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Starting from the wave normal tracing treatment in the Savart polariscope that relates the Jones matrix to its

transmission performance, this paper establishes a simple and effective model for the Jones matrix at an arbitrary inci-

dence in the spatial domain. Analytical expressions of all the matrix components are determined with the consideration

of all the main impact factors. This model needs only a few parameters hence it is convenient to be employed to evaluate

the propagation performance of any birefringent optical system. The simulated results obtained with it demonstrate

that this model gives a precise representation of the characteristic of light propagation in the Savart polariscope. This

would provide useful suggestions for the design, calibration, and performance improvement of any other birefringent

polarisation element and optical system.
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1. Introduction

With the development of polarisation optics,
a considerable number of various birefringent ele-
ments or polarisation optical systems are becom-
ing more and more popular in many applica-
tions, such as filters as appropriate tunable ele-
ments inside or outside laser cavities,[1,2] retarders
for phase modulation,[3] wave-plates in the observa-
tion of polarisation status[4] and birefringent prisms
to introduce linearly complete polarised light.[4,5]

They are also necessary components in stationary
polarisation interferometers,[6] polarisation imaging
spectrometers[7,8] and spectropolarimeters.[9,10]

The birefringence phenomenon in these polarisa-
tion elements often introduces unique performance in
light transmission which is obviously different from
that in the isotropic components. A simple and useful
theoretical means for predicting the overall transmis-
sion property of birefringent polarisation elements is
the evaluation of the Jones matrix. Consequently, ex-
ploiting the analytical relationship between the trans-

mission performance and the Jones matrix is manda-
tory. Referring to the existing literatures, we find that
several Jones matrices have been developed for sev-
eral cases. The matrix for a filter tilted at Brewster’
angle was deduced by Bloom et al. for the special
case in which the optical axis is parallel to the plate
surface.[11,12] Later, Shidong and Jurgen et al. ex-
tended this representation into a more general case
where the optical axis is at an arbitrary angle to the
plate surface.[13,14] Recently, considering the splitting
effect between the two waves, Yang et al. proposed an
improved Jones matrix for a birefringent plate with
the optical axis parallel to the surface.[15,16]

However, the Jones matrices mentioned above all
concern a birefringent plate or filter for some special
cases including the optical axis on the plate surface,
the plane of incidence is perpendicular to the plate
surfaces, or the incident angle is fixed at the Brew-
ster angle. Besides, some important factors having
influence on the transmission performance were not
taken into account. In the present research, starting
from wave normal tracing treatment that relates the
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Jones matrix to the transmission performance, the au-
thors attempt to determine the explicit Jones matrix
of the Savart polariscope for which the two combined
crystal plates have orthogonal principlal sections. The
corresponding transmission performance of Savart po-
lariscope is detailedly depicted in company with all
the important impact factors including the incident
angle, the azimuthal angle of incidence, the orienta-
tions of the two optical axes, and the dispersion effect
due to the varying wavelengths of incident light. This
model proves to be simple with only a few parameters
and finds an effective application in the evaluation of
transmission performance for the systems combining
birefringent component with arbitrary incident orien-
tation and arbitrary optical axis direction.

To the best of our knowledge, this paper presents
a deterministic and complete means to characterize
the transmission properties of the Savart polariscope
and this has never been done before in literatures. All
the work we finished would provide theoretical sugges-
tions for the performance improvement of any other
birefringent network.

The outline of this paper is as follows. First,
the beam-splitting principle of the Savart polariscope
as well as the wave normal tracks of light in the
Savart plates are both detailedly presented in Section
2. Then in Section 3 the Jones transformation matrix

is deduced and the exact formulae expressions of all
the matrix elements are directly derived. Consider-
ing all the important impact factors, the transmission
behaviour of the Savart polariscope is particularly dis-
cussed in this section. Finally we give conclusions of
the work we have finished in this paper and indicate
the point for the future research.

2. Operation principle and wave

normal tracing in the Savart

polariscope

The operation principle of the Savart polar-
iscope has been described in detail in many previous
papers.[17−26] Here we only provide a brief description
about it. Savart polariscope is a birefringent laterally
shearing beam splitter which is made of uniaxial crys-
tal material. As illustrated in Fig. 1, the Savart polar-
iscope is made up of two identical plates cut at 45◦ to
the optical axis of system and having their principal
sections perpendicular to each other. When a beam of
light incidents on the polariscope with a normal angle,
it will be split into two linearly polarised components
including one parallel and the other perpendicular to
the optic axis.

