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Within the second-order perturbation approximation, this paper investigates the physical process of generation of

the time-domain second harmonic by a primary Lamb wave waveform in an elastic plate. The present work is performed

based on the preconditions that the phase velocity matching is satisfied and that the transfer of energy from the primary

Lamb wave to the double frequency Lamb wave is not zero. It investigates the influences of the difference between the

group velocities of the primary Lamb wave and the double frequency Lamb wave, the propagation distance and the

duration of the primary Lamb wave waveform on the envelope shape of the time-domain second harmonic. It finds

that the maximum magnitude of the envelope of the second-harmonic waveform can grow within some propagation

distance even if the condition of group velocity matching is not satisfied. Our analyses also indicate that the maximum

magnitude of the envelope of the second-harmonic waveform is kept constant beyond a specific propagation distance.

Furthermore, it concludes that the integration amplitude of the time-domain second-harmonic waveform always grows

with propagation distance within the second-order perturbation. The present research yields new physical insight not

previously available into the effect of generation of the time-domain second harmonic by propagation of a primary Lamb

wave waveform.
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1. Introduction

In the past few decades, there has been a grow-
ing awareness that the elastic nonlinearity of engi-
neering materials can be a very sensitive indicator
of some defect states which are difficult to be de-
tected by other means.[1−4] Because Lamb waves are
a very important means of nondestructive evaluation
of plate-like structures,[5]and the second harmonic in
conjunction with primary Lamb wave propagation can
include more accurate information about the elastic
plates,[6−11] it is essential to study the generation of
the second harmonic of primary Lamb wave propaga-
tion. However, due to the dispersion and multi-mode
of primary Lamb wave propagation, the process of
generation of the second harmonic is very complicated.
In recent years, some theoretical and experimental
studies have been performed on this issue.[12−18] It
was found that, under certain conditions, the sec-
ond harmonic of the primary Lamb wave propagation
has a strong nonlinearity, i.e. its amplitude can grow
with propagation distance. Recently, some studies fo-

cus on using the effect of second-harmonic generation
by primary Lamb wave propagation to assess dam-
age in elastic plates.[7,9,10] Experimental results indi-
cate that nonlinear Lamb waves may offer a potential
for accurately assessing the early stages of damage
in plate-like structures. For observing clear second-
harmonic signals by propagation of a primary Lamb
wave waveform in the time domain, the correspond-
ing condition for generation of the cumulative time-
domain second harmonic must be carefully considered
in advance. For the case that the duration of primary
Lamb wave waveform in the time domain is infinite,
the condition for generation of the cumulative second
harmonic requires that the phase velocity matching
between the primary and the double frequency Lamb
wave (DFLW) modes is satisfied, and that the transfer
of energy from the primary Lamb wave propagation to
the DFLW component is not zero.[13−16] However, it
should be noted that, in practical measurements, the
primary Lamb wave waveform with a finite duration in
the time domain is commonly used. Even though the
phase velocity of primary Lamb wave propagation (de-
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noted by c
[f ]
P ) is equal to that of the DFLW (denoted

by c
[2f ]
P ), the group velocity of a primary Lamb wave

waveform (denoted by c
[f ]
g ) is not necessarily equal

to that of the DFLW waveform generated (denoted
by c

[2f ]
g ). The published studies indicated that, be-

sides the condition of phase velocity matching (namely
c
[f ]
P = c

[2f ]
P ), the condition of group velocity matching

(namely c
[f ]
g = c

[2f ]
g ) is also strongly recommended

when a time-frequency representation (TFR) is used
to extract the second-harmonic signal from a Lamb
wave waveform propagating in elastic plates.[8−11] Ac-
tually, in practical measurements, this requirement is
too rigorous due to the dispersion of Lamb wave prop-
agation by nature. For the case that the duration of
primary Lamb wave waveform is infinite, the influence
of difference between c

[f ]
P and c

[2f ]
P on generation of the

cumulative second harmonic has been investigated.[15]

What will happen if the condition c
[f ]
g = c

[2f ]
g is not

strictly satisfied when c
[f ]
P is equal to c

[2f ]
P ? It is of

significance for practical measurements to analyse the
influence of difference between c

[f ]
g and c

[2f ]
g on the

generation of cumulative second harmonic by propa-
gation of a primary Lamb wave waveform in the time
domain. This paper reports a study focused on this
issue.

