), ie.,

vg =o0(1l/n). (16)

Equations (8)—(13) are now consistently solved up to
order n. According to Eq. (11) the vector V.S has
no component along the unperturbed magnetic field,
i.e., By-VS = 0.1 The constraint from momentum
balance up to order n leads to

P+ By B = L (im) o, {0 - (b x V5). (17)

1
2
From the linearised continuity equation (8), energy
balance equation (9), momentum balance equation
(10), and Maxwell’s equations (11) and (12), we ob-
tain the solutions to order n

vs- v =, (18)

and
vs- B =o. (19)

Equation (18) comes from the energy balance equation
to order n. However, it is also the o(n) of the diver-
gence of Vi. That is, physically this ordering scheme
implies an incompressible motion in leading order. By
using the features of Eqgs. (18) and (19), it is conve-

nient to express the zeroth-order perturbations as2%l

Vl(o) = Vl(o) exp (—iwt + inS)
_ (v©@Bo | 0 BoxVS
= <V| B +V Bo 2
x exp (—iwt + inS), (20)

and

B§O) = Bg)) exp (—iwt + inS)
_ (g0 Bo goyBox VS
o (BI B2 +By IVS|?
x exp (—iwt + inS). (21)
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In the same way, Egs. (8)—(13) are solved to order
o (1) and yields, respectively,
vV = —ivV.vs, (22)
1 (—iw) = =W - Vpy, (23)
B0 - B0 90— (59.) B2
and
po Vi (—iw)
= v (5" + By B") i (3" + Bo - B) VS
. . 1
+ (By-V)B ¢ (B§0> : v) By — Siponvghy
. 1 .
x ViOv2 (8) + 5 Ponvgho vIIvseE. (25)

Scalarly multipling Eqs. (24) and (25) with By X
VS and using Egs. (17)—(22), we obtain the following
two equations:

1 |usp
iw Bg

BY = (Bo- V)V (26)

and

pol VSV (—iw)
= B2(By-V)BY —2(By x VS - k) p\”

1 .

+ 5pove (in) [VS*By - v (27)
Similarly, scalarly multipling Eq. (25) with By we
have

Po I ( lw)_ 1 |VS|2 X 0 - ( )

Using Eq. (20), we rewrite Eq. (23) as

(0) _ 1 BgxVS5-Vpg (0 9
Substituting Egs. (26), (28), and (29) into Eq. (27)

we have a linearised ballooning mode equations with

variable VJ(_O)

VS[? .
-9 S5k By vt
‘VS|2 2| 1-(0)
+ | Dx + Gxw + po 5 W VJ_
Bj
1 V x By-VS ~(0)

— ~M.Bn - Y220 VY (B,
wkov[( 1Byl (Bo-V)V}
=0, (30)

where

B()XVS'KB()XVS'VPQ

Dy =2
k B02 Bg )

(31)

BO X VSK,‘VS‘ZV

Gy = 32
k np Bg BO g ( )
and |VS|2
1
My = o B2 Vg, (33)

with k& = by - Vb being the magnetic field line curva-
ture.

2.3. Eikonal representation

In the present work, the perturbations we are
interested in are characterised by short perpendicu-
lar and long parallel vavelengths, i.e., k;p; ~ 1 and
kypi ~ o(pi/L), where L is the characteristic scale
length of the equilibrium variations. Hence, it is suited

to adopt the eikonal representation for perturbation
A12

Al (1/)7 X C)
= A(y, x)exp [—iwt +inS (1, x,¢)]  (34)

in an orthogonal magnetic flux coordinate system
(1, x,¢), where ¥ denotes the flux surface; x and ¢
refer to the poloidal angle and the toroidal angle; A
represents the slow variations along the field line. The
specific form for S is determined by the requirement
for kyp; ~ o(pi/L), which implies

By-VS =0. (35)

So, the solution of Eq. (35) in a straight field-line co-
ordinate system can be constructed as the following
form: (3]

S=(—q)x+ k), (36)

where the flux surface quantities ¢ (1)) and k(v) cor-
respond to the safety factor and radial wavenum-
ber, respectively. It should be noted that the radial
wavenumber k(1)) in general is a function to be deter-
mined by a higer-order radial non-local analysis,[0:31]

but in the present work it appears just as a parameter.