Fig. 1. Schematic diagram of the Savart polariscope.

The light beam that incidents on the left plate of the Savart polariscope, is resolved into two polarisation
components, the ordinary component O with its polarisation orientation perpendicular to its principal plane
and the extraordinary component E parallel to its principal plane. Holding on their vibration directions, the
two components are respectively changed into the extraordinary ray E and the ordinary ray O in the right plate
due to the mutually orthogonal principal sections. The two output beams both transmit along the orientation
of incident light.

Employing the wave normal tracing method, we describe the propagation of light in Savart polariscope as
illustrated in Fig. 2. Here the coordinates are chosen such that the x − z plane lies in the plane of the page
with the y-axis pointing into the paper. The x-axis represents the normal direction of the plate surface to the
right level direction and the z-axis orients at the vertical direction (i.e. , y = z × x).
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Fig. 2. Wave normal tracing in the Savart polariscope.

Suppose that a beam of light incidents on the left
plate at an angle i with the incidence plane oriented
at an arbitrary angle with respect to the principal sec-
tion of the left plate. The incident plane contains the
incident light and the normal to the input interface.
Note that the surrounding medium is considered to
be vacuum here. According to the Snell’s law, the re-
fractive angles θo1 and θe1 in the left plate, for the
ordinary and extraordinary wave normal respectively,
can be given by

sin i = no sin θo1, (1)

sin i = n1 sin θe1, (2)

where no and n1 represent the refractive indices of the
ordinary and extraordinary wave, respectively. Here
n1 can be expressed as

n1 =
1√(

1
n2

o

− 1
n2

e

)
× cos2 γ1 +

1
n2

e

, (3)

where γ1 denotes the angle between the optical axis
and the propagation direction of the extraordinary
wave vector inside the left plate. Another parameter
α1, which is the angle between the incidence plane and
the plane defined by the optic axis and the refractive
ray of the extraordinary wave, should be introduced
to the wave normal tracing process. They can be ex-
pressed by the following relationships:[14]

cos γ1 = sin θe1 cos ε cos ω + sin ε cos θe1, (4)

cos α1 =
cos θe1 cos ε cos ω − sin ε sin θe1√

1− cos2 γ1

. (5)

Here ε is the angle formed by the optic axis and the
plate plane and it values 45◦ for the Savart polar-
iscope, while ω represents the angle between the inci-
dence plane and projection of the optic axis onto the
surface of the left plate. Substituting Eqs. (2) and (4)
into Eq. (3), we can derive exact formulation of n1 as
a function of i and ω in the following form:

n1 (i, ω) =

√
−b1 (i, ω) +

√
b2
1 (i, ω)− 4× a1 (i, ω)× c1 (i, ω)

2× a1
(6)

with

a1 =
1
4
×

(
1
n2

o

+
1
n2

e

)2

,

b1 (i, ω) = −
(

∆1 (i, ω)×
(

1
n2

o

+
1
n2

e

)
+

(
1
n2

o

− 1
n2

e

)2

× sin2 i× cos2 ω

)
,

c1 (i, ω) = ∆2
1 (i, ω) +

(
1
n2

o

− 1
n2

e

)2

× sin4 i× cos2 ω,
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and

∆1 (i, ω) = 1− 1
2
×

(
1
n2

o

− 1
n2

e

)
× sin2 i× cos2 ω

+
1
2
×

(
1
n2

o

− 1
n2

e

)
× sin2 i.

According to the definitions above, the wave nor-
mal functions of the ordinary wave o and the extraor-
dinary wave e in the left plate of the Savart polariscope
can be respectively formulated by

x

cos θo1
=

y

sinω sin θo1
=

z

cos ω sin θo1
, (7)

and
x

cos θe1
=

y

sinω sin θe1
=

z

cos ω sin θe1
. (8)

Then the locations of the o-wave k̂o1 and e-wave
k̂e1 intersected on the interface between the two Savart
plates can be determined by





xo1 = d,

yo1 = d sinω tan θo1,

zo1 = d cos ω tan θo1,




xe1 = d,

ye1 = d sinω tan θe1,

ze1 = d cos ω tan θe1.