2. Theoretical fundamentals

Without loss of generality, only the case in which
a primary Lamb wave waveform propagates in a single
elastic plate will be investigated. For simplicity, we as-
sume that the material of the elastic plate is isotropic
and homogeneous with no attenuation and no disper-
sion, and that the nonlinear effect is sufficiently small
that the primary wave amplitude may be taken to be
constant in spite of harmonic generation. It is known
that, within the second-order perturbation approxi-
mation, the second-harmonic field of a primary Lamb
wave mode in a single elastic plate can be expanded
as a series of symmetric DFLW components using a
modal analysis approach.[14,15] Thus, the correspond-
ing second-harmonic field is symmetrical, regardless of
whether the primary Lamb wave mode is symmetrical
or antisymmetrical.

Figure 1 shows the dispersion curves for a primary
Lamb wave (the symmetric S2 mode) and the symmet-
ric DFLWs propagating in a 2d thick aluminum sheet.
At the driving frequency given by the vertical dotted
line V , a series of symmetric DFLW components (de-
noted by the points P , P1, P2, and P3, etc) will be

generated by the primary Lamb wave (S2 mode). It is
found that the phase velocity of the primary S2 mode
(namely c

[f ]
P ) is equal to that of the P DFLW compo-

nent (namely c
[2f ]
P ). This means that the amplitude of

the P DFLW component will grow with propagation
distance.[15] Due to the fact that c

[f ]
P is observably

different from that of the other DFLW components
(denoted by the points P1, P2, and P3, etc in Fig. 1),
the contribution of these DFLW components to the
second-harmonic field of the primary S2 mode can be
neglected.[15] When the condition c

[f ]
P = c

[2f ]
P is satis-

fied, the P DFLW component plays a dominant role
in the second-harmonic field of the primary S2 mode.
Thus we can only consider the P DFLW component
when we analyse the second-harmonic field of the pri-
mary S2 mode at the frequency given by the dotted
line V in Fig. 1.

Fig. 1. Dispersion curves for a primary Lamb wave and

the symmetric DFLW components.

We consider a time-domain waveform (with the
duration τ) of the primary S2 mode, which is gener-
ated at the position T and received at the position R

(see Fig. 2). For simplicity, the duration τ of the pri-
mary S2 mode waveform is assumed to be long enough
so as to keep its shape unchanged within some prop-
agation distance. This assumption can simplify the
process of analysis, and provide a clear physical in-
sight into the complicated problem of the cumulative
second-harmonic generation by propagation of a pri-
mary Lamb wave waveform in the time domain.

When the time-domain waveform of the primary
S2 mode with the duration τ arrives at the posi-
tion zi (here zi denotes an arbitrary position between
T and R in Fig. 2), because of the convective non-
linearity (due to the description difference between
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the Lagrangian and Eulerian coordinates) and the
inherent nonlinear elastic properties of the solid,[19]

Fig. 2. A series of time-domain DFLW waveforms gener-

ated by F
[2f ]
b

(zi, t) and F
[2f ]
S (zi, t) at zi. All the DFLW

waveforms generated at zi overlay completely at the mo-

ment t = zi/c
[f ]
g , and then they are separated in the time

domain due to the different group velocities.

there is a time-domain body driving force of dou-
ble fundamental frequency (denoted by F

[2f ]
b (zi, t))

in the interior of the isotropic plate, and a time-
domain traction stress of double fundamental fre-
quency (denoted by F

[2f ]
S (zi, t)) at the two surfaces of

the isotropic plate.[15,16] It is obvious that the duration
both of F

[2f ]
b (zi, t) and of F

[2f ]
S (zi, t) should be equal

to that of the time-domain waveform of the primary
S2 mode, because both the frequency-domain ampli-
tudes of F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) are proportional to

the square of frequency-domain displacement ampli-
tude of the primary time-domain waveform.[19] Based
on a modal analysis approach, the function both of
F

[2f ]
b (zi, t) and of F

[2f ]
S (zi, t) is to generate a series

of time-domain DFLW waveforms with the duration
τ , where the carriers of these time-domain waveforms
are, respectively, the DFLW components determined
by the points P , P1, P2, and P3, etc in Fig. 1.