2.4. Shifted-circle model

In order to study the effect of the FLR on the bal-
looning mode we need to further simplify ballooning
equation (30). In this paper the shifted-circle model
The standard shifted-circle
model is obtained by considering a low-beta equilib-

is used to simplify it.

rium in which the pressure varies rapidly in a thin
radial shell.l'32] Then the global geometry of the equi-
librium is approximately unchanged from the low-beta
shifted-circle equilibrium of Shafranov.[*3] The equi-
librium is solved only to the second order in € = a/R,
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where @ is the minor radius and R is the major radius
of the torus. Therefore, the Grad—-Shafranov equation
is transformed into two ordinary differential equations.
One is an equation about the poloidal magnetic flux
¥ (r): solving this equation is essentially equivalent to
calculating the magnetic flux of a cylindrical current-
carrying plasma column, the other is an equation
which is used to determine the Shafranov shift.[34:3°]
Although this simplified equivalent model is not so ex-

n[36:37 which can de-

act as the Solov’ev-type solutio
scribe the axisymmetric toroidal equilibrium with an
arbitrary aspect ratio and large elongation and tri-
angularity, this approach reproduces some important
features of the ballooning modes, and hence has been
proved to be useful in the study of ballooning modes.
The coordinates of the flux surface are then given

by
R=Ry+ A(r) + rcosb (37)

and
Z =rsin, (38)

where Ry is the major radius at the magnetic axis, Z
is the vertical axis, A(r) the Shafranov shift function,
r the minor radius, and 6 the poloidal angle. The local
coordinates (r,6) has the Jacobian

Jo=Rr[l1+ A (r)cosf]. (39)

Here we have used the prime to denote the first order
derivative with respect to r. The pressure gradient

parameter « is related to A(r) byl
a=-rA", (40)

where, similarly, A" represents the second order
derivative of A(r) with respect to r. After some alge-
bra we obtain the following transformation regulations
in the non-orthogonal coordinates (r,6):

IVS|? = (q/r)? [1 + (30 + asind — krr)ﬂ . (41)

B
BQ 9 1B2
_ Blcos 1By
=B TR T BY (43)
_ B¢sind
“g*ffR ) (44)
ds [ dp\?
. = — (== . 4
VSV dr (dr) (45)

Substituting Eqgs. (41)—(45) into Eq. (30), we have the
following ballooning eigenmode equation:

0] 0 .1 0? .
% <f89F> + lﬁgbin"_ lTbiQO'F

+ (=2%f+h)F =0, (46)

where o = cosf + sinf (50 — asind — k.r),
f o= 1+ (80 —asind—kr)? 7 = —Vg JwAT?,
€ = rawe/2RePwa,  h = afcosd +
sinf (30 — asinf — k,r)], and b = kipZ. In the
above equations, F = VJ(_O) /RQBOX is the eigen-
functon of the ballooning mode, 2 = —iw/wa is
the normalised eigenvalue, ¢ is the safety factor,
i —
shear, a = —2Rq¢?p’ (1) /B>

axis

(r/q) dg/dr is the surface average magnetic
is the pressure gradi-
ent, wy = Va/qR is the Alfven transit frequency over
the connection length, By, is the equilibrium poloidal
magnetic field, and B,y is the toroidal magnetic field
at magnetic axis. The perpendicular wavenumber can

be expressed as('®!