(9)

Similarly, all the parameters introduced by the right
plate in the Savart polariscope can be calculated from
Eqs. (1)–(9) by replacing ω by ω + π/2. The location
coordinates of the two waves k̂e2 and k̂o2 on the exit
interface can be given by





xe2 = d,

ye2 = d sin
(
ω +

π

2

)
tan θe2,

ze2 = d cos
(
ω +

π

2

)
tan θe2,





xo2 = d,

yo2 = d sin
(
ω +

π

2

)
tan θo2,

zo2 = d cos
(
ω +

π

2

)
tan θo2,

(10)

where θe2 is the angle formed by the o-wave direction
in the left plate and the interface normal orientation
of the right plate. Likewise, θo2 represents the angle
between the e-wave direction in the left plate and the
interface normal orientation of the right plate. They
can be formulated by θo1 and θe1 in the left plate.

Combining with the geometrical optical method,
the detailed phase retardations produced by o-wave
and e-wave in the left and right plates can be obtained
as

δol =
2π

λ

(
no

√
x2

o1 + y2
o1 + z2

o1 +
√

(xe1 − xo1)
2 + (ye1 − yo1)

2 + (ze1 − zo1)
2 sin i

)
, (11)

δel =
2π

λ

(
n1

√
x2

e1 + y2
e1 + z2

e1

)
, (12)

δer =
2π

λ

(
n2

√
x2

e2 + y2
e2 + z2

e2

)
, (13)

δor =
2π

λ

(
no

√
x2

o2 + y2
o2 + z2

o2 +
√

(xe2 − xo2)
2 + (ye2 − yo2)

2 + (ze2 − zo2)
2 sin i

)
. (14)

3. Jones matrix and transmission performance of Savart polariscope

Based on the wave normal tracing method in the Savart polariscope, its Jones transmission matrix will be
established in this section. It is well known that the Jones matrix has a useful application in the evaluation of
the transmission characteristics of optical systems which comprise birefringent elements. The explicit expression
of the Jones transformation matrix for a birefringent plate can be expressed by

M =


 exp (i δe) cos2 α + exp (i δo) sin2 α (exp (i δe)− exp (i δo)) sin α cos α

(exp (i δe)− exp (i δo)) sin α cos α exp (i δo) cos2 α + exp (i δe) sin2 α


 . (15)

Thus we can obtain the Jones matrix for the two Savart plates as

Jleft =


 L11 L12

L21 L22



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=


 exp (i δe1) cos2(α1) + exp (i δo1) sin2(α1) (exp (i δe1)− exp (i δo1)) sin(α1) cos(α1)

(exp (i δe1)− exp (i δo1)) sin(α1) cos(α1) exp (i δo1) cos2(α1) + exp (i δe1) sin2(α1)


 , (16)

Jright =


 R11 R12

R21 R22




=


 exp (i δe2) cos2(α2) + exp (i δo2) sin2(α2) (exp (i δe2)− exp (i δo2)) sin(α2) cos(α2)

(exp (i δe2)− exp (i δo2)) sin(α2) cos(α2) exp (i δo2) cos2(α2) + exp (i δe2) sin2(α2)


 . (17)

Substituting all the corresponding parameters into
Eqs. (16) and (17), all the four complex elements for
the two Jones matrixes Jleft and Jright can be directly
obtained. Thus the total matrix for the Savart po-
lariscope can be obtained by performing the matrix
multiplication in sequence as

J =


 J11 J12

J21 J22




= JrightJleft =


 R11 R12

R21 R22





 L11 L12

L21 L22




=


 R11L11 + R12L21 R11L12 + R12L22

R21L11 + R22L21 R21L12 + R22L22


 .(18)

In the following section, the corresponding trans-
mission property of the Savart polariscope will be sim-
ulated and analysed in detail. According to the Jones
matrix given above, the transmission properties can

be characterized by the following quantities:[16] Tpp =
|J11|2, Tps = |J12|2, Tsp = |J21|2and Tss = |J22|2.

Referring to the parameters used in the polari-
sation interference imaging spectrometer which has
been demonstrated by ourselves, we chose the inte-
grant components as: the Savart polariscope here is
made up of two identical calcite plates with the single
plate thickness d = 15 mm, and the incident angle
of light is limited in the range 0 − 3◦. The trans-
mission variables Tpp, Tps, Tsp and Tss of the Savart
polariscope is detailedly analysed in the following four
situations.