At the moment that the primary S2 mode wave-
form arrives at zi and then the corresponding dou-
ble frequency driving waveform (i.e., F

[2f ]
b (zi, t) and

F
[2f ]
S (zi, t)) occurs, the DFLW waveforms with the

duration τ , generated by F
[2f ]
b (zi, t) and F

[2f ]
S (zi, t),

overlap completely at the time t = zi

/
c
[f ]
g as illus-

trated in Fig. 2, where the scales (or amplitudes) of
the waveforms of the S2 mode and the DFLWs are only
schematic, and do not denote the absolute magnitude.
Afterwards, the wave envelopes (or wave packets) of
these DFLW waveforms will separate in the time do-
main because their carriers (i.e. the DFLW compo-
nents determined by the points P , P1, P2, and P3,

etc in Fig. 1) have the different group velocity. Due to
the assumption that the duration τ is long enough, the
shape of each DFLW waveform can be regarded as un-
changed within some propagation distance. When the
primary S2 mode waveform arrives at the position zi+1

adjacent to zi (see Fig. 2), a similar physical process
for generation of the DFLW waveforms will take place
as described above. Analogically, the same physical
process for generation of the DFLW waveforms will
continue as far as the position R in Fig. 2. Appar-
ently, the time-domain second-harmonic waveform by
the primary S2 mode waveform at the position R is
equal to the sum of all the DFLW waveforms, which
are generated by F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) at each po-

sition zi (i = 0, 1, . . . , N ; each position zi is assumed
to be equally spaced) and then linearly travel to the
position R.

The carriers of the DFLW waveforms shown in
Fig. 2 are a series of DFLW components determined
by the points P , P1, P2, and P3, etc in Fig. 1. Except
for the DFLW component determined by the point
P , the phase velocities of the other DFLW compo-
nents are different from that of the primary S2 mode,
and they are also not equal to each other. Thus, ex-
cept for the first time-domain waveform whose carrier
is the P DFLW component shown in Fig. 1, all the
other DFLW waveforms shown in Fig. 2, which are
generated by F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) at each posi-

tion zi and then linearly travel to the position R, are
not in phase in the time-domain overlapping range at
the position R, and the corresponding time-domain
superposition is out of phase. Therefore, the resul-
tant outcome of these non-coherent DFLW waveforms
at the position R is negligible.[15]

Here we focus on the first DFLW waveform in Fig.
2. All the first DFLW waveforms like that shown in
Fig. 2, which are generated at each position zi and
then linearly travel to the position R, may overlap
adequately at the position R (so long as the duration
τ is long enough), and their carriers are in phase in
the overlapping range due to the condition of phase
velocity matching (namely c

[f ]
P = c

[2f ]
P ). Thus the re-

sultant outcome of these coherent DFLW waveforms
at the position R should be obvious. For the pur-
pose of effective detection of the second-harmonic sig-
nal, only the first DFLW waveform like that shown in
Fig. 2, which is generated at each position zi, plays
a dominant role in the time-domain second-harmonic
signal at the position R, and the contribution of the
other DFLW waveforms (their carriers are respectively
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the DFLW components determined by the points P1,
P2, and P3, etc in Fig. 1) to the second-harmonic sig-
nal is trivial. For simplicity, we can figure that both
F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) at each zi only generate the

first DFLW waveform like that shown in Fig. 2, and
the second, third, and fourth DFLW waveforms, etc
are not considered.

First, we analyse the special case in which both
the conditions c

[f ]
P = c

[2f ]
P and c

[f ]
g = c

[2f ]
g are simulta-

neously satisfied (here, c
[f ]
g and c

[2f ]
g respectively de-

note the group velocity of the primary S2 mode and
that of the P DFLW component at the frequency given
by the vertical dotted line V in Fig. 1). Without loss
of generality, the time is set to be zero when the time-
domain waveform of the primary S2 mode just reaches
the position T (z = z0 = 0). Figure 3 schematically
illustrates the physical process of generation of the
second harmonic by propagation of the primary S2

mode waveform under the conditions of c
[f ]
P = c

[2f ]
P

and c
[f ]
g = c

[2f ]
g . When the primary S2 mode waveform

arrives at z0, the time-of-flight of the DFLW wave-
form (namely the first time-domain DFLW waveform
in Fig. 2; generated by F