K
= n?|VS|?
= 7 (a/r)? [L+ (50— arsing — miK)°] (47

where K = k,a is the normalised radial wavenumber
and ni = r/a. By using Eq. (47), we rewrite the term
b in Eq. (46) as

bi = k% pf
k3 p? {1 + (80 — asin @ — nkK)Q}

bo [1 + (80 — asinf — nkK)ﬂ . (48)

ko =
vgn? (¢/r)? Jwe is the FLR parameter which can di-

Here we should point out that by, =

rectly reflect the gyroviscosty effects on the ballooning
modes. It should be noted that on the one hand the
FLR effect k% p? is not a given parameter but a func-
tion of the ballooning angle 6 as shown in Fig. 1; on
the other hand, it is also a function of normalised ra-
That is,
when the radial wavelength is very short (K >> 1) the
FLR effects (k3 p?) on the left- and the right-hand side
at position § = 0 are unsymmetrical. Furthermore, it
can be seen that the FLR effect k2 p? is closely related

dial wavenumber K as shown in Fig. 1(b).

to magnetic shear s.
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0.4 : - . .
— by = 0.045
0.3 K=0  —- bo = 0.030
- --- by =0.015 ]
oo 0.2 A A\ H
0.1 :\\\$ ) /o \\‘ » )/_/ e ‘,5,/
0 1 L L
—8 —4 0 4 8
(%
0.5 . . . .
L --- K=0
0.4 bp=0.03 - K=4
W 0.3} 7 — K=6
i [
Loozpe 0 .
0.1_\\\_.‘ _// . \\% , \,, N ]
. , )
0 L 1
-8 —4 0 4 8
%

Fig. 1. FLR effects kip? in the ballooning modes for dif-
ferent values of FLR parameter by and normalised radial
wavenumber K.

Equation (46) is a new result of the present pa-
per. When by = 0 (namely, without consideration
of the gyroviscosty effect), both the second and the
third terms on the left-hand side of Eq. (46) vanish,
hence we recover the ideal ballooning equation with-
out FLR effects

0 0
20 (f aeF) F(-PfRF =0, (49)

0.8
bg=0

0.6 ’y/wA = 0.5115 — K =F
2;/wa =0

—10 -5 0 5 10

bp = 0.03
v/wa = 0.4949

—-0.2
—10 -5 0 5 10

3. Numerical results

Because of the gyroviscosity of the finite Larmor
radius effect, the operator of Eq. (46) is no longer
self-adjoint when compared with the ideal ballooning
equation, and hence its eigenvalue is a complex. That
is, the FLR effect introduces a real frequency[22:38!
into an unstable ballooning mode. In what follows,
we use 7/wa to denote the normalised growth rate of
the FLR ballooning mode, {2, /wa the normalised real
frequency, F; the real part of the eigenfunction, and F;
the imaginary parts. In the same way as in most pre-
vious work on ballooning modes, we use shooting code
analysis to numerically solve Eq. (46) with following
boundary conditions:

F (0 =+o00) =0. (50)

First of all, we obtain a group of FLR ballooning
eigenfunctions at a usual unstable point (§ = 1.0, a =
1.0) with different values of parameter by reflecting the
FLR effect as shown in Fig. 2. In order to compare our
present mode with the ideal ballooning mode, we first
analyse the case of the normalised radical wavenumber
parameter K = 0.

0.8

bo = 0.015
|/wa =0.5071
06102, Jwa = —0.0629

&,
(b)
—0.2 . . -
Z10 -5 0 5 10
0
0.8 : .
bo = 0.0435
/wa = 0.4783
06102, fwa = —0.1869 - k&
LY
0.4
i
= 0.2 '
i
[}
i
) i
0 '
\
\f
(d)
—0.2
~10 -5 0 5 10
0

Fig. 2. Eigenfunctions of ballooning modes for different values of FLR parameter bg. The solid (dash) lines represent

the real (imaginary) parts.
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Figure 2 can represent the FLR effect on the bal-
looning mode in many aspects. Figure 2(a) corre-
sponds to the case of by = 0, namely, the eigenfunction
and eigenvalue of the ideal ballooning mode. It clearly
shows that the ideal ballooning instability has a zero
real frequency (normalised real frequency (2, /wa = 0)
and normalised growth rate y/wa = 0.5115. In
Figs. 2(b)-2(d), by making the parameter by increase
from by = 0.015 to by = 0.0435 we find that the FLR
effect does not change the symmetry structure of the
eigenfunction (both the real part F, and imaginary
part Fj) on the left- and right-hand side at position
6 = 0, except the real part F, (the solid lines in Fig. 2)
of eigenfunction separating from the imaginary part
F; (the dash lines in Fig. 2).