(i) If the incident wavelength is fixed at λ =
632.8 nm, and the corresponding birefringent param-
eter values are chosen i.e. the refractive index for the
extraordinary wave ne = 1.48515 and for the ordinary
wave no = 1.65567, the four transmission quantities
varying with the azimuthal angle ω are shown in Fig. 3
where the incident angle i is fixed at a value 3◦.

Fig. 3. Transmission characteristics versus the azimuthal angle ω.
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It can be seen that the four transmission values all show sharp variations in the same region 0−1. The two
diagonal quantities take on the same silhouette and trend. The variations around ω = π/4 reach the maximum.

(ii) Supplied with the same parameters in the first situation above except the azimuthal angle which is
fixed at ω = 0, the resultant transmission variation tendencies with the increasing incident angles are presented
in Fig. 4. It shows that the variation here is much milder than that produced by varying azimuthal angles. In
this case, Tpp and Tss vary from 0.985 to 1 whereas Tps and Tsp are in the region 0 − 0.015. Hence the total
transmission is principally contributed by Tpp and Tss.

Fig. 4. Transmission characters versus the incident angle i.

(iii) In the third situation, considering that two optical axes of the Savart plates have an identical deviation
angle θ from the original 45◦ orientation and remaining all the parameters determined above, we can obtain the
transmission variations with θ as illustrated in Fig. 5.

Fig. 5. Transmission characters versus the deviation angle θ of the plate’s optical axis from the 45◦ direction.
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It can be seen that when the value of θ is around 45◦ there are remarkable fluctuations in the transmission
curves. In practice, the deviation from the 45◦ direction of the optical axes of the Savart polariscope should be
limited in the range 0 ∼ π/12 to make sure that there is no distinct influence on the energy transmission. The
case in which the two optical axes have different deviation angles is similar to this situation.

(iv) In the last situation, it is assumed that the refraction indices for the e-wave and o-wave change with
the incident wavelength varying from 0.48 µm to 0.96 µm. The refractive index formulae with the wavelength
can be presented in the following forms:

no (λ) =

√
2.69705 +

0.0192064
λ2 − 0.01820

− 0.0151624λ2, (19)

ne (λ) =

√
2.18438 +

0.0087309
λ2 − 0.01018

− 0.0024411λ2. (20)

Substituting the two equations above into the Jones matrix as given by Eq. (16), we can acquire the
variation curves of the transmission characters shown in Fig. 6. There are three extremums denoting the
maximum and minimum of the energy transmission and this will be carefully considered in the system design
for the improvement of optical efficiency.

Fig. 6. Transmission characteristics versus incident wavelength λ.

In conclusion, according to Figs. 3–6 we can see that the transmission properties in the Savart polariscope
of the polarisation interference imaging spectrometer are closely related to the azimuthal angle ω of incidence,
the incident angle i, the optical axis directions of the two Savart plates and the wavelength of incident light.
All the impact factors should be taken into account in the design of the whole optical system, such that high
energy transmission could be achieved. This is very important for all optical system especially in remote sensing
applications.

4. Conclusion

Starting from wave normal tracing in the Savart polariscope, we deduce and analyse a simple and useful
model for Jones matrix to evaluate its transmission performance. The tracks of the extraordinary wave and
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the ordinary wave in propagation are clearly described. An explicit Jones matrix for the Savart polariscope
is derived and exact formulae of all the matrix components are presented. As an example, the transmission
property of the Savart polariscope in the polarisation interference imaging spectrometer is discussed in detail.
The simulated results indicate that the incident angle, the azimuthal angle of incidence, the incident wavelength
and the optical axes of the Savart polariscope are all important factors which would affect the transmission
characteristics. And this demonstrates that our model provides an exact representation for the birefringent
elements with arbitrary incidence when the optical axes orient at arbitrary orientations in space. The work
finished in this paper will provide theoretical and practical suggestions for the study, design, experiment and
engineering of the polarisation interference imaging spectrometers as well as other birefringent polarisation
networks. It should be noted that all the impact factors including i, ω, λ, and θ will inevitably have influence
on the energy transmission, the polarisation distribution and the interference fringe contrast of the whole system,
and thus great care should be taken for the performance improvement of the polarisation interference imaging
spectrometer. This will be the point in our future work.
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