[2f ]
b (z0, t) and F

[2f ]
S (z0, t) at

z0) from the position T to R is z
/

c
[2f ]
g . Similarly,

when the primary S2 mode waveform arrives at an
arbitrary position zi, the time-of-flight of the DFLW
waveform (generated by F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) at

zi) from zi to the position R is (z − zi)/c
[2f ]
g , plus the

time-of-flight zi/c
[f ]
g the primary S2 mode waveform

spends from z0 to zi. Due to the condition c
[f ]
g = c

[2f ]
g ,

all the DFLW waveforms shown in Fig. 3, generated
at each zi and then linearly traveling to the position
R, will overlap completely in the time domain. At the
position R in Fig. 3, the in-phase superposition (due to
c
[f ]
P = c

[2f ]
P ) of all these overlapping DFLW waveforms

(generated at each zi) yields the total time-domain
second-harmonic waveform (denoted by F2f (t)). It is
known that the amplitude of all these DFLW wave-
forms (generated at each zi) is the same (denoted by
A[2f ]; see Fig. 3) because the material of the elastic
plate is assumed to be isotropic and homogeneous with
no attenuation and no dispersion. Due to the in-phase
superposition of all these DFLW waveforms shown in
Fig. 3, the scale (or amplitude) of the total time-
domain second-harmonic waveform F2f (t) is equal to
N×A[2f ], i.e. A

[2f ]
max = N×A[2f ]. When δz in Fig. 3 is

fixed, there is a relationship N = z/δz. Therefore, it
can be concluded that A

[2f ]
max grows with propagation

distance. Clearly, the envelope of the time-domain
second-harmonic waveform F2f (t) overlaps completely

with that of the primary S2 mode waveform due to the
condition of c

[f ]
g = c

[2f ]
g .

Fig. 3. Physical process of generation of the time-domain

second harmonic by the primary S2 mode waveform under

the condition c
[f ]
g = c

[2f ]
g .

Next, we investigate the case in which c
[f ]
P = c

[2f ]
P

and c
[f ]
g 6= c

[2f ]
g . For the P DFLW component at

the frequency given by the vertical dotted line V

in Fig. 1, we have c
[f ]
P = c

[2f ]
P and c

[f ]
g > c

[2f ]
g

(c[f ]
g = 3.785 km/s and c

[2f ]
g = 1.960 km/s). Fig-

ure 4 illustrates the physical process of generation of
the time-domain second harmonic by the primary S2

mode waveform under the conditions of c
[f ]
P = c

[2f ]
P

and c
[f ]
g > c

[2f ]
g . Similar to the analysis process shown

in Fig. 3, when the primary S2 mode waveform ar-
rives at z0, the time-of-flight of the DFLW waveform
(namely the first DFLW waveform in Fig. 2; gener-
ated by F

[2f ]
b (z0, t) and F

[2f ]
S (z0, t) at z0) from the

position T to R is z/c
[2f ]
g . In the same way, when

the primary S2 mode waveform arrives at an arbitrary
position zi, the time-of-flight of the DFLW waveform
(generated by F

[2f ]
b (zi, t) and F

[2f ]
S (zi, t) at zi) from

zi to the position R is (z − zi)/c
[2f ]
g , plus the time-of-

flight zi/c
[f ]
g the primary S2 mode waveform spends

from z0 to zi. Due to the condition c
[f ]
g > c

[2f ]
g , the

two DFLW waveforms (being respectively generated
at z0 and zi, and then linearly traveling to the po-
sition R) do not overlap completely. Clearly, at the
position R, the time-domain range of the DFLW wave-
form generated at z0 is from z/c

[2f ]
g to [z/c

[2f ]
g +τ ], and

that of the DFLW waveform generated at zi is from
[zi/c

[f ]
g +(z − zi)/c

[2f ]
g ] to [zi/c

[f ]
g +(z − zi)/c

[2f ]
g + τ ].

Figure 4 indicates that, at the position R, the time-
domain range of envelope of the second-harmonic
waveform is from z/c

[f ]
g to [z/c

[2f ]
g + τ ]. Of course,

in this range from z/c
[f ]
g to [z/c

[2f ]
g +τ ], all the DFLW

waveforms are in phase due to the condition of phase
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velocity matching (i.e. c
[f ]
P = c

[2f ]
P ). Generally speak-

ing, the factors such as the duration of the primary
S2 mode waveform (namely τ), the difference between
c
[f ]
g and c

[2f ]
g , and the propagation distance z deter-

mine the overlapping degree of these DFLW wave-
forms shown in Fig. 4, and then affect the shape of
time-domain envelope of the second harmonic. In the
following, we will investigate the influences of these
factors on the shape of envelope of the time-domain
second-harmonic waveform F2f (t).