the FLR effect will introduce a real frequency into the

As mentioned above,

ballooning mode. That is, there exist nonzero real
frequencies [§2,/wa = —0.0629, — 0.1274, — 0.1869
in Figs. 2(b)-2(d), respectively]. In particular, with
the increase of the value of the FLR parameter by,
the growth rate is smaller and smaller and the separa-
tion of the real part from the imaginary part of eigen-
function is more and more prominent. These features
of the FLR are again demonstrated in Figs. 3 and 4
in which the normalised growth rate v/ws and nor-
malised real frequency {2, /wa are plotted versus FLR
parameter by for different radial wavelengths.

In the present paper, we analyse the FLR effects
on the eigenvalue of the ballooning modes in two spe-
cial regions: the high shear region § = 1.4 and the
low shear region § = 0.25. From Fig. 3, it can be
seen that the curves of the normalised growth rate
~/wa monotonically decrease, indicating that the FLR
effect can suppress the growth rate of the balloon-
However, with the increase of the FLR
parameter by, the depressed effects becomes weaker

ing mode.

and weaker, which is in accordance with the results
in Fig. 2 and qualitatively consistent with Cheng’s
conclusion!'! that the FLR effects reduce the growth
rate but do not stabilise the mode. Furthermore, when
we enhance the value of FLR parameter by, a rever-
sal (from negative to positive) of the real frequency
first appears, and finally tends to a stable frequency.
However, there are some differences of the FLR ef-
fects on the ballooning mode when the shear is low
(8 =0.2). From Fig. 4, we can see that in a low mag-
netic shear region the FLR effect enhances the growth
rate of the unstable mode slightly when FLR param-
eter by is small (e.g., by < 0.03).

0.4

0.3

v/wa

0.2

0.1

—0.04}
—0.08 |

QrJwa

—0.12

T e
0 0.02 0.04 0.06 0.08 0.10
bo

Fig. 3. Dependences of the growth rate (a) and frequency
(b) on the FLR parameter bg for different values of nor-
malised radial wavenumber K when § = 1.4 and o = 1.0.

0.18 ; . . - .
—-— K =0
— K =2
—— K =4
< 0.16
3
~
< 014
(a)
0.12 : : :
_,_,__._‘_;_—»—4——‘0—*—*'—*—"‘* L
0.1 ——K=0 |
— K =2
L K1 1
< 0 N\M
3 | |
<
S —0.1¢
L (b) ]
—0.2
0 0.01 0.02 0.03

bo

Fig. 4. Dependences of growth rate (a) and frequency (b)
on FLR parameter by for different values of normalised
radial wavenumber K when § = 0.25 and o = 1.0.

The previous studies!™2! on the ballooning mode
have considered merely the case of k(¢) = 0 in
Eq. (36) (i.e., the normalised radial wavenumber pa-
rameter K = 0). From Figs. 3(a) and 4(a), it fol-
lows that the ballooning modes with long radial wave-
length (K = 0) are more unstable than the short
ones. Therefore, we need to analyse only the bal-
looning mode with K = 0 in general. However, the
characteristic of the eigenfunction cannot be seen in
Figs. 3(a) and 4(a).