Fig. 4. Physical process of generation of the time-domain

second harmonic by the primary S2 mode waveform under

the condition c
[f ]
g > c

[2f ]
g .

2.1.Under the condition of τ ≥ z

c
[2f ]
g

−
z

c
[f ]
g

The above condition corresponds to the case
where either the propagation distance z (see Fig. 4)
or the difference between c

[f ]
g and c

[2f ]
g or both are

relatively small. Figure 5 illustrates the physical
process of generation of the time-domain second
harmonic by the primary S2 mode waveform un-
der the condition of τ > z[1/c

[2f ]
g − 1/c

[f ]
g ] (namely

T ′ >0). Clearly, the complete overlapping range
of all the DFLW waveforms (whose carriers are
the P DFLW in Fig. 1), which are generated at
each position zi (i = 0, 1, . . . , N) and then lin-
early travel to the position R, is from z/c

[2f ]
g to

z/c
[f ]
g + τ (namely T ′, or BD′ or B′D in the en-

velope of the time-domain waveform of the second
harmonic; see Fig. 5). In the time-domain range of

Fig. 5. Physical process of generation of the time-domain

second harmonic by the primary S2 mode waveform under

the condition τ > z[1

/
c
[2f ]
g − 1

/
c
[f ]
g ].

BD′ or B′D, the physical process of generation of the
time-domain second-harmonic waveform by the pri-
mary S2 mode waveform is equivalent to that when
the duration τ is infinite. Therefore, the amplitude of
the second-harmonic waveform in the range of BD′ or
B′D is proportional to propagation distance z (namely
A

[2f ]
max ∝ z; see Fig. 3). Both the time-domain wave-

form of the second harmonic (denoted by F2f (t)) and
that of the primary S2 mode (denoted by Ff (t)) are
schematically illustrated in Fig. 5. In the time-domain
range from z/c

[f ]
g to z/c

[2f ]
g , the overlapping degree

of all the DFLW waveforms, generated at each posi-
tion zi (i = 0, 1, . . . , N) and then linearly traveling to
the position R, linearly increases with time as illus-
trated in Fig. 5, whereas in the range from z/c

[f ]
g + τ

to z/c
[2f ]
g + τ , the overlapping degree of these DFLW

waveforms linearly decreases with time. When the
position R is fixed (i.e. the propagation distance z

is given), the shape of envelope (denoted by A2f (t))
of the time-domain second-harmonic waveform F2f (t)
can be presented as follows:





A2f (t) = 0, 0 ≤ t < z/c
[f ]
g ;

A2f (t) = A
[2f ]
max × (t− z/c

[f ]
g )/T, z/c

[f ]
g ≤ t < z/c

[2f ]
g ;

A2f (t) = A
[2f ]
max, z/c

[2f ]
g ≤ t < z/c

[f ]
g + τ ;

A2f (t) = A
[2f ]
max × (z/c

[2f ]
g + τ − t)/T, z/c

[f ]
g + τ ≤ t < z/c

[2f ]
g + τ ;

A2f (t) = 0, t ≥ z/c
[2f ]
g + τ ;

(1)
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where T = z/c
[2f ]
g − z/c

[f ]
g is shown in Fig. 5. The

envelope A2f (t) is a modulation term, which defines
the width, amplitude and shape of F2f (t).

For the case where the duration τ and both c
[f ]
g

and c
[2f ]
g are given, the value of T ′ will approach zero

while that of T will approach τ with increase of z un-
til the condition z = τc

[f ]
g c

[2f ]
g /[c[f ]

g − c
[2f ]
g ] (namely

τ = z[1/c
[2f ]
g − 1/c

[f ]
g ]) is satisfied. The correspond-

ing physical process of generation of the time-domain
second-harmonic waveform is illustrated in Fig. 6. It
is obvious that the magnitude of envelope of the time-

domain second-harmonic waveform reaches its maxi-
mum at the time t = z/c

[2f ]
g or t = z/c

[f ]
g + τ . At this

specified time t = z/c
[2f ]
g , all the DFLW waveforms,

generated at each position zi (i = 0, 1, . . . , N) and
then linearly traveling to the position R, overlap com-
pletely. So the maximum magnitude of envelope of
the time-domain second-harmonic waveform (denoted
by A

[2f ]
max) is proportional to propagation distance z

(namely A
[2f ]
max ∝ z; see Fig. 3). Similar to Eq. (1),

the shape of the envelope A2f (t) of the time-domain
second-harmonic waveform F2f (t) can be given by





A2f (t) = 0, 0 ≤ t < z/c
[f ]
g ;

A2f (t) = A
[2f ]
max × (t− z/c

[f ]
g )/τ, z/c

[f ]
g ≤ t < z/c

[2f ]
g ;

A2f (t) = A
[2f ]
max × (z/c

[2f ]
g + τ − t)/τ, z/c

[2f ]
g ≤ t < z/c

[2f ]
g + τ ;

A2f (t) = 0, t ≥ z/c
[2f ]
g + τ.

(2)

Fig. 6. Physical process of generation of the time-domain

second harmonic by the primary S2 mode waveform under

the condition τ = z[1/c
[2f ]
g − 1/c

[f ]
g ].

Based on the modeling shown in Figs. 5 and 6,
we can conclude that the maximum magnitude of
envelope of the time-domain second-harmonic wave-
form by the primary Lamb wave waveform grows
with propagation distance when the condition τ ≥
z[1/c

[2f ]
g − 1/c

[f ]
g ] is satisfied. This result means that

the second-harmonic signal by a primary Lamb wave
waveform can be clear, even if the condition of group
velocity matching is not strictly satisfied.

2.2.Under the condition of τ < z

c
[2f ]
g

− z

c
[f ]
g

The above condition corresponds to the case
where either the propagation distance z (see Fig. 4) or
the difference between c

[f ]
g and c

[2f ]
g or both are rela-

tively large. It also corresponds to the case where the
propagation distance z continues to increase beyond
the propagation distance z = τc

[f ]
g c

[2f ]
g /[c[f ]

g − c
[2f ]
g ]

(see Fig. 6). Figure 7 illustrates the physical process of
generation of the time-domain second-harmonic wave-
form F2f (t) by the primary S2 mode waveform under
the condition of τ < z[1/c

[2f ]
g − 1/c

[f ]
g ]. Clearly, in the

time-domain range from t = z/c
[f ]
g to t = z/c

[f ]
g + τ ,

the overlapping degree of the DFLW waveforms shown
in Fig. 7 linearly increases with time. Thus, the mag-
nitude of the envelope A2f (t) linearly increases with
time in the range from t = z/c

[f ]
g to t = z/c

[f ]
g + τ

(namely the slope AD in Fig. 7). Then, in the range
from t = z/c

[f ]
g + τ to t = z/c

[2f ]
g , the overlapping

degree of the DFLW waveforms is kept unchanged.
It follows that the magnitude of the envelope A2f (t)
is kept constant in the range from t = z/c

[f ]
g + τ to

t = z/c
[2f ]
g (namely DB in Fig. 7). Finally, in the

range from t = z/c
[2f ]
g to t = z/c

[2f ]
g + τ , the overlap-

ping degree of the DFLW waveforms shown in Fig. 7
linearly decreases with time. Thus, the magnitude of
the envelope A2f (t) linearly decreases with time in the
range from t = z/c

[2f ]
g to t = z/c

[2f ]
g + τ (namely the

slope BC in Fig. 7).

114302-6



Chin. Phys. B Vol. 19, No. 11 (2010) 114302

Fig. 7. Physical process of generation of the time-domain

second harmonic by the primary S2 mode waveform under

the condition τ < z[1/c
[2f ]
g − 1/c

[f ]
g ].

It should be noted that the duration of envelope
with maximum magnitude (denoted by A

[2f ]
max) is in the

range from t = z/c
[f ]
g +τ to t = z/c

[2f ]
g , and that A

[2f ]
max

is no longer proportional to the propagation distance
z between the positions T and R. Actually, at the
position R, the end of the DFLW waveform generated
at zN (namely the point D in Fig. 7) just overlaps

with the beginning of the DFLW waveform generated
at zp (namely the point D′). Figure 7 indicates that
the DFLW waveforms, generated at each position zi

located between zp and zN and then linearly traveling
to the position R, completely overlap at t = z/c

[f ]
g +τ .