For this reason, we depict a group of FLR balloon-
ing eigenfunctions (with FLR parameter by = 0.03)
at the same point (§ = 1.0, « = 1.0) for different
values of normalised radial normalised wavenumber
K as shown in Fig. 5. Obviously, the eigenfunction
of the ballooning mode with the normalised radial
wavenumber K = 0 (Fig. 5(a)) is symmetrical on the
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left- and right-hand side at position § = 0. How-
ever, from Figs. 5(b)-5(d), we can see that with the
increase of K there appear the drift and the unsymme-
try of the corresponding eigenfunction. In Fig. 6 shows
the curves for normalised growth rate and normalised
real frequency versus normalised radial wavenumber

0.8
v/wa = 0.4949
0.6} 2r/wa = —0.1274 £
K=0
0.4
€3
0.2
0
—0.2
—10 -5 0 5 10
%
0.8 T T
v/wa = 0.3147
0.6 27/wa =-01639 — F;
K=3 S\ - -~ Fi
04}
S8
0.2}
0
—0.2 .
—10 -5 0 5 10

K, where parameters § and « are chosen to be § = 1.0
and a = 1.0. From Fig. 6, it can be seen that the
growth rate becomes smaller with the increase of K.
Therefore, in the following we will analyse the bal-
looning mode in the case of only K = 0.

0.8

y/wa = 04717
0.6} 2r/wa =-0.1327
K=1

0.8

y/wa = 0.01913
0.6 2r/wa = —0.0657
K=6

0.4}

0.2

-0.2 : - .
—-10 -5 0 5 10

Fig. 5. Eigenfunctions of ballooning modes for different values of normalised wavenumber K when FLR parameter

bo = 0.03. The solid (dash) lines represent the real (imaginary) parts.

---bp=0

061 (a) — bg = 0.015 |
o 1 —— by = 0.030 |
< 04 ]
~
=

Fig. 6. Dependences of the growth rate (a) and frequency
(b) on normalised radial wavenumber K for different val-
ues of FLR parameter bg when § = 1.0 and a = 1.0.

As described in Ref. [19], there is instability in

\
the MHD second stability regime, driven by a finite

ion temperature gradient through the ion resonance
at the magnetic drift frequency. It means that the ion
resonance effects would reduce the stability regime.
Based on the same consideration, we verify that the
FLR effects may affect the MHD stability regime. For
this purpose we plot the eigenvalues (growth rate and
mode frequency normalised by the Alfven frequency
wy ) versus pressure gradient « for high shear § = 1.4
and low shear § = 0.2, separately. For comparison,
the results obtained from the ideal ballooning mode
Eq. (49) are also shown.

From Fig. 7 (for the case of low shear § = 1.4), it
can be seen that the FLR ballooning mode is more sta-
ble than the ideal one, which reflects the conventional
stabilising effect of the FLR. But, in the low shear re-
gion (§ = 0.2) shown in Fig. 8, we can see that the
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FLR effect on instability is exactly contrary to that in
high shear one. That is, when the FLR parameter by
is small (e.g., by < 0.03) the FLR ballooning mode is
more unstable than the ideal one, which can also be

found in the analysis of the kinetic theory.['%]

0.8

t —e—ideal
0.6 — bo = 0.015 A
[ ——bp = 0.030 a P

0.4¢

v/wa

0.21 (a)

0
-0.021

—-0.06 |
—-0.10}

027 Jwa

—-0.14}

018
0.8 1.0 1.2 1.4 1.6

Fig. 7. Curves for growth rate (a) and frequency (b) of
the FLR ballooning mode at higher shear, § = 1.4, for
bo = 0.015 and by = 0.030 (denoted by point and aster-
isk). For comparison, the eigenvalues of the ideal balloon-
ing mode are plotted in this figure (denoted by circle).

—— ideal

0.16
— by = 0.015
—— by = 0.030
< 012 0
i 0.08 ]
F\ . 4
0.04 ]
(a) |
0
0
—e— ideal
—0.04 — by = 0.015 {
—— by = 0.030 |
5 —0.08
S
S —012 1
(b) 1
-0l
0.4 0.6 0.8 1.0 1.2

Fig. 8. Curves for growth rate (a) and frequency (b) of
the FLR ballooning mode at lower shear, § = 0.2, for
bo = 0.015 and by = 0.030 (denoted by point and aster-
isk). For comparison, the eigenvalues of the ideal balloon-
ing mode are plotted in this figure (denoted by circle).