The in-phase superposition of these DFLW waveforms
at the specified time t = z/c

[f ]
g + τ yields the maxi-

mum magnitude of the envelope A2f (t). The position
zp can be determined by

z

c
[f ]
g

+ τ =
zp

c
[f ]
g

+
z − zp

c
[2f ]
g

, (z = zN ). (3)

It follows that zp = z − τc
[f ]
g c

[2f ]
g /[c[f ]

g − c
[2f ]
g ].

Similar to the analysis process illustrated in Fig. 3
or 6, A

[2f ]
max is proportional to the propagation distance

between zp and zN , i.e. z−zp = τc
[f ]
g c

[2f ]
g /[c[f ]

g − c
[2f ]
g ].

Thus, for the case where the parameters such as τ , c
[f ]
g

and c
[2f ]
g are given, the maximum magnitude A

[2f ]
max in

Fig. 7 will remain unchanged and independent of the
distance z between the positions T and R. Obviously,
the duration of the two slopes of the envelope A2f (t)
(namely AD and BC in Fig. 7) is the same, and equal
to that of the primary S2 mode waveform (namely
τ). The shape of envelope of the time-domain second-
harmonic waveform F2f (t) can be given by





A2f (t) = 0, 0 ≤ t < z/c
[f ]
g ;

A2f (t) = A
[2f ]
max × (t− z/c

[f ]
g )/τ, z/c

[f ]
g ≤ t < z/c

[f ]
g + τ ;

A2f (t) = A
[2f ]
max, z/c

[f ]
g + τ ≤ t < z/c

[2f ]
g ;

A2f (t) = A
[2f ]
max × (z/c

[2f ]
g + τ − t)/τ, z/c

[2f ]
g ≤ t < z/c

[2f ]
g + τ ;

A2f (t) = 0, t ≥ z/c
[2f ]
g + τ.

(4)

Now, the shape of the envelope A2f (t) has been determined by using the modeling illustrated in Fig. 7.
It is found that the maximum magnitude A

[2f ]
max of the envelope A2f (t) no longer increases with propagation

distance. However, it is clear from Eq. (4) that the duration of the envelope A2f (t) with maximum magnitude
(namely DB in Fig. 7) will increase with increase of propagation distance.

2.3. Influence of propagation distance on the envelope shape of F2f(t)

Based on the modeling presented in the above subsections 2.1 and 2.2, the influence of propagation distance
on the envelope shape A2f (t) of the time-domain second-harmonic waveform F2f (t) will be investigated for the
case where the group velocities (namely c

[f ]
g and c

[2f ]
g ) and the duration of the primary Lamb wave waveform

(namely τ) are given. Similar to the process of analysis illustrated in Figs. 5, 6 and 7, the process of evolution of
the envelope shape A2f (t) is illustrated in Fig. 8 for different propagation distance (where za < zb < zc < zd <

ze). The meaning of the parallelogram ABCD in Fig. 8 is exactly the same as that of ABCD in Figs. 5, 6 and
7. Clearly, for an arbitrary distance z, the height h of the parallelogram ABCD in Fig. 8 is equal to N ×A[2f ],
where N is equal to z/δz and A[2f ] is the amplitude of the DFLW waveform (see Fig. 3), which is generated at
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each zi located between the positions T and R and then linearly travels to the position R. When we calculate
the height h of the parallelogram ABCD in Fig. 8, the duration of all the DFLW waveforms (generated at
each zi located between the positions T and R) can be regarded to be infinite. Thus, the height h of the
parallelogram ABCD in Fig. 8 is independent of the difference between c

[f ]
g and c

[2f ]
g . Clearly from Fig. 8 that

the difference between c
[f ]
g and c

[2f ]
g just affects the degree of slope of AB or DC in the parallelogram ABCD

when δz = (zi+1 − zi) is fixed, and then affects the shape of the envelope A2f (t). The corresponding envelope
A2f (t) is presented underneath each parallelogram ABCD for different propagation distances. It should be
pointed out that zc is equal to τc

[f ]
g c

[2f ]
g /[c[f ]

g − c
[2f ]
g ] (see Fig. 6).