In order to obtain a comprehensive understand-
ing, we plot the stability boundary of the FLR bal-
looning mode in Fig. 9 for different values of FLR
parameter by. For the comparison with the stability
boundary of the ideal ballooning mode, in the FLR
MHD theory we focus on the analysis of the most un-
stable mode with the normalised radial wavenumber
K = 0. As is well known, the stability of the ideal

MHD ballooning mode is fully determined by the two
parameters, § and . However, in the FLR MHD the-
ory, the FLR parameter by = (kgpi)2 is introduced
as a parameter that modifies the ideal MHD stability
diagram. As shown in Fig. 9, in the high shear re-
gion the FLR ballooning mode (dashed line and dot-
ted line) has a higher critical value pressure gradient
() than the ideal ballooning mode (solid line), which
is the result of the stabilising effect from the FLR. In
other words, when the shear is high, we do not find
the unstable FLR ballooning mode in the region close
to the ideal first stability boundary (see the shadow
region in Fig. 9). It reproduces the conclusion ob-
tained in Ref. [39] that the weakly unstable systems
can always be stabilised by the FLR effects.
ever, in the lower magnetic shear region (§ < 0.8), the

How-

critical a, of the FLR ballooning mode a. iR is sig-
nificantly lower than o mvup, which is similar to the
effect induced by the ion magnetic drift resonance.!®!
Besides, from Figs. 8 and 9 we can see that there ap-
pear some weaker new instabilities near the second
stability boundary (obtained from ideal MHD theory),
which means the second stable region becomes narrow.
However, it should be noted that the ballooning mode
still has a second stable region, although the FLR ef-
fects reduce it.

ideal
1.6 e bo = 0.015
-—== b =0.030
1.2
“ 08
04 ,;'I -
el e ]
SN BT |
R

Fig. 9. Stability boundaries of FLR ballooning mode for
different values of FLR parameter by (dash line and dot
line) and ideal ballooning mode predicted by the ideal
MHD theory (solid line).

4. Conclusions

In the present paper, we use the finite Larmor
radius magnetohydrodynamic (FLR MHD) theory in
the approximation of incompressible fluid to study the
high n ballooning modes. Because the FLR (gyro-
viscosity) effect is included in the present model, the
operator of the FLR ballooning mode equation is no
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longer self-adjoint when compared with the ideal bal-
looning mode equation. Thus, the present model in-
troduces a real frequency into the ballooning mode,
as done in kinetic theories. In addition, this prop-
erty is verified by the numerical results in which the
eigenvalue has a non-zero real part. In analysing the
features of the FLR ballooning mode, it is found that
the FLR can hardly affect the eigenmode structure,
except the real part F, of eigenfunction separating
from the imaginary part Fj. In a high shear region
(8 > 0.8) the FLR has a stable effect on ballooning
modes, as shown by kinetics theories. Here it is found
that the critical pressure gradient o rrr is larger than
ideal one a mvap and becomes larger and larger with
the increase of FLR parameter by. The property may
be conducive to the ballooning mode suppression, ob-
served in the edge of H-mode plasmas?” where the
shear § is high. However, in a low shear region,
when the FLR parameter by is small (i.e., by < 0.03)
the FLR ballooning mode is more unstable than the
ideal one and accordingly the a. prr is much lower
than a. mup. This phenomenon is similar to one in-

duced by the kinetic effects of the perturbed ion pres-
sure anisotropy, the longitudinal electric field,!*®! and
the ion magnetic drift resonance.!'®) Particularly, the
present results indicate that there appear some weaker
new instabilities near the second stability boundary
(obtained from the ideal MHD theory) when the FLR
effect is included. It means the second stable region
becomes narrow.

In summary, we for the first time use the FLR
MHD theory to study the finite Larmor radium ef-
fect on ballooning modes. It reproduces some basic
characteristics of ballooning mode, which have been
obtained previously by kinetic theories. In addition,
some new properties of ballooning mode are discov-
ered when the FLR effect is included.
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