Figure 8 indicates that the maximum magnitude of the envelope A2f (t) increases with propagation distance
when z is within zc, and that it is kept constant when z is beyond zc. The duration of the envelope A2f (t) with
the maximum magnitude (namely DB in Fig. 8) will increase with increase of propagation distance under the
condition of z > zc. The process of evolution of the envelope shape A2f (t) shown in Fig. 8 is straightforward
for different propagation distances. In addition, we should notice the fact that the area of the parallelogram
ABCD (namely τ ×h) in Fig. 8 is equal to that of the envelope A2f (t) versus time (namely

∫ t2
t1

A2f (t)dt; A2f (t)

is completely located between t1 and t2). The integral
∫ t2

t1
A2f (t)dt is also known as the integration amplitude

of the time-domain second-harmonic waveform F2f (t).[17],1). Thus, the integration amplitude will grow with
propagation distance because the area of the parallelogram ABCD (namely τNA[2f ] = τA[2f ]z/δz) in Fig. 8 is
proportional to propagation distance. This result is independent of the condition of group velocity matching,
and it has been verified by the experimental measurements.[17]

Fig. 8. Evolution process of the envelope shape A2f (t) with increase of propagation distance when the parameters

c
[f ]
g , c

[2f ]
g and τ are given: (a) z = za, zb, and zc; (b) z = zd and ze.

It should be pointed out again that the scale of
envelope of the time-domain second-harmonic wave-
form F2f (t) shown in Figs. 5, 6 and 7 is schematic,
and that its absolute magnitude is far less than that of
envelope of the primary Lamb wave waveform Ff (t).
Moreover, Ff (t) and F2f (t) shown in Figs. 5, 6 and

7 are mixed together in the time domain, and they
can be respectively obtained by using the appropriate
low-pass and high-pass filters.[6] The present analysis
is not concerned with the determination of absolute
magnitude of the waveform envelope. Through the
present analysis, the physical process of generation of

1) Ritec Advanced Measurement System. Model SNAP-0.25-7 Operation Manual RITEC, 2000, USA
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the time-domain second harmonic by propagation of
a primary Lamb wave waveform has been clearly re-
vealed for the case where the condition of group veloc-
ity matching is no longer satisfied. Although some as-
sumptions are made for simplicity, the present analysis
yields physical insight not previously available into the
process of generation of the cumulative time-domain
second harmonic by propagation of a primary Lamb
wave waveform in the time domain. We can effec-
tively describe or observe the strong nonlinear effect
by propagation of a primary Lamb wave waveform us-
ing the envelope function of the time-domain second-
harmonic waveform and the corresponding integration
amplitude.[17] Of course, if the TFR technique is used
to extract the second-harmonic signal from a Lamb
wave waveform,[8−11] the rigorous condition of group
velocity matching is strongly required.

3. Conclusions

It is of significance for practical measurements to
analyse the second-harmonic generation by propaga-
tion of a primary Lamb wave waveform with a finite
duration. Under the preconditions that the phase ve-
locity matching is satisfied and that the transfer of
energy from the primary Lamb wave propagation to
the DFLW component is not zero, the analysis of gen-
eration of the second harmonic by propagation of a
primary Lamb wave waveform in an elastic plate has
been performed within the second-order perturbation
approximation. For simplifying the process of anal-

ysis, it is assumed that the duration of the primary
Lamb wave waveform is long enough so as to keep
its envelope shape unchanged within some propaga-
tion distance. We have investigated the influences
of the difference between the group velocities of the
primary Lamb wave and the DFLW, the propagation
distance and the duration of the primary Lamb wave
waveform on the envelope shape of the time-domain
second-harmonic waveform. The shape of the enve-
lope of the time-domain second-harmonic waveform
has also been formally presented. It is found that the
maximum magnitude of the envelope of the second-
harmonic waveform can grow within some propagation
distance even if the condition of group velocity match-
ing is not satisfied. Our analyses also indicate that the
maximum magnitude of the envelope of the second-
harmonic waveform is kept constant beyond a specific
propagation distance, which depends on the group ve-
locities of the primary Lamb wave and the DFLW,
and the duration of the primary Lamb wave waveform.
Furthermore, it can be concluded that the integration
amplitude of the time-domain second-harmonic wave-
form always grows with propagation distance within
the second-order perturbation. This result is indepen-
dent of the rigorous condition of group velocity match-
ing, and it is of significance for practical measure-
ments of second-harmonic signals. The present analy-
sis provides a physical insight not previously available
into the process of the second-harmonic generation by
propagation of a primary Lamb wave waveform in the
time domain.
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